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| JOTHING can be an adequate apology for obtruding upon 

N the world a new Elementary Work, in a branch of Science 

already well underſtood, except the plea of utility. It is 

wholly upon this ground, that I venture to ſubmit the following 
Treatiſe to the public inſpection. 


The difficulty which I met with, in providing my Claſſes* with 
a Text-book in Natural Philoſophy, neither, on the one hand, ma- 


terially deficient -in Mathematical Demonſtration, nor, on the other, 


too copious, or too abſtruſe, for the purpoſe of elementary inſtruction, 
firſt ſuggeſted the idea of this work. And the apprehenſion, that 
others may have met with the ſame difficulty, induces me to make it 
public, in hopes that it may be of ſome uſe to thoſe who with to 
ſtudy, or to teach, this Science ſyſtematically. 


To that claſs of readers who are ſatisfied with general views, 
this work will be of little ſervice. Sketches of philoſophy, ſuf- 
ficiently comprehenſive to anſwer their purpoſe, will eaſily be 
found. But the knowledge which is gathered up in this curſory 
manner, muſt unavoidably be ſuperficial, and will, in many par- 


In the Warrington Academy. 
| ticulars, 
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ticulars, be confuſed and inaccurate. What Cicero ſays of Philoſophy 
in general, is particularly true of Natural Philoſophy : Dzficile ef 
enim in philoſophia pauca eſſe ei nota, cui non ſint aut pleraque, aut 
omnia.* It may be laid down as an univerſal maxim, that there 
is no eaſy method of attaining excellence. The ſmall portion of 
learning, or ſcience, which is to be acquired by the help of facili- 
tating expedients, has been juſtly compared F to a temporary edifice 
built for a day. It is as unreaſonable, to hope to acquire knowledge 
without undergoing the labour by which it is uſually gained, as it 
would be to expect, that an acorn will become an oak without 
paſſing through the ordinary proceſs of vegetation. 


All the Knowledge of Natural Philoſophy which can be rel 
by curſory reading, without the aſſiſtance of mathematical learning, 
muſt conſiſt in an acquaintance with leading facts and general con- 
clutions. To underſtand the manner in which the laws of nature 
have been inferred from theſe facts, and to be able, with certainty 


and preciſion, to apply theſe laws to the explanation of particular 


phenomena, neceſſarily requires a previous knowledge of the elements 
of Geometry, Trigonometry, the Conic Sections, and Algebra. A 
mechanic who ſhould ſet about making a machine without the re- 
quiſite tools, would not act more abſurdly, than a ſtudent who ſhould 
attempt to underſtand the ſcience of Natural Philoſophy without 
theſe helps. A Preceptor who profeſſes to teach this ſcience in 
the eaſy and amuſing method of experiment alone, is an architect 
without his rule, plumb- line, and compaſſes. 


\ 


Facts are, it is true, the materials of ſcience; and much praiſe 
18 unqueſtionably due to thoſe who have increaſed the public ſtore, 
by new experiments accurately made and faithfully related. But it 
is not in the mere knowledge, nor even in the diſcovery of facts, 


* Tuſcul. Queſt. II. 1. | + Knox on Liberal Education, 1 9. 
| 9 that 
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that philoſophy conſiſts. One who proceeds thus far, is an experi- 
mentaliſt; but he alone, who, by examining the nature and obſerving 
the relation of facts, arrives at general truths, is a philoſopher. A 
moderate ſhare of induſtry may ſuffice for the former : patient at- 


_ tention, deep reflection, and acute penetration, are neceſſary in the 


latter. It is therefore no wonder, that amongſt many experimentaliſts 
there ſhould be few philoſophers. 


The hardy perſeverance, and the vigorous exertions, which are 


neceſſary to form this character, are ſo contrary to that effeminacy 


and frivolity which diſtinguiſh the preſent age, that, if it were not 
for the proviſion which is made in our Univerſities, and other Semi- 
naries, for the propagation of ſound learning of every kind, there 
would be ſome reaſon to apprehend, that all the more abſtruſe and 


difficult branches of ſcience would be excluded from the modern 


ſyſtem of education, and Wy — fall into diſeſteem 
and neglect. | 


It is by no means the intention of this Treatiſe to encourage the 


indolent ſpirit of the times, by opening a bye-path to the Temple of 


Philoſophy. The known and beaten road is the ſafeſt and the beſt. 
It has been with the view of aſſiſting the ſtudent in his progreſs, 
that I have attempted to arrange the leading truths of Natural Phi- 
loſophy in a perſpicuous method, and to demonſtrate them with 
conciſeneſs ; adding a brief deſcription of Experiments, adapted to 
illuſtrate and confirm the Propoſitions to which they are reſpectively 
ſubjoined. | | 


Being more defirous to be uſeful than to appear original, I have 
freely ſelected from a variety of Authors ſuch materials as ſuited my 
deſign. Thoſe who are converſant with this claſs of writers will 
perceive that, amongſt many others, I have made uſe of the works 
of 9 Keil, Whiſton, Graveſande, Cotes, Smith, Helſham, 


Rowning, 
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Rowning, and laſtly, Aae, whoſe arrangement I have in 
part — 


I have not included in my plan that branch of Philoſophy which 
is properly Chemical, becauſe its object is entirely diſtin& from that 
of the Mechanic Philoſophy ; the province of the latter being to 
inveſtigate the general laws of nature, and explain their operation 
in producing particular phenomena ; that of the former, to diſcover 
the ſpecific differences of bodies : and becauſe the philoſophy of 
chemiſtry, notwithſtanding the great advances which have lately been 


made in it, is as yet too imperfectly anderitood, to admit of * 
digeſted into a ſyſtem. 


With reſpe& to. any inaccuracies or miſtakes which may have 
eſcaped my attention, I muſt rely on that candour, which thoſe who 


are beſt acquainted with the extent and duculty of this undertaking 


will be moſt inclined to exerciſe. 
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Before the Book is read, let the following ERRAT A be correfted. 


Page 7, line 21 and 31, for AH read AF. P. 8, I. 10. read the re-action. I. 15, for form r. forms. P. 14. I. 8. 


{or twice r. half. P. 22. I. 14. for 10 r. 12. P. 24. l. 11. r. their ſum, or. P. 27. 1. 13, for DE r. AD. l. 26, for 20 r. 19. 
P. 31. 1, 12. and I. 27, r. Prop. XXIX. Cor. P. 33. 1. 16, r. is to DE EF. P. 35. J. 4. r. CG A. I. 16. r. Prop, XXVI. 
P. 48. I. 6. add in margin Plate 2. Fig, 9. P. 54. 1. 29. for circumference of the circle r. ſpiral line. P. 56. 1. 19. place 
after PE. P. 57. marg. I. 9. add Pl, 2. Fig: 15. I. 14. add Fig. 16. P. 64. 1. 15. r. Prop. LXIII. I. 23. r. Prop. 
LXIV. P. 68. I. ö. r. a circular orbit. P. 73. 1, 24. for A r. AG. P. 75. 1. 6. for RS, r. RH. P. 94+ J. 15. for ſquares 
r. ſquare. P. 96. I. 7. for diameter r. ſemicircle. P. 101. I. 14+ r. Prop. XXVI. P. 117. I. 22. r. receiver. P. 139. l. 17 
and 21. for moſt r. leaſt. P. 147. 1. 5. for do r. have, P. 149. 1. 6. r. and C its center. P. 153. I. 4. r. Prop. XVII. 
P. 164. I. 10. after converged dele to. P. 174. I. 10. add in marg. Pl. 12. Fig. 11. P. 178. 1, 26. for BD and AB 
r. DG, DF. P. 186. 1. 28. place ABC after obje#. P. 191. I. 4. after aii . 8 
Parallel. P. 20). I. 31. for PWS r. PWA. P. 216. 1. 26. r. object glaſs. P. 218. 1. 30. for reflect ing r. ſeveral kinds of. 
P. 222. I. 20. add in marg. Pl. 8. Fig. 13. P. 228. I. 19. after place add in this plane. P. 265. J. 12. r. the ſun muſt be 
betwween it, P. 280. I. 8. for TCE r. TCF. I. 12. dele and. P. 282. l. 4. r. 32“. I. 9. r. ſemidiameter. P. 293. 1. 18. 
for AGH r. AHC, P. 294. 1. 32. for ACF r. AFC, P. 301. 1. 27. for the latter BAD r. BAC. P. 305. J. 14. r. 
diagonal LC, and 1, 17. for Lr. LC. P. 308. 1. 30. for S r. C. P. 312. I. 34. r. Prop. CLVIII. P. 319. J. 5. after more 
add at the equator, P, 339. laſt line but one, after two add unequal, P. 350, l. 21, for ler r. Place. 


ing add a comma. P. 192. J. 20. dele 
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DEFINITION I. Mr is an extended and ſolid 8 


Scholl. Extenſion and ſolidity are diſcovered to be properties of matter by the 


ſenſes, Both by the ſight and touch we perceive material ſubſtances to have length, 


breadth and thickneſs, that is, to be extended : and from the reſiſtance which they make 

to the touch, we acquire the idea, and infer the property, of ſolidity, It is unneceſſary 

here to inquire whether ſolidity neceſſarily ſuppoſes impenetrability. Natural Philoſophy, 

being employed in inveſtigating the laws of nature by experiment and obſervation, and 

in explaining the phenomena of nature by theſe laws, has no concern with metaphyſical 

| ſpeculations, which are generally little more than unſucceſsful efforts, to extend the 
boundaries of human knowledge beyond the reach of the human faculties. 


Dex. II. A body is any portion of matter. 


Corollary. All bodies have ſome figure; for, being portions of matter, they 4 are 
finite, and therefore bounded by lines either ſtraight or curved, 
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Plate 1, 
Fig, 1. 


Plate 1. 
Fig. 2. 
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PRUPOSITIION I. 


Matter is infinitely diviſible, or is * of being divided beyond 
any ſuppoſed diviſion. 


1. Any particle of matter, placed upon a plans ſur face, has an upper and a lower ſite, 


or a part which touches and another which does not touch the plane, and is therefore 


diviſible. 
2. Let CO, MD, be two parallel right lines, to which let AB be drawn perpendicular. 


In the line MD, on one fide of the perpendicular AB, take, at equal diſtances, the points 


E, F, G, H. On the other fide of AB, in the line CO, take any point C, and join 


CE, CF, &c. Each of the lines CE, CF, &c. will cut off a portion from AB : but 


whatever number of lines be drawn in the ſame manner from C to MD produced, there 
will ſtill remain a portion of AB not cut off, becauſe no line can be drawn from the point 


C to the line MD, which ſhall coincide with CO : the line AB is therefore infinitely 


diviſible. 


3. Let the right lines AC and GH be drawn perpendicular to the right line BF. In 
AC, produced at pleaſure, take any points C, C, &c. from which as centers, with the 
diſtances CA, CA, &c. deſcribe arcs of circles KAL, NAO, &c. touching BF in the 
point A, and cutting HG. The farther the central point is taken from A, the greater 
will be the circles, and the nearer will the arcs approach to the line BF ; but the arcs, 


touching BF in A, cannot touch it in any other point. The line HG is therefore 
infinitely diviſible, FI 


Scholl. Bodies admit of actual diviſion to a ſurprifing degree of minuteneſs. 
A grain of gold may be beaten into a leaf containing 50 ſquare inches, each of which may 


be divided into 4000 viſible parts, that is, the whole grain may be divided into 2, ooo, ooo 


viſible parts. A grain of copper diſſolved, is, according to Mr. Boyle, divided into 
105,570,000 parts, diſtinguiſhable by the ſight. Muſk, and other odoriferous bodies, will 
fill a large ſpace with eMuvia, without any ſenſible diminution of their weight. A candle 


of the ſmalleſt ſize may be ſeen two miles, that is, diſperſes light through a ſphere 


whoſe diameter is four miles, without any ſenſible diminution. 


EXPERIMENT I. 
of water, 


2 A key piece of muſk will ſpread its efuvia through a hike room, 


A ſmall quantity of ſolution of copper will tinge a large veſſel 


Dxr. III. That force by which the parts of the ſame body, or 


of different bodies, on their contact, or near approach, are united to 


or tend towards each other, is called the attraction of cobefion. 


PROP. 
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1. The attraction of coheſion appears in ſolid bodies. 


— 


Exp. 1. Obſerve the different degrees of coheſion in different kinds of wood, ſuſpending 
weights, from pieces of equal diameter, placed vertically or horizontally, till they break. 

2. Meaſure the different degrees of coheſion in ſilk, thread, horſe hair, &c. by 
weights ſuſpended from cords of each, placed vertically or horizontally, 


The reſult of ſundry experiments to ſhew the coheſive power of different ſolids may be 


ſeen in the following table, in which each body is taken one tenth of an inch in diameter. 


i6 . 15 
Raw Lint 1 Aſh 50, &c. 
Horſe Hair 45. Zinc mixed 18. 
Raw Hemp 46. Lead 3 
Raw Silk 535, &e. Tin 402. 
Fir 23. Copper 299. 
Elm 35. Braſs 360. 
Alder — Silver 370. 
Oak 48. Iron. 450. 
Beech 50. Gold 500. 
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2. The attraction of coheſion takes place between particles of the 
ſame fluid. 


Exe. 1 A drop of water, at the end of a ſmall cylinder of wood, will hang in a 
ſpherical form. The drop is ſpherical, becauſe, each particle exerts an equal power in 
every direction, drawing other particles towards it on every fide as far as its power 


extends. | 
2. Two globules of . on mootings unite. 


„ v8, 


3. T he attraction of coheſion takes place between two ſolid bodies 


of the ſame kind ; and the more perfect the contact, the greater is 
the attracting force. 


Exp. 1. Two plates of glaſs laid together, though perfectly dry, will cohere. 


2. Two lead balls, having each a flat ſurface —_— ſmooth, on being forcibly put 
together, will cohere. 


B 2 3. T 
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3. Two poliſhed plates of braſs, ſmeared with oil, will cohere ſtrongly. 
4. Two plates of lead with equal plane ſurfaces, heated in boiling water, and imme- 


diately put together with tallow upon their ſurfaces, will cohere fo forcibly, as to require a 
great weight to ſeparate them, . 


N | 
The attraction of coheſion takes place between ſolids and fluids. 


Exp. 1. A plate of glaſs, or metal, will retain drops of water, or mercury, when 
inverted, | 


2. If a plate of glaſs be in part immerſed in a veſſel of water, the water which lies 
contiguous to the glad will riſe above the level. 

3. Water riſes above its level between two parallel plates of laſs at a ſmall diſtance 
from each other, and in a glaſs tube having a fine bore, called a capillary tube. 

4. The fluid will riſe between parallel plates, and in capillary tubes, in vacuo. Hence 
it appears, that the aſcent of Huids in capillary tubes is not owing to the preſſure of 
the air. 

5. Human blood will riſe to a great height in a tube having an exceedingly fine bore. 

6. Water will aſcend in the cavities of ſponge, and other porous bodies. 

7. If a drop of oil be poured upon a plate of glaſs laid horizontally, and another plate 
of glaſs be ſo placed as to meet the firſt plate at one edge, and be at ſuch a diſtance from 
it at the other, as juſt to touch the drop of oil; this drop, becauſe its touching ſurface 
is continually inlarging, will move with increaſing velocity, towards that edge. If the 
planes be lifted up on the fide where they meet, the motion will be retarded, ſtopped, 
or reverſed, according to the degree of elevation. | 

8. The ſame phenomenon takes place in a tube of unequal bore. 

9. Two glaſs bubbles, floating near each other, on water, ruſh together. 


10. A glaſs bubble floating on water in a glaſs veſſel, moves towards the fide of the 
veſſel. 


- 


ScyoL. Theſe appearances are not owing to any attraction between the bubbles, or 
hetween the bubble and the veſſel, but to the attraction between water and glaſs: for 
no ſuch attraction takes place between the bubble and a glaſs tube out of the water. 

11. Two circular pieces of cork placed upon water, and brought r near each other, 
will be attracted. 

12. A piece of wood having a ſmooth and plane Rage ſuſpended from a — and 
balanced, on touching a ſurface of water, will be attracted ; and it will require an 
additional weight in the oppoſite ſcale to ſeparate them. 


PROP. 


Boox I. OF MATTE R. 


„ 
The heights to which a fluid riſes between parallel plates of glaſs: 


are inverſely as the diſtances of the plates. 


The abſolute attractive force of the plates, will always remain the ſame, whatever be 
the diſtance of the plates. The ſame weight of fluid muſt, therefore, at different diſtances 
of the plates, be ſupported. But the quantity of fluid ſupported can only continue the 


ſame, when the height of the column ſupported is reciprocally as its baſe; that is, 


when as much as the height is increaſed the baſe is diminiſhed, and the reverſe. Now, 
the length of the baſe remaining unvaried, the baſe can only be made greater or leſs, by 


increaſing or diminiſhing the diſtance between the plates. Therefore, the force, and the 


quantity of fluid ſupported, remaining the ene, me res und will be greater as the diſtance 
of the plates is leſs, and the reverſe. YT OP 


Let H, B, D, expreſs the height, baſe and diſtance, when the plates a are at any given 
diſtance, and h, ö, d, expreſs the ſame when they are brought nearer: from what has 


been ſhewn, : DB::b: By but 5: Bi dy iD} therefore H: :: d: D. 


Exp. Let two — plates of glaſs be immerſed; at different diſtances from each. 
ether, in a veſſel of coloured water. 


PR OF. VII. 


The ſuſpenſion of the fluid, in capillary tubes, is owing to the 
attraction of the ring of glaſs contiguous to the upper ſurface of 
the fluid. 


Every ring of glaſs below the ſurface tiatts the water-above it as much downwards, 


as it attracts the water below it upwards, and conſequently can contribute nothing 


towards the ſupport, of the column: and the action of the loweſt ring upon all! the 


fluid in the tube, within its ſurface of attraction, muſt either concur with: the force 
of gravity to bring the fluid downwards, or, acting upon it at right angles, can have no 
effect in ſuſpending it within the tube. The fluid therefore can only be ſupported by 


the ring of glaſs contiguous to its upper ſurface, which, attracting upwards, oppoſes the 
action of gravitation by which the fluid endeavours to deſcend.— This W may be 
applied to the fluid raiſed between parallel plates of glaſs. 


Exe. 
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Exp. Let a capillary tube be compoſed of two parts, the bore of one of which is wider 
than that of the other: immerſe its wider orifice in water, till it is filled to any height 
leſs than the length of the wider part; the fluid will only riſe to the height to which 
it would riſe if the tube were throughout of the ſame bore with the wider part : but 
immerſe the tube till the fluid enters the ſmaller part, and the whole column will be 


ſuſpended, provided its length do not exceed that of the column which a tube of the 
ſmaller bore is capable of ſupporting. 


Henee it is manifeſt, that the water is ſuſtained by the attraction of the narrower 
part of the tube, for the wider part could not ſuſtain ſo long a column: it is alſo manifeſt, 
that it is ſuſtained by the ring contiguous to the upper ſurface; for if it were ſuſ- 
tained by the ring at the lower ſurface, no reaſon could be affigned why this ring ſhould 
now ſupport the greater column in both parts of the tube, when it was before only 
able to ſuſtain a column which filled a part of the wider tube, 


Next, let the tube be inverted, and the water be raiſed into the lower extremity of 
the wider part; when the ſuſpended column is of greater length than that which a tube 
of the ſame bore with the wider part is capable of ſuſtaining, it will immediately fink : 


whence it is manifeſt, that the ſuſpenſion of the column in this caſe depends upon the 
attraction of the wider part of the tube; for the narrower part could ſuſtain a larger 


column : and alſo, that it is ſuſtained by the ring contiguous to the upper ſurface ; 


for if it were ſuſtained by the ring at the lower ſurface, it has been ſeen "Mt this ring 
could ſupport a much longer column. 


Schol. The reaſon why the narrower or wider ring ſuſtains a column of the ſame 
length in the unequal tube above deſcribed, as in a tube throughout of the ſame diameter 


as the upper ring, is, that the moving forces of the coJumns are in both caſes the ſame ; 
as will be more fully ſhewn hereafter, 


FE 0 P. VILL 


In capillary tubes, the hejghts to which the fluid riſes are inverſely 
as the diameter of the bores. 


The fluid being ſuſpended (Prop. VII.) by the ring of glaſs contiguous to the upper 
ſurface, and the diſtance to which the attracting force of glaſs reaches being unvaried ; 
the attracting force which ſuſtains the fluid will be as the number of attracting particles, 


that 
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that is, as the circumference, or diameter of the ring, or of the tube. Let Q, 3, then, 
repreſent the quantities of fluid to be raiſed in two tubes of different bores; D, a, the 
diameters of their bores; and H, , the heights to which fluids riſe in the tubes; Becauſe 
Q, 9, repreſent two cylinders of the fluid, from the properties of the circle and cylinder 
(El. XII. 2, 11, and 14.) Q: : : DDH : ddh; and from the nature of this attraction, 
which is as the diameters of the 8 QW: :: D: d; therefore DDH: dab:: D: d; 
and (El. VI. 16.) DD HA Hdd DG, that is, DH conſequently D: 4: h: H. 


Exp. Let two tubes of different bores be immerſed in a veſſel of coloured water ; 
it will be found, that the water will riſe as much higher in the ſmaller tube, as the 
diameter of its bore is leſs than that of the larger tube. 


FR 0: 3-H 


Between two glaſs plates, meeting on one fide, and kept open 


at a ſmall diſtance on the other, water will riſe unequally ; and its 


upper ſurface will form a curve, in which the heights of the 


ſeveral points above the ſurface of the fluid, will be to one another 


reciprocally as their perpendicular diſtances from the line 1 in which 


the plates meet. ; 


Let AE be the ſurface of the fluid; AF the line in which the plates meet; HL the 
curve formed by the ſurface of the raiſed fluid; GB, IC, KD, LE, perpendiculars to 


AE, expreſſing the heights of the reſpective points G, I, K, L, in the curve, above the 


ſurface of the fluid, and AB, AC, AD, AE, perpendiculars to AF, expreſſing the 
diſtances of the ſame points from the line in which the plates meet: theſe heights and 
diſtances are reciprocally proportional. For, let the lines GB, IC, KD, LE, repreſent 


pillars of fluid of an equal but exceedingly ſmall breadth : thoſe portions of the glaſs plates 


which by their attraction ſupport theſe pillars, being equal, will ſuſtain equal quantities of 
fluid; that is, the pillars will be equal. But the pillars may be conſidered as ſimilar pa- 
rallelipipeds, which (El. XI. 34.) are equal when their baſes and altitudes are reciprocally 
proportional, And the baſes, being equal in breadth, are as their lengths, that is, as the 


intervals between the plates: and ſince the intervals continually increaſe as the diſtance 


from the line in which the plates meet increaſes, theſe intervals, at the points B, C, D, E, 


are as their diſtances AB, AC, AD, AE, from the line AF. Since then the heights of the 


pillars are reciprocally as the intervals, the heights GB, IC, &c. are reciprocally as the 
_ diſtances AB, AC, &c. 


Exp. Let coloured water riſe between two els plates (their inner ſurfaces being firſt 
moiſtened) meeting on one fide according to the propoſition. 


PROP. 


Plate 1. 


Fig. 3. 
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FX OF. 


Some bodies appear to poſſeſs a power the reverſe of the attraction 
of coheſion, called repulſion. 


Exp. 1. If a piece of iron be laid upon mercury, the ſurface of the mercury . near the 
iron will be depreſſed. 


2. A fine needle laid upon water will ſwim. 

3. Two circular plates of tinfoil being placed upon water, and preſſed down by a ſmall 
additional weight upon their ſurface, repelling the water, will have a cavity round them: 
but when they are brought near each other, they will ruſh together ; ; the re- action of the 


water on the outer- ſide of the plates being greater than the, "action on the inneteſide, where 
the two cavities produced by repulſion are united. 

4. Mercury poured into a recurved glaſs tube, having the bore on one e fide exceedingly 
fine, and on the other large, will not riſe ſo high in the narrow, as in the wide bore: 
water will riſe higher. 


5. Melted olaſs dropped into water formglobules. with a ſtem (called Prince nr > 


drops) which on breaking the ſtem will burſt with great violence and fall into powder. 


P.R © F. XJ. 


All bodies on or near the ſurface of the earth tend towards its 
center, by the attraction of gravitation. 


A ſtone, or other heavy body, let fall, will move towards the earth till it meet with 
ſome other body to obſtruct its courſe. And bodies move in lines perpendicular to the 


ſurface, and conſequently in oppoſite directions on oppoſite ſides of the globe; that is, 


from the nature of a ſphere, in lines which meet at the center. Some bodies aſcend, 
becauſe they meet with reſiſtance, or are acted upon by a force greater than the attraction 


of gravitation, and in a contrary direction. Vapours, ſmoke, &c. do not deſcend, becauſe 


they are ſupported by the air. 


Exp. 1. Smoke or ſteam will deſcend in an exhauſted receiver, 


2. Any boiling fluid being placed in a ſcale and balanced, the balance will be deſtroyed 
by evaporation, 


SCHOL. 


Book I. | OF MATTE R. 


Scholl. When we ſpeak of attracting powers, we do not attempt to explain their 
nature, or aſſign their cauſes. Having derived general principles, or laws of nature, from 


phenomena, we only give a name to theſe principles, in order to explain other appearances 


by them. 


Pp R O P. XII. 


Matter is capable of receiving motion from external impulſe or 


force. 


This is proved by univerſal experience. 
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Tur DOCTRINE or MOTION. 


CHAP TL 
Of the General Laws of Motion. 


PROPOSITION I. 


VERY body will perſevere in its ſtate of reſt, or of motion 
in a right line, until it is compelled by ſome force to change 
its ſtate. 


Any body at reſt on the ſurface of the earth will always continue ſo, if no external 
force be impreſſed upon it to give it motion, and if the obſtacle which hinders the - 
attraction of gravitation from carrying it towards the center be not removed. A body | 
being put into motion by ſome external impulſe, if all external obſtructions were removed, 
and the attraction of gravitation ſuſpended, would move on for ever in a right line; for 
there would be no cauſe to diminiſh the motion, or to alter its direction. This cannot | 
be fully eſtabliſhed by experiment, becauſe it is impoſſible intirely to remove all ꝓbſtrue- | 
tions: but, ſince the leſs obſtruction remains the longer motion continues, it may be 
reaſonably inferred, that if all obſtacles could be removed, motion once communicated to 
any body would never ceaſe, 


C 2 | ExP. 


I2 
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Exp. 1. A ball at reſt requires ſome degree of force to put it into motion; and 


when in motion, it will continue to move longer on a ſmooth ſurface than on a rough one. 


2. If a ſtone be whirled round in a ſtring, on | being ſet at liberty it will continue to 
move with the force which it has acquired. 1 

3. If a veſſel containing a quantity of water be moved along upon an horizontal plane, 
the water reſiſting the motion of the veſſel, will at firſt riſe up in the direction contrary to 
that in which the moving force acts: when the motion of the veſſel is communicated to 
the water it will perſevere in this ſtate; and if the veſſel be ſuddenly ſtopped, reſiſting the 
change from motion to reſt, it will rife up on the oppoſite ſide. In like manner, if a 
horſe which was ſtanding ſtill, ſuddenly ſtarts forwards, the rider will be in danger of 
being thrown backwards, if the horſe ſtops ſuddenly, the rider will be thrown forwards. 


C 


The change of motion produced in any body is proportional to 
the force impreſſed, and in the direction of that force. 


If a given force will produce a given motion, a double force will produce the double 
of that motion. If a new force be impreſſed upon a body in motion, in the direction in 
which it moves, its motion will be increaſed proportionally to the new force impreſſed: 
if this force acts in a direction contrary to that in which the body moves, it will loſe a 
proportional part of its motion: if the direction of this force be oblique to the direction 
of the moving body, it will give it a new direction. 


Exp. Let one clay ball, ſuſpended by ſtrings, ſtrike DS clay ball ſuſpended 3 in the 
ſame manner, at reſt or in motion, it will communicate a degree of motion greater or leſs 
in proportion to the force of the ſtriking body: in the oppoſite direction motion will be 


deſtroyed in the ſame proportion. 


B NR 6 P 0 


To every action of one body upon another, there is an equal 
and contrary reaction: or, the mutual actions of bodies on each 
other are equal and in contrary directions, 


Whatever quantity of motion any body communicates to another, or whatever degree 
of reſiſtance it takes away from it, the acting body receives the ſame quantity of motion, 
or loſes the ſame degree of refiſtance, in the contrary direction : the reſiſtance of the body 
acted upon producing the fame effect upon the acting body, as would have been produced 
by an active force equal to, and in the direction of, that reſiſtance. 


Cor. 


CAP. Il. COMPARISON OF MOTIONS. 


Cor. Hence it appears, that one body acting upon another loſes as much motion 
as it communicates; and that the ſum of the motions of any two bodies in the ſame 
line of direction cannot be changed by their mutual action. 


Exe. Let a clay ball in motion, ſtrike another equal to it at reſt: the ſtriking body 
will loſe 28 its quantity of eren, which will be communicated to the other body. 


Scholl. Although theſe laws of nature may be illuſtrated by experiments, their 


beſt confirmation ariſes from hence, that all the particular concluſions drawn from them 
agree with univerſal experience. | 


EH AE UH 
Of the Compariſon of uniform Motions. 


F R O F. IV. 


The quantities of matter in bodies are in the compound ratio 


of their magnitudes and denſities. 


If the alia of two bodies be given, the quantities of matter will be as the 
denſities : if their denſities be given, the matter will be as the magnitudes : therefore the 


matter is univerſally in the compound ratio of the magnitudes and denfities. For ex- 


ample, If A and E be two balls equal in magnitude, the quantity of matter in A will be 


to that in B, as the denſity of A is to that of B: if both be of the ſame denſity, their 


quantities of matter will be as their magnitudes. 


x os 


The velocities with which bodies move, are directly as the 


ſpaces they deſcribe, and inverſely as che times in which they deſcribe 
theſe ſpaces. 


It is manifeſt, that the degree of velocity increaſes as the ſpace a body paſſes over in a given 


time increaſes, and as the time in which it paſſes over a given ſpace decreaſes ; and the re- 
verſe. For example, If one ball A move over ſix feet, and another ball B over three feet in 


the ſame time, A has double the velocity of B: but if the ball A paſſes over ſix feet in | 


two 
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two ſeconds of time, and the ball B paſſes over fix feet in one ſecond, the velocity of B 
is double of that of A. 


b 


P R O 8 


The ſpaces which bodies deſcribe are in the compound ratio of 
their times and velocities. 


It is evident, that the longer time any body continues to move, and the greater 


velocity it moves with, the greater ſpace it will paſs through; and the reverſe. 


If, for example, the body A moves for one ſecond, and the body B moves for two 
ſeconds, both moving with the ſame velocity, A will move through as much ſpace 


as B: if A moves with two degrees of velocity, and B with one degree of W e 


A will in the ſame time paſs over twice as much ſpace as B. 


P-R O F. VII. 


— 


The times in which bodies move are directly as the ſpaces, and 


inverſely as the velocities. 


The greater ſpace any body paſſes through, and the leſs degree of velocity it moves 
with, the greater muſt be the portion of time taken up in the motion; and the reverſe. 
For example, If the ball A moves with the ſame velocity with the ball B, but paſſes 
over double the ſpace, A will move twice as long as B: if A moves over the ſame ſpace 
with B, and with half the velocity, it muſt, in this caſe alſo, move twice as long as B. 


p R S r va. 


The force required to move a body at reſt is as the quantity of 
matter to be moved. 


Each particle of matter in any body reſiſting motion, a force muſt be exerted upon 
each particle to overcome this reſiſtanee; if therefore two bodies containing different 
quantities of matter are to be moved, the greater body will require the greater force. 


Dey. I. The momentum of any body is its quantity of motion. 


PROP. 


nr. II. COMPARISON OF MOTIONS. 


1 


In moving bodies, if the quantities of matter be equal, the momenta 
will be as the velocities. 


It is manifeſt, that if the body A be equal to the body B, but A has twice the velocity 
of B, A has twice as much motion as B. | 
PROP. Xx 
The velocities of two bodies being equal, their momenta will be 
as their quantities of matter. 


The bodies A and B moving with equal velocities, fince every portion of matter in A 


has as much motion as an equal portion of B, it is evident, that if A has twice the 


quantity of matter in B, it muſt have twice as much motion. 


The momenta of moving bodies are in the compound ratio of their 
quantities of matter and velocities. 
The greater quantity of matter there is in any body, and the greater velocity it 


moves with, the greater will evidently be its quantity of motion; and the reverſe. 
If, for example, the body A be double of the body B, and moves with twice its velocity, 


the momentum of A will be quadruple of that of B: for it will have twice the momentum 


of B from its double velocity, and alſo twice the momentum of B from its double 
quantity of matter. 


Cor. Hence, if in two bodies the product of the quantities of matter and velocities 
are equal, their momenta are equal. 


P R O P. XI. 


The velocities of moving bodies are as their momenta directly, 
and their quantities of matter inverſely. 


The greater momentum any body has, and the leſs quantity of matter it contains, the 
greater muſt be its velocity. For example, If the body A is half of B, and their momenta 


are equal, A will move with twice the velocity of B; and if A and B are equal, and 


the momentum of A is double of that of B, its velocity will alſo be double. 
PR OP. 
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PRO Pp. x. 


The force, or power of overcoming reſiſtance, in any moving 
body, is as its momentum. 


Since a body having a certain degree of motion is able to overcome a certain degree of 
reſiſtance, 1t is manifeſt, that with an increaſed momentum, it will be able to overcome 
a greater reſiſtance. 


Con. Hence the momentum of any body 1s meaſured by its ' POW of overcoming 
reſiſtance, | 
ScHoL. 1. Let D, 9, denote the quantities of matter in any two bodies, D, d, their 
denſities, and B, b, their bulk or magnitude, /, v, their velocities, 7, t, the times of 
their motion, 5, s, the ſpaces over which they paſs, P, p, the moving powers, MN, m, 
their momenta, and F, f, their force: the preceding propoſitions may be thus expreſſed : 
FROP.: IV. ©: 9: BD: 5 
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Scholl. 2. The principal analogies of velocities, ſpaces, times, momenta, quantities 
of matter, and forces are expreſſed in the following table: 
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Cnay. III. COMPOSITION OF FORCES. 


SCHOL. 3. It has been maintained by ſeveral philoſophers, that the momentum of 
any moving body, is not ſimply as its quantity of matter multiplied into its velocity, 
but as its quantity of matter multiplied into the ſquare of its velocity. But it is a 
ſufficient refutation of this doctrine, to obſerve, that ſince the force required to deſtroy 
any motion muſt be the proper meaſure of the quantity of that motion; and ſince it 
is found from experience, that the motion of any body will be deſtroyed, if a body 
having the ſame quantity of matter and the ſame velocity a& upon it in the oppoſite 
direction; the force deſtroyed, that is the momentum, muſt have been as the N of 
matter multiplied into the velocity of the body. 


%% 8 0 
Of the Compoſition and Reſolution of Forces. 


FR 0-P. XIV; 
BODY acted upon by two forces united, will deſcribe the 


diagonal of a parallelogram, in the fame time in which it 
would have deſcribed its ſides by the ſeparate action of theſe forces. 


If, in 2 given time, a body, by the ſingle force M impreſſed upon it at the point A, 
would be carried from A to B; and by another fingle force N impreſſed upon it at the 


ſame point, would be carried from A to C; complete the parallelogram ABDC; and 


with both forces united, the body will be carried in the ſame time through the diagonal of 
the parallelogram from A to D. For ſince the force N acts in the direction of the 
right line AC parallel to BD, this force (by Prop. II.) has no effect upon the velocity 
with which the body approaches towards the line BD by the action of the force M. 
The body will therefore arrive at the line BD in the ſame time, whether the force N is 
impreſſed upon it or not; and at the end of that time will be found ſomewhere in the 
line BD. For the ſame reaſon, at the end of the ſame time it will be found ſomewhere 
in the line CD; therefore it muſt be found at the point D, the interſection of theſe 
two lines. And (by Prop. I.) it will move in a right line from A to D. 


© Exp. Two equal lead weights ſuſpended at the end of a triangular frame of wood 

to give them a ſteady motion, and let fall at the ſame inſtant from equal heights, ſtriking 
a ball ſuſpended by a cord at the point in which their lines of direction meet, will carry 
it forwards in the diagonal of the parallelogram of thoſe lines produced, 


Cor. 1. Hence, the velocity produced by the joint action of two forces 1s to that 


with which the body moves by the action of each force ſingly, as the diagonal of 
| D the 
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Fig. 6. 
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the parallelogram to either fide; for the * is deſcribed in the ſame time with. 
either ſide. 


Cor. 2. If two ſides of a triangle repreſent the directions and quantities of two forces, 
the third ſide will repreſent the direction and quantity of a force equivalent to both 
acting jointly : for the third ſide may be conſidered as the diagonal of a parallelogram. 


CoR. 3. A body may be moved through the ſame line by different pairs of forces. 
In plate 1. fig. 4. AD is the diagonal both to the parallelogram ABCD, and to the 


parallelogram AEDF; and conſequently expreſſes a | force One. 7 to AB, AC, and to 
AF, AE. | 


P R O Y N. 
The velocity produced by two joint forces, when they act in the 


ſame direction, will be as the ſum of the forces, and when they 
act in oppoſite directions, will be as their difference; and the 


velocity will be the greater the nearer _ approach to the ſame 


direction, and the reverſe. 


In the parallelograms ABCD, in which AB, AC, expreſs the direction and quan- 
tity of two joint forces, the fide AB being placed at different angles with AC, it is 
manifeſt that as AB approaches towards AC, the diagonal increaſes, till at length it 
becomes equal to AC, CD, that is, to AC, AB, and the velocity is as the ſum of the 
forces, ſince they act in the ſame direction. 

In the parallelograms ABCD, as AB recedes from CD, the diagonal decreaſes, till at 
length it vaniſhes with the angle, and the two ſides AB, AC, conſtitute one right line, 
the parts of which, AB, AC, repreſenting forces acting in oppoſite directions, if the 


forces be equal, they will deſtroy each other; if unequal, the velocity will be as their 
difference, 


P'R G H IV). 


Any ſingle force or motion may be reſolved into two forces or 
motions ; and the directions of theſe may be infinitely varied: alſo 
any two forces may be compounded into fingle forces. 


A body moving in the line AD, may be conſidered as receiving its direction and 
velocity from two forces acting jointly in the directions AB, AC, or from two other forces 
expreſſed by AF, AE : for (Prop. XIV. Cor, 3.) each pair would produce the ſame effect. 


In 


Cray, III. COMPOSITION OF FORCES. 


In like manner the direction and quantities of the forces will be diverſified with every 
change of the ſides of the parallelogram, the diagonal remaining the ſame. 

It is alſo manifeſt, that any two joint forces may be compounded into one, being 
expreſſed by the ſides of a parallelogram, or its diagonal. 


PR O P. . 


If a body is acted upon by three forces, which are proportional 
to, and in the direction of, the three ſides of a triangle, the body 
will be kept at reſt. 


Let a body placed at D be acted upon by three forces AD, GD, FD, proportional to, 

and in the direction of the three ſides of the triangle GED : complete the parallelogram 
GEFD ; and make AD equal to, and in the direction of the diagonal ED. 

If the body at D be ated upon by the forces AD, ED, equal and in oppoſite directions, 


it will be kept at reſt. But the force ED (Prop. XVI.) is equivalent to the two forces 


DG, DF, that is, DG, GE; therefore the body acted upon by the three forces AD, 


DG, DF, that is, by three forces proportional to, and in the direction of the ſides of the 


triangle GED, will be at reſt. 


Exp. Let three weights in the proportions of 3, 4, 35 be ſuſpended from cords 
which paſs over pulleys and meet in a point; if the directions of the cords be parallel 
to the ſides of a triangle, (drawn in a plane parallel to the plane of the cords) whoſe 
ſides are to each other as the weights, a ball at the point in which the cords meet will 
be kept at reſt. 


Cox. The body will be at reſt if the three forces are proportional to the three 
ſides of a triangle drawn perpendicular to the direction of the forces; for ſuch a ** 
is ſimilar to the former. 


N O F. . 


The force of oblique percuſſion is to that of direct or perpendicular 
action, as the ſine of the angle of incidence to radius. 


Let a body ſtrike upon the plane AD, at the point D, in the direction BD : the line 


Bb expreſſing the force of direct impulſe may be reſolved into two others, BC, BA, the 
one parallel, the other perpendicular to the plane: of theſe, the force BC, parallel to 
the plane, cannot affect it: the whole force upon the plane may therefore be expreſſed 


by BA. But BA is to BD as the ſine of the angle of incidence BDA is to radius. 


SCHOL. If the ſurface to be ſtruck be a curve, let AD be made tangent to the curve 
at D, and the proof will be the ſame. 


D 2 PROP. 
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P R O FE. XX. 


The force of oblique action produced by percuſſion is to that of 

direct action, as the coſine of the angle comprehended between 
the direction of the force and that in which the body is to be 
moved, to radius. | W 


Let FD repreſent a force acting upon a body at D, and impelling it towards E; but 
let DM be the only way in which it is poſſible for the body to move. The force FD 


may be reſolved into two forces FG, FH or GD; of which only the force GD impels 
it towards M. And, FD being radius, GD is the coſine of the angle FDG, or MDE, 
comprehended between the direction of the force, and that in which the body is to be moved. 


Of Motion as communicated by TOO in Non-Elaſtic, and Elaſtic Bodies 


Dey. II. Bodies are non-elaſtic, which, when one ſtrikes another, | 
do not rebound, but move together after the ſtroke. 


Cor. Hence their velocities after the ſtroke are equal. 
Dee. III. Bodies are elaſtic, which have a certain ſpring, by 
which their parts, upon being preſſed inwards by percuſſion, return 
to their former ſtate, throwing off the ſtriking body with ſome degree 


of force : when the elaſticity 1s perfect, the body reſtores itſelf with 


a force equal to that with which it is compreſſed. 


Exe. The exiſtence of this property is viſible in a ball of wool, cotton, or ſpunge 
compreſſed. | 


P'. RU. -£. -- Sd 
When one non-elaſtic body in motion, ſtrikes upon another at 
reſt, or moving with leſs velocity in the ſame direction, the 


ſum of their momenta remains the ſame after the ſtroke as before. 
| For 


Cnay. ICL. OF NON-ELASTIC BODIES. 


For (Prop. III. Cor.) as much motion as the ſtriking body communicates, ſo much it 
loſes ; whence, if the motions of the bodies are in the ſame direction, whatever is added 


to the motion of the preceding body will be ſubducted from that which follows, and the 
ſum will remain the fame. | 


C 


When two non-elaſtic bodies, moving in an oppoſite direction 
ſtrike upon each other, the ſum of their momenta after the ſtroke, 
will be equal to the difference of their momenta before the ſtroke. 


For (from Prop. III. Cor.) that body which had the leaſt motion will deſtroy a quan- 
tity equal to its own in the other; after which, they will move together with the 
remainder, that 1 is, the difference, 


Exp, Let two cylinders filled with clay, A, B, be of equal weight, and ſuſpended by 
cords from equal heights ; let two other cylinders of the ſame kind, C, D, but in weight 
as 2 to 1, be ſuſpended from the ſame height. The heights from which they are let 
fall, in the arc formed by the motion. of the cylinder (from the nature of the pendulum, 
afterwards to be explained) will be the meaſure of their velocity; and (by Prop. XI.) 
their momenta will be as their velocities multiplied into their quantities of matter; whence 
the caſes of the two preceding propoſitions may be eſtabliſhed by the following experiments. 
N. B. Quantity of matter is expreſſed by g, velocity by v, and momentum by m. 


| No. 1. Prop. XX. Caſe 1. Let the cylinder A fall from the height of 18 inches, 
upon the cylinder B at reſt, The momentum of A before the ſtroke (by Prop. XI.) 
is 18; for the quantity. of matter is 1, and the velocity 18; whence 1 * v18 = m 18, 


After the ſtroke, the quantity of matter being (Def. II.) 2, and the velocity of each 
cylinder 9, the momentum will be 18: q2 Xxvg = m 18. 


No. 2. Caſe 2. Let A fall from 18 inches, and B from 9, in the ſame direction; 


their momenta before the ſtroke are 18 + 9 = 27; after the ſtroke, the quantity of 
matter will be 2, and the velocity 135; whence v 13; * 2 = m2). 


No. 3. Prop. XXI. Caſe 1. Let the equal cylinders A and B fall in oppoſite PE 


from the height of 12 des: the momenta buoy equal and oppoſite, the motion of 
both will be deſtroyed; 


- 


No. 4. Caſe 2. Let A fall from the height of 12 inches, and meet B falling in the 
oppoſite direction from 6 inches; their velocity after the ſtroke being 3 and quantity 
of matter 2, the momentum will be 6; 72 * Z= =m Sa 


Prop. 
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No. 5. Prop. XX, Caſe 3. Let the cylinder C, double ofthe cylinder D, fall from 
12 inches on D at reſt, Before the ſtroke, the quantity of matter in C is 2, and its 


velocity is 42; whence its momentum is 24; 9 2 * . = M24. After the ftroke, 
the velocity will be 8, and quantity of matter 3; whence q 3 x v8 = m 24. 


No. 6. Caſe 4. Let C fall from 12 inches, and D from 6 inches in the ſame 


direction. Before the ſtroke, the velocity of C is 12, and quantity of matter 2; whence 


its momentum is 24; q2XV12 = m 2..; and the velocity of D is 6, and its quantity 
of matter 1; whence g1xv6 =mb; therefore the whole momentum is 30. After the 
ſtroke, the velocity of the whole is 10, and the quantity of matter 3; whence 
93 XVIO = m 30. 


No. 7. Prop. XXI. Caſe 3. Let C fall from 6 inches, and D from 12, in oppoſite 
directions, the quantity of matter in C being 2, and its velocit* 6; and the quantity of 
matter in D being 1, and its velocity 12, their momenta will be equal, and being oppoſite, 
will deſtroy each other. Cq2xv6 23 D921 * , EMI, 


No. 8. Caſe 4. Let C fall from 3 inches, and D from 12, in oppoſite directions: 


before the ſtroke the momentum of C is 6; 92 Xv3 = m6, and the momentum of D is 


123 q1XvV12 = m 12; whence the difference of their momenta is 6. After the ſtroke, 
the velocity is 2, and J of matter 3; ; Has the momentum is 6;43Xxv2= 


ab 


PR O F Nn. 


When one elaſtic body ſtrikes upon another of the ſame kind, 
the one loſes, and the other gains, twice as much momentum, as if 
the bodies had been void of elaſticity. 


For, ſince (by Def. III. ) perfectly elaſtic bodies, on percuſſion, EO themſelves with 
a force equal to that with which they are compreſſed, whatever momentum is gained 
by one body, or loſt by the other, on percuſſion, from the law of re- en, the ſame ; 
muſt be gained, or loſt, from the power of elaſticity. | 


Cor. 1. Hence the momentum of elaſtic bodies after percuſſion may be found, by 
doubling the momentum which would have remained, had the bodies been non-elaſtic. 


2. If one of the bodies, conſidered as non-elaſtic would loſe more than half its momen- 
tum, as elaſtic it loſes more than all, that 1s, acquires a negative momentum in a 
contrary direction, 


Exp. The following experiments may be made with i ivory balls 2ended from ſtrings: 
they correſpond with the preceding experiments on non-elaſtic bodies, 


Let 


Crap. IV. OF ELASTIC BODIES. 


Let A and B be equal balls; and let C be a ball double of the ball D. 
No. 1. A, falling from 18 inches on B at reſt, has 18 degrees of momentum before 


the ſtroke: therefore, after the ſtroke, ſuppoſing the balls non- elaſtic, the ſame momentum | 


belonging to the two equal balls together, each has 9 degrees of momentum, and A has 
loſt and B gained 9. This being doubled, A, as elaſtic, will loſe 18, and B will gain 
18 degrees of momentum : whence A will be at reſt, and B will move with 18 degrees 
of momentum. 


No. 2. A, falling from 18 inches, and B from 9 in the ſame direction; as non-elaſtic, 
after the ſtroke, each has 134 momentum, or A has loſt 44, and B gained 44. As elaftic, 
after the ſtroke, A loſes 9, B gains 9; therefore A riſes to 9 inches, B to 18. 

No. 3. A and B, falling in oppoſite directions from 12 inches, as non-elaſtic, would 
loſe all their momentum : as elaſtic, each loſes 24 degrees of momentum ; that is, gains 12 
in the contrary direction, | 


No. 4. A, falling from 12 inches, and B in the oppoſite direction from 6, as non- 


elaſtic, the momentum of each, after the ſtroke, will be in the direction of A; whence. 


A loſes 9, and B loſes q, moving 3 degrees in the contrary direC..on. As elaſtic, 
A loſes 18, or has 6 in the contrary direction, and B loſes 18, or gains 12 in we con- 
trary direction. 


No. 5. C, double of D, falling from 12 inches on D at reſt, the momentum of C 
before the ſtroke being 24, and of D nothing; as non-elaſtic, C after the ſtroke, having 
its momentum 16, and moving with the velocity 8, will have loſt 4 degrees of velocity, 
and 8 of momentum: and D will have gained 8 of each. As elaſtic, therefore, C will 
loſe 8 degrees of velocity, or (Prop. XI.) 16 of momentum, and D will gain 16 of each; 
that is, C will move with 4 degrees of velocity, and D with 16. 


No. 6. C falling from 12 inches, and D from 6 in the fame direction, before the 
ſtroke, the velocity of C is 12, and its momentum 24. ; and the momentum of D 6. 
After the ſtroke, as non-elaſtic, the momentum of C is 20, becauſe q 2 xv 10 n 20; 
and the momentum of D is 10, becauſe 1 xv1io=m10; therefore C has loſt 4 degrees 
of momentum, or 2 degrees of velocity, and D gained 4 of each. If, therefore, the gain 
or loſs be doubled on account of the elaſticity of C and D, C will loſe 8 degrees of 
momentum, or 4 of velocity, and D will gain 8 of each; that i is, C will move with 
8 degrees of velocity, and D with 14. 


No. 7. C falling from 6 inches, and D from 12 in oppoſite ee their momenta 
being equal, would deſtroy each other without elaſticity: therefore, being elaſtic, each 


will acquire the momentum of 12 in oppoſite directions; that is, D will return to 12, 
and C to 6. 


No. 8. C falling from 3 inches, and D from 12 in oppoſite directions; ſince the 
momentum of C before the ſtroke is 6, and of D 12, as non-elaſtic bodies they would, 


after 


24 


of B is 


gaine by B. Subtract this remainder, 


2 Aa + BUT Ab 
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after the ſtroke, move in the direction of D, with the velocity 2; whence C would move 
in the direction contrary to its firſt motion with 4 degrees of momentum, and loſe 10; 
and D would loſe 10: therefore, being elaſtic, C will loſe 20 degrees of momentum, and 


alſo D 20; whence C will move in the contrary direction with 14 degrees of momentum z 
that is, will return to 73 and D will return to 8. 


Cor. 1. If the ſum of two conſpiring momenta, or the A Rerenes of two contrary 
momenta, be divided by the ſum of the quantities of matter in both the moving bodies, 
the quotient will give the common velocity after the ſtroke. 

ScHoL. Let A and B be two ſpherical bodies, moving with their centers in the ſame line; 
and let their velocitics be a and 5. The momentum of A before the ſtroke is Aa, and 


that of B is Bb; the ſum, or their difference is Aa+Bb, or Aa- Bb. Therefore (by Prop, 


XX. and XXI.) the momentum after the ſtroke is expreſſed by Aa+ Bb, and, their common 


. by * Hence the momentum of A after the ſtroke | is ann” e and that 


A+B 


ABa+ BBa 
1+ 8 


Next, ſuppoſe the bodies perfectly elaſtic. Subtract the momentum of A conſidered 
AAa 4. ABb 1 N ns 
—_ from its momentum before the ſtroke, Aa; 


as non-elaſtic, after the ſtroke, — 
ABa+ ABL | . 
—_— w— will expreſs the momentum in that caſe Joſt by A, and 


ABa+ ABb . X FA. 
—_= . rom the momentum 0 as non- 


and the remainder, 


Ada . ABb 18 if 
F 7 and add the ſame remainder to the momentum of B 


elaſtie, after the ſtroke, 


ABa+BBb AAa+2 ABb— ABa _ 
after the ſtroke, — ” 7 the difference, er „ will expreſs the mo- 


. . 2 ABa+BBb+ ABl 
mentum of A after the ſtroke, and the ſum 7 1 will expreſs the momen- 


 , Aa+2Bb—Ba 
tum of B after the ſtroke, ee them e elaſtic. And — ä and 


5 Ws will expreſs their reſpective velocities. 


Cor. 2. If there be any number of elaſtic, equal, and ſpherical bodies whoſe centers 
are placed in the ſame line, and the firſt body ſtrikes upon the ſecond in the direction of 


that line, all the bodies will be at reſt except the laſt, which will move e off with the velocity 
of the firſt. 


Exr. Several equal ivory balls being ſo ſuſpended as to have their centers in a right 


line, if the firſt be let fall upon the ſecond, the laſt will fly off, to the height from which 
the firſt fell. 


Cox. 3. 


cnA Tr. Vw. OF FALLING BODIES. 
Cox. 3. When the ſtriking ball is leſs than the quieſcent, there will be an inereaſe 
of momentum. | 


Exp. Let the ball D fall from 12 inches upon C, double of D, at reſt. If they were 


non- elaſtic, they would proceed together, and, their velocity being the ſame, C, after the 


ſtroke, would have double the momentum of D; that is, C would have 8 degrees and 
D 4; whence D would have communicated more than half its momentum to C. The 
effect being doubled by the elaſticity of the bodies, D communicates to C 16 degrees of 
momentum, and loſes as much itſelf, or returns with 4 degrees of momentum in the 
contrary direction; while C moves forwards with 4 degrees more momentum than D had 
at the firſt, Thus the whole ſum of momentum is increaſed from 12 to 20 degrees : 
but as much as the momentum is increaſed in the direction in which D firſt moved, fo 
much is given to D in the contrary direction. In this manner may mo..zentum be con- 
tinually increaſed by a ſeries of bodies, 


Cor. 4. If a non-tlaſtic body ftrikes upon an immoveable obſtacle, it will loſe 
all its motion; an elaſtic body. will return with a force equal to the ſtroke. 


Exp. Let a lead ball, and an ivory ball, ſtrike upon any fixed plane. 


c H A P. v. 
Of Motion as produced by the Attraction of Gravitation. 


„ r. 
Of the Laws of Gravitation in Bodies falling without Ohſtrufion. 


P R O P. XXIII. 


The motion of a body falling freely by the attraction of gravitation 


is uniformly accelerated, or its velocity increaſes equally in equal 
times. 4 


A new impreſſion being made upon the falling body, at every inſtant, by the continued 
action of the attraction of EFavitys and the effect of the former (by Prop. I.) ſtill remaining, 
E the 
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the velocity muſt continually increaſe. Suppoſe a fingle impulſe of gravitation, in one 
inſtant, to give it one degree of velocity; if after this the force of gravitation were entirely 
ſuſpended, the body would continue to move with that degree of velocity, without being 


accelerated or retarded. But, becauſe the attraction of gravitation continues, it produces 


as great a velocity in the ſecond inſtant as in the firſt ; which being added to the firſt, 
makes the velocity in the ſecond inſtant double of what it was in the firſt. In like 


manner, in the third inſtant, it will be tripled ; quadrupled in the fourth; and in 


every inſtant, one degree of velocity will be added to that which the body had before ; 
that is, the motion will be uniformly accelerated, 


Cor. The velocities of falling bodies, are as the times in which they are acquired. 


Exe. Obſerve the continual acceleration of a falling ball. 


P R O P. XXIV. 


The force of the attraction of gravitation ating upon any body 
is as its quantity of matter. | 


For, each particle of matter in any body being ated upon by gravitation, the greater 
2 of particles are contained in any body, the greater force muſt be exerted upon 
; that is, the force increaſes as the quantity of matter increaſes. 


Exp, Let two unequal balls, ſuſpended by threads of the ſame length, be let fall at 
the ſame time from points equally diſtant from the loweſt points of the arcs in which they 
move : the vibrations of each will be performed in equal times, and conſequently their 
velocities will be equal; whence the momenta (Prop. XI.) will be as the quantities 
of matter: but (by Prop. XIII.) the force producing motion, is as the quantity of motion, 
or momentum, produced : therefore the force of gravitation 1s as the quantity of matter ; 


that is, as much greater force is exerted upon the larger body than upon the leſs, as its 


quantity of matter is greater than that of the leſs. 


Cox. The weight of any body is as its quantity of matter ; for weight is the degree 
of force with which any body is ated upon by gravitation. 


PRO PF, XXV, 


The velocities of bodies falling from the ſame height without 
reſiſtance, are equal. 


If two bodies of different quantities of matter fall from the ſame height, the attract- 


ing force which acts 508 the greater body, will (Prop. XXIV.) exceed that which acts 


upon 


Cray. V. OF FALLING BODIES. 


upon the leſs, as much as the greater body exceeds the leſs in quantity of matter; 
whence they muſt move with equal velocities, 


Exp. A guinea, and a feather, or other light body, in the exhauſted receiver of an 
air pump, will fall through the ſame ſpace in the ſame time. 


NR O . . 


The ſpaces deſcribed by falling bodies are as the ſquares of the 


times from the beginning of the fall, and alſo as the ſquares of the 


laſt acquired velocities. 


In the triangle ABC, let AB expreſs the time in which a body is falling, and BC 


the velocity which it has acquired at the end of the fall; let AF, AD, be parts of the 


time AB; and through F, D, draw FG, DE, parallel to BC. 
Becauſe the triangles ABC, ADE, are ſimilar, AB is to AD as BC to DE; but AB 


andAD xpreſs times of deſcent, and BC expreſſes the velocity acquired in the time AB; 
therefore, ſince (Prop. XXIII. Cor.) the velocities are as the times, DE expreſſes the velo- 


city acquired in the time AD. In like manner, GF, any other right line parallel 
to BC, expreſſes the velocity acquired in the time AF. Therefore the ſum of the lines 
which may be ſuppoſed drawn parallel to CB in the triangle ADE ; that is, the whole 


triangle ADE, will repreſent the ſum of the ſeveral velocities with which the falling 


body moves in the time AD. For the ſame reaſon, the triangle ABC will repreſent the 
ſum of the velocities with which the falling body moves in the time AB. Since there- 
fore it is manifeſt, that the ſpace which a body paſſes through in any moment of time 


is as the velocity with which it moves at that moment; and conſcquently, that the 


ſpaces through which it paſſes in any times whatſoever, are as the ſums of the velocities 
with which it moves in the ſeveral moments of thoſe times; the ſpaces paſſed through in 
the times AD, AB, are to each other as the triangles ADE, ABC. But the triangle 
ADE (El. VI. 9.) is to the triangle ABC in the duplicate ratio of the homologous 
ſides AD, AB, and alſo of DE, BC; that is, the ſpaces are as the ſquares of the times, 
and alſo as the ſquares of the laſt acquired velocities. 

Exp. Let there be two pendulums, one of which vibrates twice as faſt as the other, a ball 
let fall from ſuch a height above the ball of the ſhorter pendulum as to reach it in one 


vibration, muſt fall from four times this height, to reach the longer pendulum in one of 
its vibrations. 


Cor. 1. The times in which bodies fall from unequal heights, and their laſt acquired 


velocities, are as the ſquare roots, or in the ſubduplicate ratio of their heights. If the 


height or ſpace be called 8, the velocity V, and the time T; ſince TT is as 8, T will 
be as v/ 9; and lince VVis as 8, V will be as 8. 


E 2 Con. 
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Cor. 2. If the time of the fall of a body be divided into equal parts, the ſpaces through 
which it falls in each of theſe parts, taken ſeparately, will be as the odd numbers 1, 3, 5, 
&c. The fpaces being as the ſquares of the times or velocities, if the times be as the 
numbers 1, 2, 3, 4, the ſpaces will be as 1, 4, 9, 16; whence, in the firſt time the ſpace 


will be as 1, in the ſecond time, the ſpace paſſed over will be as 3, in the third, 
as 5, &c. 


P NR G B RXVU. 


The ſpace which a body paſſes over in any given time from the 
beginning of the fall, is half that which it would paſs over in the 
ſame time, moving with the laſt acquired velocity. 


Plate 1. 


1 For the triangle ABC (by Prop. XXVI.) expreſſes the ſpace paſſed over in the time 
18. 10. . RN - | 3 * n 

AB, when the motion is uniformly accelerated; the laſt acquired velocity is expreſſed 

by BC; and the rectangle of AB, BC, rightly expreſſes the ſpace paſſed through in the 


time AB with the equable velocity BC : fince therefore the triangle ABC is half of the 
retangle AB, BC, the propolition 1 is manifeſt, 


P R OP. XXVIIL 


The motion of a body thrown upwards is uniformly retarded by 
gravitation : the time of its riſe will be equal to that in which a 
body falling freely acquires the ſame degree of velocity with which 
it is thrown up; and the height to which it riſes will be as the 
ſquare of the time, or firſt velocity. 


The ſame force which accelerates a falling body, acting in an oppoſite direction upon 
one thrown upwards, muſt retard it: and, ſince the action of gravitation is uniform, 
in whatever time it generates any velocity in a falling body, it muſt in the ſame time 
deſtroy the ſame velocity in a riſing body: through whatever ſpace the falling body muſt 
paſs to acquire any velocity, the riſing body muſt paſs through the ſame, to loſe it: 
and whatever ratio the ſpaces bear to the velocities and times in one caſe, muſt take 


place in the other : the effect of gravitation in riſing bodies being in all reſpects the reverſe 
of its effect upon falling bodies. 


SECT. 


ITC ————— 


* 


CAP. V. OF INCLINED PLANES. 


SE E T. HI. 


| Of the Laws of Gravitation in Bodies falling down inclined Planes. 


Dey. IV. An inclined plane, is a plane which makes an acute 
or obtuſe angle with the plane of the horizon. 


FN 0 P. XXIX. 


The motion of a body deſcending down an inclined plane, is 
uniformly accelerated. 


In every part of the ſame plane, the accelerating force has the ſame ratio to the force 
of gravitation acting freely in a perpendicular direction, and is therefore (El. V. 9.) 


equally exerted in every inſtant of the deſcent ; whence, (as was ſnewn concerning bodies 


falling freely, Prop. XXIII.) che motion muſt be uniformly accelerated. 


Cor. Hence, whatever has been demonſtrated concerning the perpendicular deſcent 
of bodies, is equally applicable to their deſcent down inclined planes, the motion in both 
caſes being uniformly accelerated by the ſame power of gravitation. 


Exe, 1 1. Obſerve the acceleration of motion down an inclined plane, 


Exp. 2. Meaſure the ſpaces paſſed over - by a body down an inclined plane by the vibra- 
tion of pendulums, as in Prop. XXVI. Exp. 


P R O P. XXX. 
The force with which a body deſcends by the attraction of 


gravitation down an inclined plane, is to that with which it would 
deſcend freely, as the elevation of the plane to its length. 


Let AB be the length of an inclined plane, and AC its elevation, or gane bender 
height. If the force of gravitation with which any body deſcends perpendicularly be 
expreſſed by AC, and this force be reſolved into two forces, AD, DC, by drawing CD 
perpendicular to AB; becauſe the force CD is deſtroyed by the re- action of the plane, 
the body deſcends down the inclined plane only with the force AD. And (El. VI. 8. 
Cor.) AD is to AC, as AC is to AB; that is, the force of gravitation down the inclined 


plane is to the ſame force acting freely, as the elevation of the plane to its length. 
| | Cok. 
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Cor, Hence, the force neceſſary to ſuſtain a body on an inclined plane, is to the 
abſolute weight of a body, or its unobſtructed force, as the elevation of the plane to its 
length: for the force requiſite to ſuſtain a body, muſt be equal to that with which it 


endeavours to deſcend ; which has been ſhewn to be to that with which it would deſcend 
freely, as the elevation of the plane to its length. 


Exp. A weight of 4 ounces laid upon a wheel carriage, ſo balanced as juſt to move freely 
on an inclined plane, the length of which is to its elevation as 2 to 1, will be balanced 


by a weight of two ounces, ſuſpended freely from a cord, paſſing over a | PRE parallel 
to the plane. | 


PN O P. XXXI. 


The ſpace deſcribed in any given time by a body deſcending down 
an inclined plane, is to the ſpace through which it would fall per- 
pendicularly i in the ſame time, as the elevation of the plane to its 


length. 


Let AC repreſent the force with which a body would fall perpendicularly: CD being 
drawn from C perpendicular to AB; AD, as was ſhewn (Prop. XXX.) will repre- 
ſent the force with which the body deſcends down the inclined plane AB. And, 
ſince the ſpaces through which a body falls in any given time muſt be as the forces 


which move them, the ſpace through which the body will fall down the inclined 


plane AB, is to that through which it will fall perpendicularly in the fame time, as 
the force AD, to the force AC. But AD is to AC (El. VI. 8. Cor.) as AC the elevation 
to AB the length of the plane; therefore the ſpace through which the body will fall 
in a given time down the inclined plane AB, will be to the ſpace through which it 
would fall perpendicularly in the ſame time, as the elevation of the ane to its length. 


Cor. A body would fall down the inclined plane from A to D, in the ſame time 
in which it would fall perpendicularly from A to C. For, the ſpaces paſſed through 


in any given time are as AC to AB, that is, (El. VI. 8. Cor.) as AD to AC: con- 


ſequently, if AC is the ſpace paſſed through in any given time by the body falling freely, 
AD will be the ſpace paſſed through in the ſame time, down the inclined plane AB. 


n 


The velocity acquired in any given time by a body deſcending 


down an inclined plane, is to the velocity acquired in the ſame time 


by 


cnar. v. OF INCLINED PLANES. 


by a body falling freely, as * elevation of the plane to the 
length. 


In an uniformly accelerated motion, the velocities produced in equal times are as the 
forces which produce them: but (by Prop. XXX.) the force with which a body deſcends 
down an inclined plane, 1s to that of its perpendicular deſcent, as the height of the plane 
to its length : therefore the velocities produced in equal times are in the ſame ratio. 


P R O P. XXXIII. 


The time in which a body moves down an inclined plane, is to 


that in which it would fall perpendicularly from the ſame height, as 
the length of the plane to its elevation. 


The ſquare of the time in which AB is paſſed oper. is to the ſquare of the time in 
which AD is paſſed over (compare Prop. XXVI. with Prop. XXX. Cor.) as AB to AD, 
that is, ſince AB, AC, AD (El. VI. 8. Cor.) are continued proportionals, as the ſquare 
of AB to the ſquare of AC. Therefore the times themſelves are as the lines AB, AC, 
that 1 is, as the length of the plane to its elevation. 


Cor. Hence if ſeveral inclined planes have equal altitudes, the times in which thoſe 
planes are deſcribed by bodies falling down them, are as the lengths of the planes. For 
the time of the deſcent down AC is to the time of the fall down AB, as AC to AB; and 
the time of the fall down AB is to the time of the deſcent down AG, as AB to AG; 
therefore (El. V. II.) the time of the deſcent from A to C is to the time of deſcent 
from A to G, as AC to AG, that is, the times are as the lengths of the planes. 


FR O FP. . 


A body acquires the ſame velocity in falling down an inclined 
plane, which it would acquire by falling freely through the perpen- 
dicular elevation of the plane. 


The ſquare of the velocity which a body acquires by falling to D, is (by Prop. XXVII. 
compared with Prop. XXX. Cor.) to the ſquare of the velocity it acquires by falling to B, 
as the ſpace AD is to the ſpace AB, that is, (El. VI. 8. Cor.) as the ſquare of AD is to 


the ſquare of AC; and conſequently the velocity at D is to the velocity at B, as AD is to 
AC. But, becauſe AD and AC (Prop. XX XI. Cor.) are paſſed over in the ſame time, the 
velocity acquired at D is (by Prop. XXXII.) to that which is acquired at C, as AD to AC. 


Since 
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Since then the velocity at D has the ſame ratio to the velocities at B, and at C, namely, 


the ratio of AD to AC, the velocities at B and C (El. V. 9.) are equal. 


Cor. Hence the velocities acquired by bodies falling down inclined planes are equal 
in equal times, where the heights of the planes are equal. The velocities acquired 
in falling from A to C, and from A to G, are each equal to the velocity acquired in 
falling from A to B, and therefore equal to one another, : 


P R O P. XXXV. 


A body falls perpendicularly through the diameter, and obliquely 
through any chord of a circle, in the fame time. 


In the circle ADB, let AB be a diameter, and AD any chord; draw BC a tangent 
to the circle at B; produce AD to C, and join DB. Becauſe ADB (El. III. 31.) is a 
right angle, a body (by Prop. XXXI. Cor.) will fall from A to D on the inclined 
plane in the ſame time in which it will fall from A to B perpendicularly. In like manner 
let the chord AE be produced to G; and becauſe AEB is a right angle, a body will 
fall from A to E in the inclined plane in the ſame time in which it would fall from A to B. 


Cor. Hence all the chords of a circle are deſcribed in equal times, 


PRO FP, "XV es 
If a body deſcends along ſeveral contiguous planes, the velocity 
which it acquires by the whole deſcent, is the ſame which it would 
acquire, if it fell from the ſame perpendicular height along one 
continued plane ; and this velocity will be the ſame with that which 
would be acquired by the perpendicular fall from the elevation of 
the planes. 


Let AB, BC, CD, be ſeveral contiguous planes; through the points A and D, ow 
HE, DF, parallel to the horizon, and produce the contiguous planes CB, CD, to G 
and E. By Prop. XXXIV. Cor. the ſame velocity is acquired at the point B, whether 
the body deſcends from A to B, or from G to B. Therefore, the line BC being the ſame 
in both caſes, the velocity acquired at C muſt be the ſame, whether the body deſcends 
through AB, BC, or along GC. In like manner, it will have the ſame velocity at D, 
whether it falls through AB, BC, CD, or along ED, that is (by Prop. XXXIV.) its 
velocity will be equal to the velocity acquired by the perpendicular fall from H to D. 


Cor. 


Cnay.V. OF INCLINED PLANES. 


Cor. Hence if a body deſcends along any arc of a circle, or any other curve, the 
velocity acquired at the end of the deſcent is equal to the velocity acquired by falling 
down the perpendicular height of the arc; for ſuch a curve may be conſidered as con- 
fiſting of indefinitely ſmall right lines, repreſenting contiguous inclined planes. 


P R O P. II. 


If two bodies fall down two or more planes equally inclined, and 


proportional, the times of falling down theſe planes will be as the 
ſquare roots of their lengths. 


Let the inclined planes be AB, BC, DE, EF: let AG, DH, be lines drawn parallel 
to the horizon; let AB, DE, be equally inclined to the plane of the horizon, and alſo 
BC, EF; let AB be to DE as AG to DH, and as BC to EF, and draw GB, HE. 
Becauſe ABG, DEH, are ſimilar triangles, AB is to DE (El. VI. 4.) as BG to EH, 
and AB to DE as v BG to EH: alſo AB is to DE as BG+BC is to HET EF, 
and AB to KDE as +4 BG+BC, or „GC, is to HET EF, or HF. 
And ſince (by conſtruction) AB is to DE as BC to EF, AB is to DE, as 


AB+BC is to DEA EF, and AB to HDE, as /ABFBC to PET EF. But 


AB, DE, being planes equally inclined, the accelerating force of gravitation will be the 
ſame upon each, and the bodies deſcending upon them may be conſidered as falling down dif- 


ferent parts of the ſame plane. Hence (Prop. XXVI. Cor. 1. and XXIX. Cor.) the time of 


deſcent along AB is to that along DE, as AB to VDE; and the time of deſcent along 
GC is to that along HF, as GC is VHF, that is, as AB to VDE. Again, the 
time of deſcent along GB is to that along HE, as VBG is EH, that is, as / AB 
to 4 DE. Since, therefore, the time of deſcent along the whole plane GC is to that along 
the whole plane HF, as y/ AB to y/DE, and that of the part GB is alſo to that of the 
part HE, as AB to VDE, the time of deſcent along the remainder BC is to that 


along the remainder EF (El. V. 19.) as AB to y/ DE. Conſequently, the time of 


deſcent down AB+BC is to that down DE+EF, as AB to DE, that is, as 


MY AB+BC to y DE +EF. 


Cor. Hence if bodies deſcend through arcs of circles, the times of deſcribing ſimilar 
arcs will be as the ſquare roots of the ares. For ſuch ſimilar arcs may be conſidered as 
compoſed of an equal number of proportional ſides, or planes, having the ſame inclination 


to each other, and their elevations equal; whence by this propoſition, the times of deſcent 
will be as the ſquare roots of the lengths of the arcs. 


7 Pp R OP. 
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If a body be thrown up along an inclined plane or the arc of a 
curve, it will, in the ſame time riſe, to the ſame height, from which 
with equal force it would have deſcended; and any velocity will 
be loſt in the ſame time in which it would, in deſcending, have 
been acquired. | 


For the ſame force of gravitation has in every reſpe& the ſame efficacy to retard the 
motion of bodies aſcending, as to accelerate them deſcending on an inclined plane or 
curve. | 


„ 
Of the Pendulum and Cycloid. 


Dir. V. = pendulum is a heavy body hanging by a cord or 
wire, and moveable with it upon a center. 


P R 0 P. XXXIX. 


The vibrations of a pendulum are produced by the force of 
gravitation. 


Let the ball A, ſuſpended from the center B by the chord BA, be drawn up to C 
and let fall from thence: it will defcend by the force of gravitation to A, from whence 
(being prevented from falling farther by the chord) it will proceed (by Prop XXXVI. 
Cor.) with a velocity equal to that which it would have acquired in falling perpendicularly 
from E to A, which will carry it on the oppoſite ſide to the height from which it fell. 
Being brought back again towards A by the force of gravitation, it will acquire a new 
velocity which will carry it towards C: and in this manner it will vibrate by the force 


of gravitation, till the reſiſtance of the air, and the friction of the ſtring, ſtop its motion. 


Exp, Let a pendulum vibrate freely. | 


CHAP. V. OF PENDULUM. 


N 
The ſame pendulum, vibrating in ſmall unequal arcs, performs its 


vibrations nearly in equal times. 


In the circle CGA, the ſmall arcs CA, EA, will differ little from their reſpeQive 
chords in length or declivity. But (by Prop. XXXVI. Cor.) the times in which the 


chords are paſſed over are equal; therefore the times of deſcribing the ares CA, EA, and 


alſo (by Prop. XXXVIII.) of deſcribing their doubles CAD, EAF, will be nearly equal. 


Exp, Two equal pendulums vibrating in ſmall, but unequal arcs, will, for a long 
time, keep pace in their vibrations. | I 


1 


If a pendulum vibrates through ſmall arcs of circles of different 


lengths, the velocity it acquires at the loweſt point, is as the chord 


of the arc which it deſcribes in its deſcent. 


Let BA be the 3 and CAD, EAF, the arcs through which it vibfates'; ; and 
draw the horizontal lines EK, CH.” The velocity acquired in falling from H to A, is 
(by Prop. XXVII. Cor.) to that acquired by falling from G to A, as HA to GA, 
that is, (by El. VI. 8. Cor.) as CA to GA. For the ſame reaſon, the velocity acquired 
in falling from G to A, is to that acquired in falling from K to A, as GA to EA. 
Conſequently, ex æquali, the velocity acquired in falling from H to A, is to that acquired by 
falling from K to A, as CA to EA. But (by Prop. XXXVI. Cor.) the velocity acquired 
in falling from H to A is equal to that from Cto A; and the velocity acquired in falling 
from K to A is equal to that from E to A. Therefore the velocity acquired in deſcending 
through the arc CA, is to that through EA, as the chord CA to the chord EA : and the 
ſame may be ſhewn concerning the remaining half of the vibrations, AF, AD. 


Cor. Hence the lengths of the Chords of arcs through which pendulums move, are 
meaſures of velocity. 


D R O N Mn 


The time of the deſcent and aſcent of a pendulum, ſuppoſing it to 
' vibrate in the chord of a circle, is equal to the time in which a 
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body falling freely would deſcend through eight times the length of 
the pendulum. 


For the time of the deſcent of a body upon the chord, is (by Prop. XXXVI.) equal 
to that of the fall through the diameter of the circle, which is twice the length of the 


pendulum: but in double that time, that is, in the deſcent and aſcent, or whole vibration, 


the body would fall (by Prop. XXVII.) through four times the ſpace, that is, through 
eight times the length of the pendulum, 


N XL 


The times in which pendulums of different lengths perform their 


vibrations, are as the ſquare roots of their lengths. 


* 


Let the two pendulums, AB, CD, be of different lengths. The time in which the firſt, 
AB, vibrates through a chord, is equal to that in which a body (Prop. XXXV.) would 
fall freely through twice AB, the diameter of the circle of which AB is radius : in like 
manner, the time in which CD vibrates, is equal to that in which a body would fal! 
through twice CD. But the times in which a body would fall through theſe different ſpaces 
are (Prop. XXVI. Cor. 1.) as the ſquare roots of the ſpaces, that is, as the ſquare roots of 
AB and CD, the lengths of the pendulums : therefore the vibrations are in the ſame ratio. ; 


Cor. The times in which pendulums of unqeual lengths vibrate, are as the ſquare 
roots of the ſimilar ares through which they move. If BA, BC, be pendulums of different 


lengths vibrating in the ſimilar ares FG, DE. Since the times of vibration are as the ſquare 
roots of the lengths BA, BC, and that ſimilar arcs are as the diameters, the times of 


vibration, are as the ſquare roots of the ares, FA, DC, or of their doubles, FG, DE. 


Exp. Two pendulums, the lengths of which are as 1 to 4, will perform their vibrations 
in times as 1 to 2, that is, the ſhorter pendulum will make two vibrations, whilſt the 


longer makes one. 


1 n G P. Mi. 


The ſquares of the times in which a pendulum of a given 
length performs its vibrations, are inverſely as the accelerating forces, 
or gravities. 


By Prop. XXVII. where the accelerating force is given, the ſpace deſcribed is as the 
ſquare of the time in which it is deſcribed. And ſince, in any given moving body, the 


„ 


Cuar. v. OF THE CYCLOID. 


velocity muſt be as the accelerating force, where the ſquare of the time, or the time itſelf, 
is given (by Prop. II.) the ſpace deſcribed will be as the accelerating force. Conſe- 
' quently, where neither the accelerating force, nor the ſquare of the time, is given, the 


. ſpace deſcribed will be in the ratio compounded of both. If then the ſpace deſcribed be 


called 8, the accelerating force A, and the ſquare of the time , S will be as T A, 


whence — or Ta is a. But, when the ſpaces are equal, 8 is a given quantity: 


whence (fince fractions whoſe numerators are given, are inverſely as their denominators) 


| i is inverſely as A, But T2 is as — A therefore where S is given T'* is inverſely as A; 


that is, where the ſpaces deſcribed are equal, the ſquares of the times in which they are 


deſeribed are inverſely as the accelerating forces. And if the ſquares of the times of 
falling bodies are inverſely as their accelerating forces, the ſquares of the times in which 
pendulums vibrate, are in the ſame ratio, on account of the conſtant equality between the 


time of vibration and that of the deſcent through eight times the length of the | peneylum, 
by Prop. XLII. 


Cor. Hence, if the ſame pendulum, at different parts of the earth, performs its 
vibrations in different times, the forces of gravitation will, in thoſe places, be inverſely 
as the ſquares of thoſe times. 
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1f, from X as the center, with any di Hance XA, 4 8 of a circle pute x. 


ADB be deſcribed, and in the right line AX a body deſtends with ſuch 
force, that its velocity in any points M, N, &c. fhall be always as MD, 


NP, &c. the fines of the arcs AD, AP: the time in which the body 


avill deſcend from A to X, will be equal to the time in which it would 
 deſeribe the whole arc ADB with the uniform velocity, expreſſed by XB, 
acquired by the falling body when it arrives at X: alſo, the time of the 


fall through any ſpace AM, will be to the time of the fall through any 


other ſpace AO, as the arc AD to the arc AQ; and the force with 
which the body is accelerated in any place M, will be as M X the diſtance 
of that place from the center. 


Let DP be a part of the circumference taken indefinitely ſmall, and therefore not 


aſſignably differing from a right line; join DX; and draw DL perpendicular to NP. 
Becauſe the triangles MDX, LDP, are ſimilar (having each a right angle, and the angles 


MDX, LDP, whoſe common complement is LDX, equal) MD will be to DX as LD 


or 
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or MN to DP. But, by the hypotheſis, MD is as the velocity of the defending body . 
at the point M, that is, as the velocity with which the indefinitely ſmall line MN is 
deſcribed; and XD is as the velocity laſt acquired by the falling body at X, that is, as the 
uniform velocity with which the arc DP is deſcribed. The velocity therefore of the 
body deſcending through the indefinitely ſmall line MN, will be to the velocity of the 
body moving along the arc DP, as MN to DP. Wherefore, ſince the velocities are 
proportional to the ſpaces paſſed over, the times wherein thoſe ſpaces, MN, DP, are 
deſcribed will be equal. After the ſame manner it may be proved, that any other 
indefinitely ſmall portion of the cireumference, PQ, may be deſcribed with the velocity 


XB, in the ſame time in which the correſponding line NO will be deſcribed with the 


correſponding velocity NP: and conſequently, by compoſition, the falling b6dy will 
deſcend through all the indefinitely ſmall portions of the perpendicular AX, that is, through 


the whole line, in the time in which all the correſponding parts of the circuinference, 


that is, the whole quadrant ADB, is deſcribed with an uniform velocity as XB. | 
Moreover, the time in which the falling body deſcends from A to M, is equal to the 
time in which the are AD is paſſed over; and the time in which it deſcends from A to O 
is equal to the time in which the are AQ is deſcribed : but the time in which the are AD is 
paſſed over, is to that in which the arc AQ is paſſed over (ſince they are both deſcribed 
with the ſame velocity) as the arc AD to the arc AQ: therefore the time of deſcent from 
A to M, will be to the time of deſcent from A to O, as the arc AD to the arc AQ: and 
conſequently, by diviſion, the time of defcent through AM will be to the time of deſcent 
through MO, as the arc AD to the are DO. | 
Laſtly, let the arcs DP, PQ, be equal; join XP, and from P let fall PS perpendicular 
to OQ: the time of defcent through MN will be equal to that through NO : and, fince 
the triangles LDP, MDX, are ſimilar, and alſo SPQ, NPX, LP will be to DP or PQ, 
as MX to XD or XP; alſo PQ i is to SQ as, XP to XN; and conſequently, (El. V. 11. ) 
LP will be to SQ as XM to XN. But LP i is as the increment of the velocity acquired 
while the body i is paſſing over MN, and SQ. is as the incfement of the velocity acquired 
in paſſing over in an equal time the indefinitely ſmall line NO; and the forces with which 
the body is accelerated at M and N, are as the increments of the velocities generated in 
equal times: the accelerating forces at M and N will therefore be as the lines LP, SQ; 


that is, the force with which the body is impelled at M is to that at N, as the diſtance 
XM to the diſtance XN, or, the accelerating forces are as their diftances from the center. 


Cor. Hence, converſely, if a body, deſcending from A to X is impelled by a force 
which is as its diſtance from the center X, and that force at the beginning. of the motion 
is expreſſed by the right line CE (the arc AE being taken indefinitely ſmall) the velocities 
of the ſame body in any places M, O, will be expreſſed by the fines MD, OQ; and the 
times by the arcs AD, AQ; and the increments of the velocities, or, if the arcs increaſe 
equally, the accelerating forces, will be expreſſed by the increments of the ſines. © 


EEM. 


Cnay. V. OF THE CYCLOID. 


LEM l. 
If a body, moving along the line AX, be impelled by forces e 
to its diftance from the point X ; from whatever height it falls, it will 
arrive at the point X in the ſame time ; and this time will be to the 


time in which it would move over the whole line AX with the velocity 
which it acquires by falling from A to X, as * the circumference of 


a circle to its diameter. 


Let two bodies be let fall from the points A and P at the ſame time; and let them be 
impelled by forces proportional to their diſtances from the pvint X; theſe bodies will come 
to X at the ſame time. From X as a center, with the radii XA and Xp, deferibe the two 
quadrants AB and PQ; and let the force by which the body A is impelled, or, which is 


the fame thing, its velocity at the beginning of motion, be repreſented by RS, the fine of 


the indefinitely ſmall arc AS: it is manifeſt (from the Cor. of the preceding Lemfna) that 
its velocity, after the fall to X will be properly expreſſed by XB. But, by kiypotheſis, 
the force by which the body at A is accelerated, is to that by which the body at P is 
accelerated, as AX is to PX, that is (fince the ares AS and PN are ſimilar) as RS te MN. 


As therefore RS expreſſes the firſt velocity of the body moving from A, MN will expreſs 


the firſt velocity of the body moving from P: and conſequently (by the Cor. to the laſt 


Lemma) XQ will expreſs the velocity of the body moving from P, when it arrives: at X. 


Farther, the time of the fall from A to X (by Lemma I.) is equal to the timed in which 
the arc AB would be deſcribed with a velocity as XB: and the time of the fall from P 
to X is equal to the time in which the arc PQ would be deſcribed with a velocity as XQ. 
But (becauſe the line XQ, is to the line XB as the arc PQ, to the arc AB, and thad the 


ſpaces paſſed over are proportional to the times) the time in which the arc AB i is deſcribed 


with the velocity XB is equal to the time in which the arc PQ is deſcribed with the 
velocity XA. Wherefore the time of the fall from A to X will be equa? to the time of 
the fall from P to X. 

Again, ſince (by Lem. I.) the time in which a body would fall from A to X is ad to 
the time in which it would move over the arc AB, with its laſt acquired velocity at X; 
and fince it is evident, that the time in which a body would move over the are AB with 
the velocity at X is to the time in which it would move over AX with the ſame velocity, 
as AB is to AX; the time in which a body would fall from A to X is to the time in 
which it would move over AX with the laſt acquired velocity, as AB to AX. But AB 
is to AX, as twice AB to twice AX, that is, as half the circumference of a' circle is to its 
diameter. Therefore the time in which a body would fall from A to X, is to the time 


in which it would move over AX with its laſt acquired velocity, as half the circumference 


| of a circle is to its diameter. 
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OF MECHANICS. Book II. 
Der. VI. If a circle, as FCH, be rolled along the line AB, till 


it has turned once round; the point C in its circumference, which 
at firſt touched the line at A, will deſcribe the curve line ACX, 
which curve is called a Cycloid. The right line AB is its %.: th 
middle point X is its vertex - a perpendicular, as XD, let fall from 
thence to the baſe, is its axis: and the circle FCH, or any other 
as XGD, equal thereto, is called the generating circle. | 


L.E M. III. 
If on XD, the axis of the cycloid, as a diameter, the generating circle 
XGD be deſcribed; and if from a point in the cycloid, as C, the line 
CIK be drawn parallel to the baſe, the 1 of it CG, will be equal 


to the arc GX. 


Becauſe the generating cireles FCH, DG, are 1 f (the diameter HF being drawn) 
KG is equal to CI; whence, adding Gl to both, KI will be equal to CG: and KI, 
by the conſtruction, is equal to DF; therefore CG is equal to FD. By the deſcription of 


the cycloid, the arc CF is equal to the line AF: and by the conſtruction the arc CF is 


equal to DG : therefore AF is equal to DG : but, by the deſcription of the cycloid, 


AFD is equal to DGX ; conſequently, FD is equal to GX: and CG was proved to be 
equal to FD : therefore CG i is equal to GX. 


I. K M. IV. | 
A tangent to the cycloid at the Point C is parallel to GX a cherd of 


the circle DGX. 


Draw ec, parallel to the baſe and indefioitely near to CK meeting the cycloid in c, the 
axis in , and the circle in g. Let Cu and Gn, parallel to the axis, meet c“ in « and n, 
and from T, the center of the circle XGDM, draw the radius TG. Since ꝙ is equal 
(Lem. III.) togX, g# being added to both, c& will be equal to Xg+g#: therefore c the 
exceſs of ct above CK is equal to Gg gu, the exceſs of Xg+gh above XG+GK. And, 
if we ſuppoſe c& to approach towards CK, as Gg and gn vaniſh, the triangles Ggn and 
GTK become ſimilar; for the angle Ggr is then equal to the angle TGK, ſince both have 
the ſame angle GT, or its alternate GTK, as their complement. Whence Gg is to 
gu as TG to TK, and (El. V. 18.) Gg gu to gn, as TG+TK or DK to TK; but 
Gn is to gu as GK to TK; therefore Gg gn is to Gn as DK is to GK, that is (El. VI. 8.) 
as GK to XK. And conſequently c (ſhown to be equal to Gg gn) is to Gn, or Cu, 
as GK to XK: and if the chord Ce be drawn, the triangles Cuc, XKG, will be ſimilar : 


ſo that the chord Ce (as the points C and c coincide) becomes parallel to XG; therefore 


the tangent of the cycloid at C is paralle] to KG, | 
LEM. 


Cuae.'V. OF THE CYCL0OID: 


„ 
from a point of the cycloid, as L, the line LMK be drawn parallel 


to the baſe AB, the arc XL of the cycloid, will be double of XM the 
chord of the circle correſponding thereto. 


Draw the line S# parallel and indefinitely near to LK S the circle in R, and the 
chord XM produced, in P: join the points X and R; on MP let fall the perpendicular 
RO; and draw MN, XN, tangents to the circle at M and X. Then will the lines XN 
and 48, being each perpendicular to the diameter DX, be parallel; and the triangles 


MNX, MPR, having their angles at M vertical, and at P and X alternate, will be 


ſimilar. But the tangents NX and NM are equal (El. III. 36.) whence the lines PR 
and RM are alſo equal: the triangle RMP is therefors iſoſceles; and RO being per- 
pendicular to its baſe MP, MO (El. I. 26.) is equal to OP; whence MP is equal to 
twice MO. The. indefinitely ſmall arc LS of the cycloid will not aſſignably differ from 


a portion of a tangent drawn through the point L. LS may therefore (Lem. IV.) be ſaid 


to be parallel to MP, and conſequently ( from the paralleliſm of ML and PS) equal to it : 
it is therefore equal alſo to twice MO. But LS is the difference between the cycloidal 
arcs XL and XS; and MO is the difference between the chords XM and XR: for ſince 
XO and XR are indefinitely near to each other, RO which is perpendicular to one of 
them, may be conſidered as perpendicular to both : the indefinitely ſmall difference 
therefore between any two arcs of the cycloid is twice that which is between the two 
correſponding chords of the circle; and the ſame is true when the magnitude of the 
difference is aſſignable, becauſe ſuch difference is compounded of indefinitely ſmall parts. 
Now, any arc whatſoever may be confidered as a difference between two arcs, and conſe- 
quently any arc, as XL, is double of the correſponding chord XM, 


Cor. Since when the arc XL becomes XB, the correſponding chord XM becomes XD 


the diameter of the circle DMX; it is obvious, that the ſemicycloid BX, or r AX, is equal : 


to twice DX the diameter of the Tg circle NMX. 


1 * M. . 

If a body deſcends in a cycloid, the force of gravity, ſo far as it acts 

upon the body in cauſing it to deſcend along the cycloid, will be proportional 
to the diſtance of the body from the loweſt point of the cycloud. | 


Let the cycloid be AXB, whofe baſe is AB, and its axis DX; on which laſt, as a 
diameter, deſcribe the generating circle DX: draw the chords OX and QM; through 
the points O and Q, and parallel to the axis AB, draw the lines LS and MR; draw alſo 
the tangents LV and MY. Then becauſe (by Lem. IV.) the tangent LV is parallel to 
OX, and the tangent MY parallel to QX, it is obvious that gravity exerts the ſame 
power upon a body deſcending in the cycloid at L (becauſe it then deſcends in the tangent 
LV) as it would do upon the ſame body deſcending along the chord OX : and for the like 
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reaſon, it exerts the ſame force upon it when it comes to M, that it would do if it were 
deſcending along QX : but (from Prop. XXXV.) the power or force of gravity upon 
bodies 5 along the chords OX and Q, are as the lengths of thofe chords; that is, 
by Lem. V. (halves being proportional to their wholes) as the length of the cycloidal ares 
LX and Mx. The force therefore of gravity upon a body deſcending | in the cycloid at 


the point L is to its force upon the ſame when at M (as may be ſaid of any other cor- 


reſponding points) as the ſpace or diſtance it has to move over in the former caſe, before it 


reaches the loweſt point X, to that which it has to paſs over in the latter, AP? it arrives 
at the fame point. 


N 8 „ xy 
If a pendulum be made to vibrate in a cycloid, all its vibrations, 


however unequal in length, will be performed in equal times. 


The force of gravity (by Lem. VI.) ſo far as it cauſes a body to deſcend in a cycloid, 


is proportional to the diſtance of that body from the loweſt point: imagine then that 


body to be a pendulum vibrating in the eycloid, and from whatever point it ſets out, it 
will (by Lem. II.) come to the loweſt point in the ſame time : and conſequently, ſince the 


ſame may be eaſily inferred in its aſcending: from that point, all its vibrations, be they 


large or ſmall, will be performed in the ſame time. 


P R O P. XIVI. 
To make a pendulum vibrate in a given cycloid. 


Let AXB be the given cycloid; its baſe AB, its axis DX, and its generating circle 
DQX, as before : produce XD to C, till DC is equal to DX : through C draw the line 


EF parallel to AB, and take CE and CF, each equal to AD or DB; and on the line CE 
ns a baſe, and with the generating circle AGE equal to DQX, deſcribe the ſemicycloid 


CTA, whoſe vertex will therefore touch the baſe of the given cycloid in A. And on the 
line CF alſo as a baſe, deſcribe an equal ſemicycloid CB. Let the ſemicycloids CA, CB, 
repreſent thin plates of metal bent to their figure, and on the point C, hang the pendulum 
CTP by a flexible line equal in length to the line CX. The upper part of its ſtring (as 
CT, in its preſent ſituation in the figure) as it vibrates, will then apply itſelf to the 
cycloidal cheeks CA and CB, and a ball at P will ofcillate in the given cycloid AXB. 
Draw TG and PH each parallel to the baſe AB, and draw AG, and DH. Then (Lem. V. 
Cor.) AC is equal to twice AE; and by conſtruction, twice DC, that is, twice AE, is 
equal to CX; therefore AC is equal to CX. Alſo, by conſtruction, CTP is equal to CX, 
that is, to ATC: whence, taking away CT, AT is equal to TP. By Lem. IV. GA is 
parallel to TP; and, by conſtruction, AK is parallel to GT; therefore GA is equal to 
TK, and GT to AK; but (Lem. V.) GA is half TA; therefore TK is equal to half 
TA: ſince therefore it has been proved that TA is equal to TP, TK is equal to half 
TP, that is, to KP. Hence it is manifeſt, that the parallel lines GT, PH, are equally 


diſtant 


Crap. V. OF TAE CYCHLOLTD. 


diſtant from AD, the arc GA equal to the arc DH, the chords GA and DH parallel, and 
GE equal to HX. And, becauſe GA has been ſhewn to be parallel to TK, and alſo to 
DH, KP and DH are parallel ; whence KD is cqual to PH. But (Lem. III.) GT, 
that is, AK is equal to the are AG: and by the deſcription of the ſemicycloid CTA, 
AKD is equal to AGE ; therefore KD is equal to EG, that is, PH- is equal to HX. 


And (by Lem. III.) if PH be equal to HX, P is a point in the cycloid AXB. The bal! 


of the pendulum therefore being at that point, is in the given cycloid. 


SCHOL, It is eaſy to conceive, that in a pendulum there muſt be ſome one point, 
on each fide of which the momenta of the ſeveral parts of the pendulum will be equal, 
or in which the whole gravity of the pendulum might be collected without altering the 
time of its vibrations. This point, which is called the center of oſcillation, is different 
from the center of gravity: for if a plane, perpendicular to the ftring of the pen- 
dulum AB be conceived to paſs through the center of the ball B, biſecting it; the velo- 
city of the lower half, and conſequently its momentum, will, in vibration, be greater than 


that of the upper half: conſequently the center of oſcillation muſt be farther from A 
than the center of gravity is; and a plane paſſing through the center of oſcillation will 


divide the ball into two unequal parts, ſo that the greater quantity of matter above it, 
ſhall compenſate for the greater velocity below it, and the momenta on each fide be equal. 
If the pendulum be an inflexible rod every where of equal ſize, it is found, that the diſtance 
of the center of oſcillation from the point of ſuſpenſion is two thirds of the length of 
the rod. | 

If, whilſt a pendulum is in motion, it meets with an obſtacle at its center of oſcillation 
ſufficient to ſtop it, the whole motion of the pendulum will ceaſe at once, without any 


jarring : for the obſtacle reſiſts equal momenta above and below this point; which is 


therefore alſo called the center of percuſſion. 


Exp. Let an iron rod, equal in ſize throughout, moving as a pendulum, be ſtopped 
by an obſtacle meeting it; of its length from the point of ſuſpenſion. 
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. 
Of the Center of Gravity. 


PR O P. eln. 


In every body there is a center of gravity, or a point about which 
all its parts balance each other. OS ? 


Let AB be an inflexible rod, throughout uniform and of the ſame denſity : let it be 


ſupported at the point C, equally diſtant from its extreme points A and B, by the prop 


C. Let A and B be indefinitely ſmall and equal portions of the rod AB. Theſe portions, 
A and B, tend towards the center of the earth with equal forces of gravitation. They 
would likewiſe, without obſtruction, move with equal velocities: for, if the rod AB 

be moved on its prop till it comes into the poſition DE, the velocities of the parts 
A, B, or F, will be as the ſpaces over which they paſs in the ſame time; that is, 
as the arcs EB, AD, or FG; which arcs are as their reſpective circumferences, or 
as their diameters or radii: whence the velocity of the part B is to the velocity 
of the part A, or F, as BC is to AC, or FC. And the quantities of matter in 
A and B are by ſuppoſition equal. Therefore, if the parts A and B were in motion, 
they would have equal momenta; that is, the efforts which A and B make to deſcend 
towards the earth, are equal. But theſe efforts counteract each other: for, whilſt the 


portion A endeavours with a certain force to draw down one arm of the rod, the other 
portion B endeavours with the ſame force to draw down the other arm, that is, ſince the 


rod is inflexible, to raiſe the portion A. Therefore the portion A is acted upon by two 
equal forces in contrary directions, and conſequently muſt be at reſt. For the ſame 


reaſon, the portion B will be at reſt. And the ſame may be ſhewn concerning any other 


equa] portions, at equal diſtances from C, in-the rod AB. Therefore the rod will be 
at reſt ; that is, the parts on each ſide of the point will balance each * and C will 
be the center of gravity. 

If the rod were placed oblique to the prop 6 indefinitely ſmal! and equal parts being 
taken, as before, at equal diſtances from C, and reſolving each oblique force into an 
horizontal and perpendicular force (as in Prop. XVI.) it might be ſhewn, by a fimilar 
manner of reaſoning, that they would tend towards the earth with equal forces, and 
conſequently, that an equilibrium would be produced. 

And if, inſtead of equal portions of the rod, portions of matter were placed at different 
diſtances, which ſhould be to each other inverſely as thoſe diſtances, as at F and B, the 


equilibrium. 
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equilibrium would ſtil] be preſerved : for the forces with which ſuch portions of matter, 


ſo ſituated, would endeavour to deſcend, would be equal, when the quantities of matter, 
multiplied into the velocities with which they are endeavouring to move, that is, into their 


diſtances (Prop. XI. Cor.) are e as will be more "Ow" Os. in "Ureating of the 


Mechanical Powers, HW bad, 2608. vt 

Since, therefore, all the parts of any Wear body may be 198 90 fond one of the 
above caſes, it is manifeſt, that there i is in every * a certain . the parts on each 
ide of nn balance each other. | 


D „ NI VIII. 


11 the center of gravity in any body be upper the whole 15007 
is ſupported ; if this center be not ſupported, the body will fall, 


For, when the center of gravity. is ſupported, the body reſts on a prop on which the 
parts on each fide, acting with equal force againſt each other, will (Prop, XL VII.) be 
in equilibria, and neither fide will move; but when this center. is not ſupported, 
but the body has a prop under ſome other point, the parts of the body on ons fide of that 
ather point will over-balance the parts on the other fide, and the body will fall. 


Cox. Whenever a body moves by the power of gravitation, or falls, its center of 


gravity deſcends : for if this center do not deſcend, it muſt be ſupported ; and if the center 


be ſupported, the whole body is ſuſtained or kept from falling. 


Exp. 1. Let a board of a circular form be ſuſtained perpendicularly on its eenter of 
gravity, it will be at reſt in any poſition. 

2. A beam turning on an axis which paſſes through its center of gravity, will reſt in the 
ſame manner. 

3. A beam, whoſe axis paſſes through a point wink is directly above the center of 
gravity, will be at reſt only when the beam is parallel to the plane of the horizon, becauſe 
the center of gravity will be then fallen as low as poſſible. 
4. A cylinder, which has its center of gravity near one of its ſides, will roll up an 
inclined plane, if the fide neareſt the center of gravity be placed towards the upper part of 
the plane; for this center, endeavouring to deſcend, will my the cylinder forward i in the 
aſcending direction of the plane. 

5. Let a body conſiſting of two equal and fimilar cones vnited at their baſes, be placed 
upon the edges of two ſtraight and ſmooth rods, which at one end meet in an angle, and 


reſt upon an horizontal plane, and at the other are raiſed a little above the plane, the body 


will roll towards the elevated end of the rulers, and appear to aſcend, while its center 
. of gravity deſcends ; as may be ſeen by lying a ſtring borinoateii above the path of the 
baſe of the cones, 1 ins | 
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4 R rag P. XLIX. 


If the line of direction comes within the baſe on which any body 


is placed e the Rar Fi wall be 1 15 | Otherwiſe it 


will fall. 


In the body ABD E let C be the center of gravity. The line of direQion co (that is, 
the line drawn from the center of gravity towards the center of the earth) being within 


the baſe DE, the body will be ſupported, becauſe the weight preſſes upon the baſe. Alſo 


ſince the body cannot fall towards K without turning round on the point E, the point 


C muſt in the motion aſcend towards F, contrary to Prop. XLVIII. Cor. But in the 


poſition of the body ade, co the line of direction lin out of the baſe, c in its motion 
towards & deſcends, and the body will fall. 


Exp. 1. Any body of a cylindrical or other regular form, ſo placed wa its baſe, that 
its line of direction does not come within the baſe (which may be ſeen by a cord and 


weight ſuſpended from the center of gravity) will fall; otherwiſe it will not fall. 


2. Let two bodies be laid upon an inclined plane, the one a cube, the other a figure 
with many ſides, and let the line of direction of the former fall within the baſe, and that 
of the latter without the baſe, the former body will Jide, the latter roll down the plane. 


0 Dey: VII. The center of motion 1s the point about. which 2 
body moves. $6 "44. 


E 
A heavy body ſuſpended on a center of motion will be at reſt, if 


the center of gravity 1s directly under, or above, the center of motion; 
otherwiſe it will move. 


If a heavy body E, hangs by a ſtring on a center of motion C, the action of gravitation 
at E, is in the direction EL, contrary to the direction in which the ſtring acts to prevent 
the body from falling. In this poſition, therefore, the oppoſite forces being equal and 
in contrary directions, deſtroy each other, and the body is at reſt. But if the body is 
at p, one of the forces acts in the direction pC, and the other in the direction pL, that is, in 
directions oblique to each other, whence the body will move in the diagonal of the paralle- 
logram formed by pC, pL. And in all cafes, ſince ( without the aid of mechanical powers 
afterwards explained) the force which ſuſtains any body muſt- be equal to its weight, 
the center of gravity can only be at reſt when th-ſe forces are in the fame line of direction, 


that 
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that is, when the center of gravity is —_ under, or een above, * center of 
motion. 


Exp. A circular board ſuſtained at a point above or below the center of gravity, will 
only be at reſt when the center of gravity is at the loweſt point, that.is, in the line of 
direction; or when the center of gravity is in the ſame line above the center of motion. 

 SCHOL, If two or more bodies be united, they may be conſidered as one, and have a 
common center of gravity. 


Exp, 1. Let two unequal balls be fixed upon the ends of a wire, they will have a 
common center of gravity. | 

2. Lay a piece of wood, of any form, on a plane ſurface, ſo near the edge as juſt to be 
kept from falling: then fix a fork obliquely into each ſide of the piece of wood, in ſuch 
manner as to caſt the center of gravity of the whole maſs farther from the OW of the 
plane on which the piece of wood reſted, the whole will be ſupported. 

3. In like manner an image may be made to imitate the motion of a ſawyer. 

4. A board, which of itſelf would fall from a table (its center of gravity lying beyond 

the edge of the table) may be made, in the ſame poſition, to ſupport a veſſel of water, hang- 


ing upon it near the table; if a ſtick, fixed with one end at the bottom of the veſſel, and 
the other in a hole in the horizontal board, be long enough to puſh the veſſel a little ut. 


of the perpendicular, that is, to bring the center of gravity of the whole under the table. 


Scholl. The common center of gravity of any number of bodies may be thus found. 


Let C be the common center of gravity of two bodies, dividing their diſtances (ſee 
Prop. XLVII.) in ſuch manner, that AC is to CB, x B to A; whence AXAC = 
B x BC, and conſequently, if the point C is ſupported, the bodies A and B balance each 
other. Suppoſe a third body, equal to the ſum of A and B, placed in their common 
center of gravity C; from the point C draw a right line to the center of a third body D, 


which divide in O, ſo that OD may be to OC, as AB is to D; then is O the e 


center of the three bodies, A, B, D. In the ſame manner may be found the common 
center of any number of bodies. 


J. 


If any number of bodies move uniformly in right lines, whether 
in the ſame or different directions, their common center of gravity 
is either at reſt, or moves uniformly i in a right line. 


If two bodies, A and B, move towards each other in the ſame right line, having their 
common center of gravity C, and their momenta equal, the velocity of A will be 
to that of B, as the body B to the body A, that is (as was ſhewn Prop. XLVII.) as AC 


to 


Plate 2. 
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to BC. Whence (Prop. VI.) whilſt A paſſes through AC, B will paſs through BC, 


and the bodies will meet in C, which is their center of gravity during their motion, 
and at the time of concourſe : therefore the point C remains at reſt, 

In the fame manner, it may be ſhewn, that if the bodies recede from each other with 
uniform motions, the centers of gravity will be at reſt. 
Next, ſuppoſe that two bodies, A and B, move in different Are de AC, BD, 


- deſcribing equal ſpaces AC, CE, and BD, DF, in equal times; their common center 


of gravity L, will move uniformly in a right line. Produce CA, DB, till they meet in 
G: make AG to GH, as AC is to BD; draw the right line AH; and through C and E 
drawn CI, EK, parallel to AH. AC is to HI (El. VI. 2.) as AG to GH, that is, as 
AC to BD : therefore (El. V. 9.) HI is equal to BD, and adding IE to each, HB is 
equal to ID. In like manner, CE is to IK, as AG to GH, that is, as AC to BD, or 


CE to DF: therefore (El. V. 9.) IK is equal to DF, and, adding KD to each, 


ID is equal to KF: but ID was proved to be equal to HB; therefore, KF is equal 
to HB. From L, the common center of gravity of the bodies A and B, draw LM 
parallel to BD: draw GM, and produce it till it cut CI, EK, in the points N and O; 
and through theſe points draw NP, OQ, parallel to BD. AL is to LB (El. VI. 2.) 
as AM to MH; and CP to PD, (as CN to NI, that is) as AM to MH; therefore 
(El. V. 11.) CP is to PD, as AL to LB, that is (becauſe L is the common center) 
as B to A, Conſequently, P will be the common center of the bodies when they are 
found in C and D: and in like manner, it may be ſhewn, that Q will be their common 


center, when they are in E and F. But, ſince ML is to HB, as AM to AH, that is, 


as CN to Cl, that is, as NP to ID, and that HB has been proved to be equal to ID, 
ML is equal to NP; and, in like manner, NP equal to OQ: whence (ML, NP, OQ, 
being parallel to one another) the line LPQ is equal to the line MNO, and, the 
points P, Q, (any points of the line in which the common center of gravity is found 
as the bodies are moving from A to E, and from B to F) will be in a right line. More- 
over, ſince (El. VI. 2.) AC is to CE, as MN to NO, or LP to PQ, and that AC is 
equal to CE, LP will be equal ro PQ, Therefore the common center of gravity of the 


bodies A and B, is always in the ſame right Une; and moves uniformly, or paſſes over 


equal ſpaces in cqual times. 
In like manner, the common center of theſe two bodies and any third body, or of the 


three bodies and a fourth, Kc. being found, it may be proved that it moves uiniformlyi in 
a right line. 


Cor. Hence it is manifeſt, that any forces acting upon a ſyſtem of bodies, muſt affect 
the motion of the common center of gravity of that ſyſtem, in the ſame manner as if 
the ſame force were ſimilarly applied to a body equal to the ſum of all the bodies, placed 
in the common center of gravity. And the mutual actions of the parts of a ſyſtem upon 
each other, producing (by Prop. III.) equal momenta in contrary directions, cannot 
change the ſtate of motion or reſt of their common center of gravity. Conſequently, the 


law 
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low of a ſyſtem of bodies, as to motion or reſt, is the ſame as that of one body, and is 
rightly eſtimated from the motion of its center of gravity, 


1 CER. 


Of Motion as directed by certain Inſtruments called MEca anical 
PowERSs. | 


Dr. VIII. That body which communicates motion to another, 


is called e Porver. 


Dep. IX. That body which receives motion from another, is 
called the Weight. 


Der. X. The Lever is a bar moveable about a fixed point, 
called its fulcrum, or prop. It is in theory conſidered as an inflexible 
line without weight. It is of three kinds: the firſt, when the 


prop is between the weight and the power; the ſecond, when the 


weight is between the prop and the power; the third, when the 
power is between the prop and the weight, 


Exp. Let the three kinds of the lever be ſhewn, as in Plate 2, Fig. 12, 13, 14. 


FC. 


A power and weight acting upon the arms of a lever will Bilan f 


cach other, when the diſtance of the point at which the power is 
applied to the lever from the prop, is to the diſtance of the point at 
which the weight is applied, as the weight is to the power. 


Let C be the center of motion in the lever KL; let A and B be any two powers applied 
to it at K and L, acting in the directions KA and LB. From the center of motion C, 
let CM and CN be perpendicular to thoſe directions in M and N; ſuppoſe CM to be leſs 

H 8 than 
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than CN, and from the center C, at the diſtance CN, deſcribe the circle NHD, meeting 
KA in D. Let the power A be repreſented by DA, and let it be reſolved into the power 
DG acting in the direction CD, and the power DF perpendicular to CD, by com- 
pleting the parallelogram AFDG. The power DG, acting in the direction CD from 
the center of the circle, or wheel, DHN towards its circumference, has no effect in 
turning it round the center, from D towards H, and tends only to carry it off from that 
center. It is the part DF only that endeavours to move the wheel from D towards H 


and N, and is wholly employed in this effort. The power B may be conceived to be 


applied at N as well as at L, and to be wholly employed in endeayouring to turn the 
wheel the contrary way, from N towards Hand D. If therefore the power B be equal 
to that part of A which is repreſented by DF, theſe efforts being equal and oppoſite, muſt 
deſtroy each other's effect ; that 1s, when the power B is to the power A, as DF to 
DA, or, (becauſe of the ſimilarity of the triangles AFD, DMC) as CM to CD, or as 
CM, to CN, then the powers muſt be in equilibrio; and thoſe powers will ſuſtain 
each other, which are inverſely as the diſtances of their directions from the center of 
motion. 


Otherwiſe; Caſe 1, When the power acts perpendicularly : Let AB be the lever, 
C the prop, P the power, W the weight, The force with which any body moves 
being as its momentum (Prop. XIII.) and its momentum as the quantity of matter 
multiplied into the velocity (by Prop. XI. Cor.) the force with which the weight 
W would move in the firſt inſtant of its motion, if no other body counteracted it, 
would be as its quantity of matter multiplied into its velocity. But becauſe the 
weight W is ſuſpended from the lever AB at the point B, it would move with the 
ſame velocity as this point; which (as was ſhewn in Prop. XLVII.) is as the diſtance of 


the point B from the prop C, or D. The force therefore with which the weight W would 


move without any counteracting force, is as its quantity of matter multiplied into the diſtance 
of the point of ſuſpenfion B from the prop C, or D. But the weight will be prevented 
from deſcending, if a force equal to that with which it would deſcend without obſtruction, 
acts upon it in the contrary direction; that is, if a force be applied to raiſe the point B of 
the lever AB, equal to that with which the weight W would draw it downwards. Let 


the power P be ſuſpended from the other extremity of the lever at the point A; and let 


the quantity of matter in the power P multiplied into the diſtance of A, its point of 


ſuſpenſion from C, or D, be equal to the quantity of matter in the weight W multi- 
plicd into the diſtance of B from C, or D : it appears from what has been ſaid concerning 
the weight, that the force with which the power P, without obſtruction, would deſcend 
and draw down the point A, is equal to the force with which the weight W would 
deſcend and draw down the point B. But, as much force as the power P exerts to draw 
down the point A, it exerts to raiſe the point B. Therefore equal and oppoſite forces 


are exerted to raiſe and depreſs the point B; and conlequently it will continue at reſt, 
and the weight and power will balance each other, 


Caſe 


CuAr. VI. OF THE MECHANICAL POWERS. 
Caſe 2. When the power acts obliquely : 
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Let the weight A hang freely from one end of a balance, ſo as to have its line of Plate 3. 


direction DA perpendicular to the arm of the balance; and let another weight as B, be 


hung at the other end E, in ſuch manner that its line of direction EC, by paſſing over a 
pulley at C, may be oblique to the arm of the balance. If the whole force of gravity in the 


weight B acting in the direction EC, be denoted by the line EC, it may be reſolved into 


two forces denoted by EF and FC, acting in the directions of theſe lines; of which two 
forces, the latter only, which acts in the direction FC perpendicular to the arm of the 
balance, reſiſts the force of gravity in the weight A, the other force FE acting in the 
direction of the line of the lever. Since therefore, that part of the weight B which acts 
in oppoſition to the weight A, is to the whole weight B, as FC to EC; it is manifeſt, 
that in order to make the weight B balance the weight A, it muſt exceed the weight A, 


in the ſame ratio that the line EC exceeds the line FC. If from G the center of motion 


be let fall GH perpendicular to EC, that line will be the perpendicular diſtance of the 
direction EC from G; and EG, equal to DG, the perpendicular diſtance of the direction 
DA: but the triangles EFC and EHG are ſimilar, becauſe their angles at E are equal, 


and they have cach a right angle; conſequently (El. VI. 4.) as EC is to CF, fo is EG 


to HG; but the weight B is to the weight A, as EC toFC; B is therefore to A, as EG, 
or DG, to HG. | 


Exp. 1. On the perpendicular ſurface of a wheel turning on its center of gravity, 
let weights be ſuſpended at different points; they wili be in equilibrio according to 
the propoſition. | 


2. Let weights and powers be applied to the three kinds of levers, according to the 
propoſition ; for example, if the weight be to the power as 3 to 1, let the diſtance of 
the point of ſuſpenſion of the weight be to that of the power as 1 to 3. 


3. Apply the ſame power and weight to a lever of the firſt kind bended. 


4. The common balance is a lever of the firſt kind, the arms of which, on each fide 


of the prop, are equal, If the center of motion coincides with the center of gravity, that 


point being ſupported, the balance reſts in any poſition whatever. If the center of gravity 
is above the center of motion, the balance, being once put out of its parallel poſition, can 


never return again: but if the center of motion is above the center. of gravity, equal 


weights can only ſuſtain each other, when the arms of the balance are in the parallel 
poſition, in which caſe alone their center of gravity is ſupported. 


5. The Roman ftatera, or ſteelyard, is a lever of the firſt kind, whoſe arms are 
unequal. | 8 


6. The falſe balance is a lever of the ſame kind, whoſe arms are imperceptibly unequal. 
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Dr. XI. The Wheel and Axis, is a wheel turning round together 


with its axis; the power 1s applied to the circumference of the wheel, 
and the weight to that of the axis, by means of cords. 


PR O0-F. Ul. 


An equilibrium is produced in the wheel and axis, when the 
weight is to the power, as the diameter of the wheel to the diameter 
of the axis. 


Let AB be the diameter of the wheel, DE that of the axis, W the weight, and P the 
power, ſuſpended from the points D and B. When the wheel has performed one revo— 
lution, the power P has drawn off as much cord from the wheel as is equal to its circum- 
ference, and has therefore moved through a ſpace equal to that circumference, In the 
ſame time the weight W 1s raiſed through a ſpace equal to the circumference of the axis, 
upon which the cord, by which the weight is ſuſpended, is once turned round, Therefore 
the velocity of the power exceeds the velocity of the weight as much as the circumference, 
that is the diameter, of the wheel exceeds that of the axis. If then the weight exceeds 
the power as much as the velocity of the power exceeds that of the weight, that is, as 
much as the diameter, or ſemidiameter of the wheel, AB, or CB, exceeds the diameter, 


or ſemidiameter of the axis, DE, or CE, the momenta will be equal, and the power and 
weight will balance each other. 


Or thus; The axis and wheel is a lever of the firſt kind; ; in which the center of motion 
is in C, the center of the axis; the weight W, ſuſtained by the rope DW, is 
applied at the diſtance DC, the radius of the axis; and the power P, acting in the 
direction PB perpendicular to CB, the radius of the wheel, is applied at the diſtance of 


that radius: therefore, Prop. LII. there is an equilibrium, when the power is to the 
weight, as the radius of the roller to the radius of the wheel. 


Exp, Let the weight and power be as 2 to 1, and the diameter of the wheel to that 
of the axis in the tame proportion. 


Dex. XII. The Pulley is a ſmall wheel moveable about its axis by 
means of a cord which paſſes over it. 


PROP. 
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When the axis of the pulley is fixed, the pulley only changes the 
direction of the power: if moveable pullies are uſed, an equilibrium 
is produced, where the power is to the weight as one to the 
number of ropes applied to them: if each moveable pulley has its 
own rope, each pulley will double the power. 


If the pulley ED be fixed upon the beam A, the power and weight, in equilibrio, will be 
equal, But, if one end of the rope be fixed in B, and the other ſupported by the power P, 
it is evident, that in order to raiſe the weight W one foot, the power muſt riſe two; 
for both the ropes, BC and CP, will be ſhortened, a foot each ; whence the ſpace run 
over by the power will be double of that of the weight; if therefore the power is to the 
weight as 1 to 2, their momenta will be equal: for the ſame reaſon, if there be four 
ropes paſſing from the upper to the lower pullies, the velocity of the power will be 
quadruple to that of the weight, or as 4 to 1, &c. In all caſes, therefore, when 
the power is to the weight, as 1 to the number of ropes paſſing from the upper to the 
lower pullies, there will be an equilibrium. 


muſt bear equal parts of the weight; and therefore when one and the ſame rope goes 
round ſeveral fixed and moveable pullies, ſince all its parts on each fide of the pullies are 
equally ſtretched, the whole weight muſt be divided equally amongſt all the ropes by 
which the moveable pullies hang: conſequently, if the power which acts on one rope 
be equal to the weight divided by that number of ropes, the power muſt ſuſtain the 
weight. 

If each moveable pulley has its own cord, the firſt, as appears from what has been ſaid, 
doubles the velocity of the power; and therefore if the power be half of the weight, the 
momenta will be equal, and the balance will be produced. In like manner, the ſecond 
pulley cauſes the weight to move with half the velocity with which it would move, if 
ſuſpended from the firſt moveable pulley, that is, makes the velocity of the power qua- 
druple of that of the weight; and ſo of the reſt. | 


propoſition. 


PR O F. LY. 


In the Inclined Plane the power and weight balance each other, 
when the power is to the weight, as the ſine of the inclination of the 
plane 


» 
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Or thus; Every moveable pulley hangs by two ropes equally FREIE] which 


ExP. The ſeveral kinds of pullies may be ſhewn to be in | equilibrio according to the 
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deſtroyed by the re- action of the plane, and the force PU 
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plane is to the ſine of the angle which the line of the direction of 
the power makes with the perpendicular to the plane. 


x 


direction PD. Let the whole force, whereby the weight would deſcend perpendicularly 

be repreſented by PB: andrelolving PB into wo forces, ons of which, BD, is perpendicular 

to the plane CA, and the other, PD, is in the direction of the power; the force BD is 
1 


Let a weight be ſupported on the inclin?d plane C by a power acting in any given 


weill be ſuſtained by an equal 
power, acting in the direction PD. Therefore, when there is an equilibrium, the power 


is to the welght, as PD to PB; that is, as the inc of the angle PBD, or (El. VI. 8.) its 
equal CAB, to the ſine of the angle PDB. | 
When PD is in the direction of the plane, this ratio becomes that of CD to CB, or of 


the height of the plane CB, to CA its length 

When the direction of the power PD is parallel to the baſe of the plane, the ratio of 
the power to the weight becomes that of ED to EB, ui \!!. v1. 8, We] of CB, the 
height of the plane, to BA the baſe, 

When the direction of the power coincides with the perpendicular BD, the ratio "Is the 
power to the weight becomes that of the fine of a finite angle, to the fine of an angle 
indefinitely diminiſhed. From which it appears, that no finite power is ſufficient to 


ſupport a weight upon an inclined plane, it that power acts 1 in a direction perpenatcutar 


to the of oy | 


Dze. XIII. The Screw is a cylinder which has either a prominent 
part, or a hollow line, paſſing round it in a ſpiral form, ſo inſerted 
in one of the oppoſite kind, that it may be raiſed or depreſſed at 
pleaſure, with the weight upon its upper, or ſuſpended beneath its 
lower, ſurface. 


PR OF. ELvL 


In the ſcrew the equilibrium will be produced, when the power 
is to the weight, as the diſtance between two contiguous threads of 


the ſcrew to the eames Ic cribcd 4 the Peer 


in one revolution of the cylinder. 


While the ſcrew is made to perform one rene the weight W may be conſidered, 
as raiſed up an inclined plane cg, whoſe height cy is the interval between two contiguous 
ſpirals, whoſe baſe pg is the periphery of the cylinder, and whoſe length cg is the ſpiral 
line, by a power acting parallel to the baſe of the plane: for ſuch an inclined plane, 
involved about a cylinder, will form the ſpiral line of the ſcrew. A power at p, acting 

parallel 
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parallel to the baſe, is in equilibrio with the weight W to be raiſed, when the power is 
to the weight, as the height of the inclined plane, to the baſe; or, in this caſe as pc, the 
interval between the ſpirals, to the circumference deſcribed by p, but a power applied at 


P, which is to that applied at p, as the circumference deſcribed by p, to the circumference 
deſcribed by P, has the ſame effect; therefore there is an equilibrium, when the power 


applied at P is to the weight to be raiſed, as pc, the interval between two contiguous 
ſpirals, to the circumference deſcribed by the power P. 


Exp. Let a weight be raiſed by a ſcrew according the the propoſition. 


DE. XIV. The Wedge is compoſed of two --Inelined planes, 
whoſe baſes are joined. 


VVT 


When the reſiſting forces, and the power which acts on the wedge, 
are in equilibrio, the weight will be to the power, as the height of 


the wedge to a line, drawn from the middle of the baſe to one ſide, 
and parallel to the direction in which the . force acts on that 


ſide. 


Let the equilateral triangle ABC repreſent a wedge, whoſe baſe, or back is AC, whoſe 


ſides are the lines AB and CB, and whoſe height is the line BP, which biſects the vertical 


angle ABC, and alſo the baſe perpendicularly in P. Let E and F repreſent two bodies, or 
two reſiſting forces acting on the ſides of the wedge perpendicularly, and whoſe lines 
of direction EP and FP meet at the middle point of the baſe, on which the power P acts 
perpendicularly, then will EP and FP (El. I. 5. and 26.) be equal: let the parallelo- 
gram ENFP be completed; its diagonals PN and EF will biſect each other perpendicu— 
larly in H. Now when theſe forces (which act perpendicularly on the ſides and baſe of 
the wedge) are in equilibrio, they will be to each other (Prop. XIV.) as the ſides and 
diagonal of this parallelogram, that is, the ſum of the reſiſting forces will be to the power 
P, as the ſides EP and FP to the diagonal PN, or as one fide EP to half the diagonal PH, 
that is (from the ſimilarity of the right-angled triangles BEP, EHP) as BP, the height 


of the wedge, to EP the line which is drawn from the middle of the baſe to the ſide AB, 


and is the direction in which the reſiſting force acts on that ſide. 
From the demonſtration of this caſe, in which the reſiſting forces act perpendicularly 


on the ſides of the wedge, it appears that the reſiſtance is to the power which ſuſtains 


it, as one ſide of the wedge AB is to the half of its breadth AP; becauſe AB is to AP, 
(El. VI. 8.) as BP is to EP. | 


It 
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It appears alſo from hence, that if PN be made to denote the force with which the 
power P acts on the wedge, the lines PE and PF which are perpendicular to the ſides, 
will denote the force with which the power P protrudes the reſiſting bodies in directions 
perpendicular to the ſides of the wedge. | 

Let us now ſuppoſe, in the ſecond caſe, that the reſiſting bodies E and F act upon the 
wedge in directions paralle] to the lines DP and OP, which are equally inclined to its 
ſides, and meet in the point P. Draw the lines EG and FE perpendicular to DP and 
OP; then making PN denote the force with which the power P acts on the wedge, PE 
and PF will denote the forces with which it protrudes the reſiſting bodies in directions 
perpendicular to the ſides of the wedge, as was obſerved before ; now each of theſe forces 
may be reſolved into two, denoted reſpectively by the lines PG and GE, PK and KF, 
of which GE and KF will be Joſt, as they act in directions perpendicular to thoſe of the 
reſiſting bodies; and PG and PK will denote the forces by which the power P oppoſes the 
reſiſting bodies, by protruding them in directions contrary to thoſe in which they act on 
the wedge ; therefore when the reſiſting forces are in equilibrio with the power P, the 
former muſt be to the latter, as the ſum of the lines PG and PK is to PN, or as PG 
is to PH. But (El. VI. 4.) PG is to PE, as PE to PD; and PH is to PE, as PE to 
PB: whence (El. VI. 16.) both the rectangles PG, PD, and the rectangles PH, PB, 
are equal to the ſquare of PE;theſe rectangles are therefore equal to one another: whence 
their ſides (El. VI. 14.) are reciprocally proportional, that is, PG is to PH, as PB to PD. 
Whence it follows from what was ſhewn above, that, in equilibrio, the reſiſting 
forces are to the power, as PB to PD; that is, as the height of the wedge to the line 
drawn from the middle of the baſe to one ſide of the wedge, and parallel to the direction 
in which the reſiſting force acts on that ſide. 

From what has been demonſtrated, we may deduce the proportion of the power to the 
reſiſtance it is able to ſuſtain in all the caſes in which the wedge is applied. Firſt, when 
in cleaving timber the wedge fills the cleft, then the reſiſtance of the timber acts per- 
pendicularly on the ſides of the wedge, therefore in this caſe, when the power which 
drives the wedge, is to the coheſive force of the timber, as half the baſe, to one fide of the 
wedge, the power and reſiſtance will be in equilibrio. 

Secondly; When the wedge does not exactly fill the cleft, which generally 8 
becauſe the wood ſplits to ſome diſtance before the wedge. Let ELF repreſent a cleft 
into which the wedge ABC is partly driven; as the reſiſting force of the timber muſt act 
on the wedge in directions perpendicular to the ſides of the cleft, draw the line PD in a 
direction perpendicular to EL the ſide of the cleft, and meeting the fide of the wedge in 
D; then the power driving the wedge and the reſiſtance of the timber, when they balance, 
will be to each other as the line PD to PB the height of the wedge. 

Thirdly; When a wedge is employed to ſeparate two bodies that lie together on an 
horizontal plane, for inſtance two blocks of ſtone ; as theſe bodies mult recede from each 
other in horizontal directions, their reſiſtance muſt act on the wedge in. lines parallel 
to its baſe CA; therefore the power which drives the wedge, will balance the reſiſtance 


Exp. 
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when they are to each other as PA, half the breadth of the wedge, to PB its height; and 


then any additional force, ſufficient to overcome the reſiſtance ariſing from the friction of 


the bodies on the horizontal plane, will ſeparate them from each other. 
Exp, Let a power and weight be applicd to a wedge according to the propoſition. 


SCHOL. 1. Since in all the mechanical powers, an equilibrium is produced when the 


power is to the weight as the velocity of the weight is to the velocity of the power, in 


all compound machines there will be an equilibrium, when the ſum of the powers are to 
the weight, as the velocity of the weight is to the ſum of the velocities of the powers, 'y 


Exe. 1. Let A, B, C, be a compound lever, conſiſting of three levers, in the firſt of 
which, A, the velocity of the weight is to that of the power, as 1 to 5; in the ſecond, B, 
as 1 to 4; in the third, C, as 1 to 6. The velocity of the weight will be to that of the 


power, as 1 to 5 * 4 * 120; and 1t the power be to the weight, as 1 to 120, they | 


w1ll balance each other. 

2. Let GC and LF be levers fixed to the ſupporters RA, SE, and let their ſhorter arms 
be kept in equilibrio with the longer reſpectively by the weights fixed at G and L. Let 
NH be a bar ſcrewed to the fixed parts to keep them ſteady. If the power C be ten 


times farther from A the prop, than the weight B, they will be in cquilibrio when the 


power C is to the weight P, as 1 to 10. In like manner, the diſtance ME being ten times 
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DE, if the power M be 1h of the weight C ſuſpended from D, they will be in equili- 


brio: whence M, 1, will balance P, 100. 


3. Exhibit models or draughts of different compound machines, as mills, cranes, the 


pile-driver, &c. 


Scholl. 2. The inequality of the ſurface on which any body moves occaſions an 
attrition, called friction, which prevents the accurate agreement of many experiments 
in mechanics with theory. This refiſtance is always in the direct ratio of the roughneſs 


of the ſurface, and the weight of the body, 


'ExXÞP. 1. The fame weight will require the ſame force to carry it over the ſame obſtacle, 


whether the touching ſurface be greater or leſs: this will appear by drawing a piece of 
ſmooth wood, having a broad and a narrow ſurface, upon each ſurface ſucceſſively, by 
means of a cord, weight and pulley. 

2. Let the ſame body be drawn over ſurfaces of different degrees of roughneſs. 


Scholl. 3. Wheel carriages are uſed, to avoid friction as much as poſſible. A wheel 
turns round upon its axis, becauſe the ſeveral points of its circumference are retarded in 
ſucceſſion by attrition, whilſt the oppoſite points move freely. Large wheels meet with 
leſs reſiſtance than ſmaller from external obſtacles, and from the friction of the axle, and 
are more eaſily drawn, having their axles level with the horſes. But in uneven roads, 
ſmall wheels are uſed, that in aſcents the action of the horſe may be nearly parallel with 


the plane of aſcent, and therefore may have the greateſt effect: ſmall wheels are alſo 


I more 
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more conveniently turned. The greater part of the load ſhould be laid on the hinder 
part of a wheel carriage. 


Exp. 1. Draw 4 large wheels along a plain ſurface; then 2 large and 2 ſmall wheels. 
2. Draw them ſucceſſively over obſtacles. 


3. Draw a carriage with two-thirds of the load forward ; then ONE the ſame on the 
hinder part. 


E H Vn; 


Of Motion as produced by the united Forces vf PROJECTION 
and GRAVITATION. 


CCC 


Of Projectilos. 


P R O P. LVIII 


Bodies thrown horizontally or obliquely, have a curvilinear motion, 
and the path which they deſcribe is a parabola. 


ag 3. If a body be thrown in the direction AF, and acted upon by the projectile force 
Fig. 10, 


11, alone, it will continue to move on uniformly in the right line AF, and would deſcribe 

_ equal parts of the line AF in equal times, as AC, CD, DE, &c. But if, in any, 
indefinitely ſmall portion of time, in which the body would by the projectile force move 
from A to C, it would by the force of gravity have fallen from A to G; by the compoſition 
of theſe forces (Prop. XVI.) it will, at the end of that time, be found in H, the oppoſite 
angle of the parallelogram ACG H. In two ſuch portions of time, whilſt it would have 
moved from A to D by the projectile force, it would (Prop. XXVI.) by gravitation fall 
through four times AG, that is, AM; and therefore, theſe forces being combined, it will 
be found at the end of that time in I, the oppoſite angle of the aralleldaram DM. In 
like manner, at the end of the third portion of time, it would by the projeCtile force be 
carried through three equal diviſions to E, and by the force of gravitation over nine times 


AG to N; and conſequently, by both theſe forces acting jointly, it will be carried to K, 
| | 1 | the 


Cray. VII. OF. PRO ÞBCT-1E-LES8: 3 


the oppoſite angle of the parallelogram EN. Therefore the lines CH, DI, EK, that is, 
AG, AM, AN, which are to each other as the numbers 1, 4, 9, are as the ſquares of 
the lines AC, AD, AE, that is, GH, MI, NK, which are as 1, 2, 3. And becauſe the 
action of gravitation is continual, the body in paſſing from A to H &c. is perpetually 
drawn out of the right line in which it would move if the force of gravitation were 
ſuſpended, and therefore moves in a curve. And H, I and K are any points in this curve 
in which lines let fall from points equally diſtant from A in the line AB meet the curve. 
Therefore the body moves in a parabola, the property of which is, (Simon's Conic Sections, 
Book I. Prop. XII. Cor.) that the aHeiοα AG, AM, AN are to cach other as the ſquares 
of the ordinates GH, MI, NK. 
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Exe. 1. Let a ſmall ball of ivory be let fall along a ſmooth ſurface, of poliſhed braſs 
or tin, of a concave circular form, faſtened upon a board placed perpendicularly ; the 
ball, acquiring an horizontal projection, will fall in the curve of a parabola, as may be 
ſeen by placing a board, having this curve drawn upon it, near the path of the ball. 

2. The ſame may be ſhewn with water ſpouting from a pipe; or by a ball revolving on 
a whirling table, and ſuddenly ſet at liberty by cutting its cord. 


Y R P. LIX. 


The path which a body thrown perpendicularly upwards deſcribes 


in riſing and falling is a parabola. 


A ſtone lying upon the ſurface of the earth, partaking of the motion of the earth (here 
| ſuppoſed) round its axis, this motion which it has with the earth will not be deſtroyed by 
throwing it in a direction perpendicular to the ſurface of the earth. After the projection, 
therefore, the ſtone will be moved by two forces, one horizontal, the other perpendicular, 
and will riſe in a direction which may be ſhewn as in the laſt propoſition to be the 
parabolic curve; in which it will continue till it reaches the higheſt point, from whence it 
might be ſhewn, as in the laſt propoſition, that it will deſcend through the other ſide of the 

_ parabola, | 


The velocity with which a body ought to be projected to noks it 

' deſcribe a given parabola, is ſuch as it would acquire by falling 
through a ſpace equal to the fourth part of the parametey belonging 
to that point of the parabola from which it is intended to be projected. 


The velocity of the projectile at the point A (by Prop. LVIII.) is ſuch as would carry it Plate 3. 
from A to E, in the ſame time in which it would deſcend Ty its gravity from A to N. 8 
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And the velocity acquired in falling from A to N (by Prop. XXVII.) is ſuch as in the ſame 
time by an uniform motion would carry the body through a ſpace double of AN. Therefore 
the velocity which is acquired by the body in falling to N is to that with which the body 
is projected at A and uniformly carried forwards to E, as twice AN is to AE. But ſince, 
from the nature of the parabola, (Simon's Conic Sections, Book I. Prop. XIII.) the ſquare 


of AE divided by AN (>) is equal to the parameter of the point A, one fourth part of 


I 2 


this parameter will be expreſſed by N « And becauſe the velocities acquired by falling 


bodies are (by Prop. XXVI. Cor. 1.) as the ſquare roots of the ſpaces they fall through, the 


velocity acquired by a body in falling through AN is to the velocity acquired in falling g through 
* or one fourth part of the parameter of A, as the ſquare root of AN to the ſquare 


T 2 | WE: Iv 


XA ; AE ns = | 
root of IN 5 that is, as VAN to TAN or (multiplying each term by VAN) AN 


to AE, or twice AN to AE. Therefore the velocity acquired by a body in falling from 
A to N has the ſame ratio to the velocity with which the body is projected or the line AE 
deſcribed, and to the velocity acquired by a body in falling through a fourth part of the 
parameter belonging to the point A: conſequently (El. V. II.) thele velocities are equal. 


Cor. Hence may be determined the direction in which a projectile from a given point, 
with a given velocity, muſt be thrown to ſtrike an object in a given ſituation. 

Let A be the place from which the body is to be thrown, and K the ſituation of the 
object. Raiſe AB perpendicular to the plane of the horizon, and equal to four times 
the height from which a body muſt fall to acquire the given velocity. Biſe& AB in G: 
through G draw HG perpendicular to AB: at the point A raiſe AC perpendicular to AK, 
and meeting HG in C: on C as a center with the radius CA deſcribe the circle ABD; 
and through K draw the right line KEI perpendicular to the plane of the horizon, and 


cutting the circle ABD in the points E and I. AE, or Al, will be the direction required. 


For, drawing BI, BE, fince AK is a tangent to the circle, and BA, IK, are parallel! 
h each other, the angle ABE (El. III. 32.) is equal to the angle EAK ; and the alter- 
nate angles BAE, AEK, are equal: therefore the triangles ABE, AEK are ſimilar; 
and AB is to AE, as AE to EK. Therefore AB xEK SAE; and (dividing both 

AE* 


tides of the equation by EK) AB SER In like manner, the triangles BAI, KAI, 


2 


A : 3 5 
being gail BA is cqual to = IE Since then, AB is equal to four times the height 


from which a body muſt fall to acquire the velocity with which it is to be thrown; 
AE* ao 
Fr (or JK its equal) is the ſame. Conſequently (by this Prop.) the point K will be 


in the 3 which the body will deſeribe, which is thrown with the given velocity in 
the directions AE, or Al, and the body will ſtrike an object n at K. 
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onar. VI OF PROJECTILES. 


ScaoL. If the velocity with which a projectile is thrown be required, it may be determined 
from experiments in the following manner. By the help of a pendulum or any other exact 
chronometer, let the time of the perpendicular flight be taken; then, ſince the times of the 
aſcent and deſcent are equal, the time of the deſcent muſt be equal to one half of the 
time of the flight, conſequently, that time will be known : and, ſince a heavy body deſcends 
from a ſtate of reſt at the rate of 16 feet in the firſt ſecond of time, and that the ſpaces 
through which bodies deſcend are as the ſquares of the times; if we ſay, as one ſecond 
is to 16 feet, ſo is the ſquare of the number of ſeconds which expreſs the time of the 
deſcent of the projectile, to a fourth proportional, we ſhall have the number of feet through 
which the projectile fell, which being doubled, will give us the number of feet which the 


projectile would deſcribe in the ſame time with that of the fall, ſuppoſing it moved with an 
uniform velocity, equal to that which it acquired by the end of the fall ; which laſt found 


number of feet, being divided by the number of ſeconds which expreſs the time of the 
projectile's deſcent, will give a quotient, expreſſing the number of feet, through which the 
projectile would move in one ſecond of time with a velocity equal to that which it acquired 
in its deſcent, which velocity is equal to the velocity with which the projectile was thrown 
up; conſequently, this velocity is diſcovered. 


r * F. 111. 


The ſquares of the velocities of a projectile in different points 
of its parabola, are as the parameters belonging to thoſe points. 


For (by the laſt Prop.) the veloclties in the ſeveral points of the parabola, are equal 


- to the velocities acquired in falling through the fourth parts of the parameters of the 


points. "Therefore the ſquares of theſe velocities being (by Prop. XXVI.) as the ſpaces 
deſcribed, the ſquares of the velocities in the ſeveral points of the parabola are as the fourth 
parts of the parameters of thoſe points : but the whole parameters are as their fourth parts : 
therefore the ſquares of the velocities at the ſeveral points of the parabola are as the pa- 


rameters of thoſe points. 


Cor. Hence, ſetting aſide any difference which may ariſe from the reſiſtance of the air, 
a projectile will ſtrike a mark as forcibly at the end as at the beginning of its courſe, if 
the two points be equally diſtant from the principal vertex : for, the parameters belonging 
to theſe points being equal, the velocities in theſe points muſt alſo be equal. 


p R G P I. 


When a body is thrown obliquely with a given velocity, if the 
ſpace through which it muſt have fallen perpendicularly to acquire 
that 
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that velocity is made the diameter of a circle, the height to which 


the body will riſe is equal to the verſed ſine of double the angle of 
elevation. 


Let a body be thrown in the direction BE, with the fame velocity which any body 
would acquire by falling perpendicularly through AB; if AB is made the diameter of a 
circle, the greateſt height to which the body will rife will be BD. 

Let IL be a right line drawn in the plane of the horizon touching the circle in B, 
and making with the line BE, which is the direction in which the body is thrown, the 
angle IBE, or angle of elevation. Becauſe IL touches the circle, and EB drawn in the 
circle meets it in the point of contact (El. III. 32.) the angle EBI is equal to the angle 
EAB. And ECB is double of EAB (El. III. 20.) therefore ECB is double of EB], 
the angle of elevation. And BD is the verſed fine of ECB, that is, of double the angle 
of elevation. My 

Let BE repreſent the velocity with which the body is thrown. Then fince this 
velocity is, by ſuppoſition, ſuch as might be acquired by falling down AB, if the 
body was thrown perpendicularly upwards with the ſame velocity BE, it would riſe to 
the height BA. Let. the oblique motion BE be reſolved into two others, one in the 


direction BD perpendicular to the horizon, and the other in the direction DE parallel to 


it : then the aſcending velocity will be to the horizontal velocity, as BD to DE, and to 
the whole velocity, as BD to BE. But the part of the velocity BD is the only part 


which is employed in raiſing the body, ſince the other part DE is parallel to the plane of 


the horizon, Now, the height of a body aſcending perpendicularly with the whole 
velocity BE, will be to the height when it aſcends with the part BD (compare Prop. 
XXVI. and Prop. XXVIII.) as the ſquare of BE to the ſquare of BD. But 
becauſe (El. VI. 8.) the triangle EDB is fimilar to the triangle AEB, BD is to EB, as 
EB is to BA; and BD, BE, BA, being continued proportionals, BD is to BA, as the 
ſquare of BD is to the ſquare of BE. And the perpendicular heights to which the 
velocities BE and BD will make the body aſcend have been ſhewn to be as the ſquare 
of BE to the ſquare of BD ; the heights are therefore as BA to BD. Since therefore the 
frſt velocity BE would make the body aſcend through BA, the other velocity BD, which 
is the part of the whole velocity which acts to make the body thrown in the direction 
DE to aſcend, will carry it to the height BD, which is the verſed fine of double the 


angle of elevation. The ſame might be ſhewn in any other direction of the body, as 
BF, or BG, 


DE. 
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Der. XV. The Random of a projectile is the horizontal diſtance 
to which a heavy body is thrown. 


P RK OP. LW. 


When a body is thrown obliquely with a given velocity, if the 
ſpace through which it muſt have fallen perpendicularly to acquire 
that velocity is made the diameter of a circle, the random will be 
equal to four times the fine of double the angle of elevation, 


If EBI be the angle of clevation, and ECB double that angle, DE will be the ſine of plate 3. 


double the angle of elevation. Let a body be thrown from the point B in the direction 


BE, with the velocity which it would acquire in falling through AB; the random, or 
horizontal diſtance at which the body will fall, is equal to four times DE. 


For, ſince (as in the laſt Prop.) the velocity BE being reſolved in BD, DE, the W 


velocity is BD, and the horizontal DE, if theſe two velocities were to continue uniform, 


the ſpaces deſcribed in equal times (Prop. V.) would be as the velocities, and in the 


ſame time in which the body by the aſcending velocity would riſe through BD, by the 


horizontal velocity it would be carried forwards through DE. Of theſe velocities, the 
horizontal one DE is uniform, becauſe the force of gravity can neither accelerate nor 
retard a motion in this direction; but the aſcending velocity is uniformly retarded ; and 
therefore the body (compare Prop. XXIII. and XXVIII.) will be twice as long in aſcending 
to its greateſt height BD, as it would have been if the firſt aſcending velocity had continued 
uniform : but on this ſuppoſition, the body would have been carried through BD and DE in 
the ſame time : therefore in double the time, that is, in the time of aſcent through BD 


with an uniformly retarded velocity, it would be carried forward through twice DE : 


conſequently, in the times of deſcent and aſcent together it would move forwards through 
four times DE. Therefore a body thrown from B in the direction BE with ſuch a 
velocity as might be acquired by falling down AB, the diameter of a circle, will fall at 


the diſtance of four times the {ine of double the angle of elevation. 


PR O P. . 


The random of a projectile will be the greateſt pollible, with a 


given velocity, when the angle of elevation is an angle of forty-five 
degrees. 


The velocity being given, the height from whence the body muſt have fallen to acquire 
that velocity, or (Prop, XXXV.) the diameter of the circle AB, is a given quantity. 
| And 


Fig, 12. 
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And in a given cirele the greateſt ſine is the radius or ſine of a right angle: therefore four 
times the radius is greater than four times any other ſine; and conſequently, the random 
which is cqual to four times the radius, (which, by Prop. LXII. will be the caſe 
when the double angle of elevation is a right one, or the angle of elevation forty-five de- 
grecs) will be the greatelt poſſible random. 


Exe, This propoſition may be illuſtrated by water ſpouting from a pipe. 


ü R G P. kay. 


The random of a projectile, whoſe velocity is given, will be the 
ſame at two different elevations, if the one be as much above forty-five 
degrees as the other is below it. 


If EBI be an angle of 3o degrees, and GBI an angle of 60 degrees, becauſe EBI 
falls ſhort of half a right angle as much as GBI exceeds it, the double of EBI will fall 


| ſhort of a right angle as much as the double of GBI will exceed it, therefore, from the 


definition of a ſine, theſe doubles will have the ſame fine, 9 four times their 
ſines, that is (by Prop. LXIII their randoms will be equal. 


Exp. This propoſition may be illuſtrated as the preceding. 


P N f 


The keene random of a projectile, whoſe velocity is given, is 
double the height to which it would riſe if it were > thrown perpendi- 
cularly with-the ſame velocity. 


If a body be projected in the direction BF, at an angle of forty-five degrees, and its 
velocity be equal to that which a body would acquire in falling down AB (by Prop. 
LXIV.) the random will be the greateſt poſſible, and will be equal to four times 
CF, or twice BA. But the body caſt perpendicularly upwards with the ſame velocity 
would (by Prop. XXVIII.) rife to the height BA. "Fherefore the greateſt random, with 
a given velocity, is double the height to which the body, thrown perpendicularly with the 


ſame velocity, would riſe, 


Exp. By ſpouting fluids as before. 


R 0 P., LXVII. 


The randoms of projectiles, whoſe elevations are given, are as the 
ſquares of their velocities. 


Cray, VIL 0 F CENTRAL FORCES. 


If a body be thrown i in any direction BE, its random (Prop. LXIII. ) will be equal to 
four times DE, or four times the ſine of double the angle of elevation, in a circle whoſe 
diameter AB is the height from which the body muſt fall to acquire the velocity with which 
it is projected. But the velocities being ſuppoſed variable, AB the diameter will be directly 

as the velocity; ſince the greater velocity a body moves with, the greater ſpace it will 
fall through in a given time. And becauſe, in the triangle EDC the angle at D being a 
right angle is always invariable, and that the angle ECD, which is double of EAD, that 


is, (El. III. 32.) of the given angle of elevation EBI, is given, the triangle ECD in every 


variation of AB, is always equiangular and ſimilar to itſelf, and ED is always as EC: but 
EC being a radius, is as AB: therefore ED, the fine of the given angle of elevation, 
is as AB the diameter. Conſequently four times the fine ED, that is, the random is as 
AB. But the height AB from which a body muſt fall to acquire any velocity, is (by 
Prop. XXVI.) as the 8 9955 of that velocity. T nn the n is as the ſquare of 
the velocity. | | mY 


8 E O F. 1. 
Of Central Forces. 


rn e LXVII. 


A body which 3 is conſtinely drawn or impelled towards any point, 


may be made to deſcribe, round that point as a center, a curve re- 
turning into itſelf. 


Let T be the center of the earth, and GD El its ſurface. Let a body be projected in any 
direction, GH, which does not paſs within the ſurface of the earth. The projectile force 
together with the force of gravity will make it deſcribe a curve, which, as the projectile 
force is increaſed, will recede farther from the perpendicular GA, as GB, GC, GD, 
It is manifeſt that the projectile force may be increaſed, till the body ſhall paſs beyond the 
ſurface CDNKE, and move in the path GML, GNV, or ſome larger curve. 

Firſt ; Suppoſe the projectile force to be ſuch, that the body will be carried in the 
ſemicircle GN, it will continue in the curve of that circle till it returns to G. For, 
when a body moves in the circumference of a circle, (as in fig. 15. ) the projectile force, 


* acting 
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acting in a line which is a tangent to the circle, as GB, acts (El. III. 18.) in a direction 
which is perpendicular to the direction BA, in which it is impelled towards the center. 
And ſince, if the force which impels the body towards the center ceaſed to act in any 


point, as C, the body would move forwards in the right line CE, the projectile force in 


every point of the circumference, acts in a direction perpendicular to the force of gravi- 


tation: conſequently, theſe two forces remaining the ſame, and acting always in the 


ſame direction with reſpect to each other, the velocity of the body muſt remain the ſame: 
whence, at the point M, it will have the ſame power to recede from the center as at ©\; 
and, retaining this power through every remaining part of its courſe, it will proceed in 
the circumference, till it arrive at G, and will continue to revolve in the circle. 
Next; let the body be projected from G with a force greater than that which is required 
to carry it round in the circumference of the circle GNV; and let the curve in which 
it moves he an ellipſe, having the earth in its remoter focus. Becauſe. the force of pro- 
jection, as the body proceeds in the firſt half of its orbit, acts in the direction of a tangent 
to the curve, whilſt the force of gravitation acts in the direction of a right line from the 
body to the center of the earth, the directions of theſe two forces make an acute angle 
with one another, and conſequently, through this part of the courſe of the body, the force 
of gravitation conſpiring with the force of projection, the velocity of the body muſt be in- 


creaſed, and at the ſame time it. muſt be continually drawn downwards towards the earth. 
At the point in which the forces act in directions perpendicular to each other, the force of 


gravitation does not conſpire with that of projection to bring the body towards the earth: 
and afterwards, in the latter half of its courſe, the directions of the forces making an obtuſe 


angle with each other, the force of gravitatiof is oppoſed by that of projection in the ſame 


degree in which the former was before aided by the latter; and therefore the body in paſſing 


towards G will fly off from the earth or riſe, as much as it before approached to the earth 


or deſcended, and thus will return to the point G with the. ſame velocity with which it 
ſet out at firſt, having loſt as much velocity by receding from the earth in the latter part 
of its courſe, as it had gained by falling towards the, earth, ig. the former part. 

Laftly; ; Let the body be projected from, G; with a force which is leſs than ſufficient to 
carry it round i in the circle GNV ; and let it perform its revolutions in an elliptic curve 
whoſe greater axis is leſs than the radius of the circle GNV, ſetting out from G, and 
having the earth in the nearer focus: the effect will be the ſame as in the laſt caſe, except 


that the projectile force will oppoſe the force of gravitation in the falt half of the revolu- 
tion, and conſpire with it in the latter. 


Exp, Let a ball revolve round the central point of a Whirling Table. 8 
the conſtruction and uſe of this machine, ſee Ferguſon's Lectures, Led. II. 


PROP. 
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A body revolving in an orbit, endeavours in every point of its 
courſe to fly off from the center in a right line which is a tangent 
to the orbit. 

Let BCDL be a circle in which a body is revolving: when it is arrived at the point 


B, let the force which impels it towards the center be withdrawn, and the body (by 
Prop. I.) would fly off from the point B in the direction BG: in like manner at C, 


it would fly off in the right line CF; at D, in DH; and at L, in LH. The ſame is 


manifeſtly true in an elliptical orbit. Now the ſame force with which it would fly off, 


if no other cauſe prevented it, muſt make it endeavour to fly off in the ſame manner in 


every point of the orbit. 


Exe. Whilſt a ball is wakving on a whirling table, if the cord which retains it, 
be ſuddenly cut, the ball will fly off in a right line, which will be a tangent to the orbit 
in which it moved. 


Cor. A body revolving about a center endeavours to recede from that center: for 
every point of the tangent in which it endeavours to move out of the circle, is farther 


from the center, than the point in which the tangent meets the curve. 


Exp. 1. Let a ball, laid on the whirling table and connected with a weight which 
hangs freely by a cord paſſing through the center of the table, be put into motion; it will 


fly off from the center. 
2. An open veſſel, containing water, may be revolved in a * * to the 


horizon without loſing any of the water. 


Dr. XVI. The force which impels a body towards the center, 
when it revolves in an orbit, is called the centripetal force; that 


by which it endeavours to recede from the center, is called the centri- 


Fugal force ; and theſe two forces are called jointly, central forces. 


SCHOL, The projectile and centrifugal forces differ from each other, as the whole from 
the part. The projectile force is that with which a body would move forwards in a 
tangent to its orbit, if there were no centripetal force to prevent it: the centrifugal force 
is that part of the projectile force which carries the body off from the center while it is 
deſcribing the tangent, Thus, if the body revolyed in the orbit BD, the projectile force 
is that which would make it deſcribe the tangent BA, if the centripetal force were to ceaſe 


acting. But in the mean time, the whole force BA does not carry the body off from the 
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center C: when it is arrived at A, it is farther from the center than it was at B, only 
by the length AN, and it is that part of the projectile force which, when the whole is 
reſolved into two forces, may be conſidered as acting in this line AN, which carries the 
body off from the center, and is called the centrifugal force. 


PR 
e 


When budien revolve in am, orbit about a center, the centripetal 
and centrifugal forces are equal. 


If a body revolve in the circle BD, in the time in which it deſcribes the arc BN, it 
will have been impelled towards the center through the ſpace AN; for, by the projectile 
force alone it would have been carried from B to A. The line AN is then the ſpace 
deſcribed by means of the centripetal force, and this force is proportional to AN. But if, 
when the body was at B, no centripetal force had acted upon it, inſtead of deſcribing the 
arc BN, it would have moved along the tangent BA, and the line NA would have been 
the ſpace through which it would have departed from the center : therefore the centrifugal 


force is proportional to NA. Both theſe forces being then proportional to the ſame line 
NA, they are equal to one another, 


Quantities, and the ratios of quantities, which, in any finite time, 
tend continually to equality, and, before the end of that time, approach 
nearer to each other than by any given difference, become ultimately equal. 


If you deny it, let them be ultimately unequal ; and let their ultimate difference be D. 
Therefore they cannot approach nearer to equality than by that given difference D ; which 
is contrary to the ſuppoſition. If a ſtraight and a curve line, continually diminiſhing, 
perpetually approach towards equality, and at the end of any finite time would vaniſh 
together, at the inſtant in which they are vaniſhing they are equal. 


L E M. II. 


Vin any figure Aac E, terminated by the right lines Aa, AE, and the 
curve acE, there are inſcribed any number of parallelograms Ab, Bc, 
Cd, 
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Cd, &c. contained under equal baſes AB, BC, CD, Sc. and the fades, 
Bb, Cc, Dd, &c. parallel to Aa the fide of the figure; and the parallelo- 
grams aKbl, Lem, cMan, &c. are completed : then, if the breadth of 


theſe parallelograms be diminiſhed, and their number augmented con- 


tinually, the ultimate ratios, which the inſcribed figure AKbLcMdD, 
the circumſcribed figure AalbmcndoF, and the curvilinear figure AabedE, 
have to each other, are ratios of equality. 


For the difference of the inſcribed and circumſcribed figure is the ſum af the parallelo- 
grams KI, Lm, Mn, Do, that is (becauſe of the equality of all their baſes) the rectangle under 


one of their baſes Kb, and the ſum of their altitudes Aa; that is, the rectangle ABI/a. 
But this rectangle, becauſe its breadth AB is diminiſhed indefinitely, becomes leſs than 
any given rectangle. Therefore (by Lem. I.) the inſcribed and circumſcribed, and much 
more the intermediate curvilinear figure become ultimately equal. 


E . . 


The ſame ultimate ratios are alſo ratios of equality, when the breadths 
AB, BC, CD, Sc. of the parallelograms are . and are all di- 
miniſhed indefinitely. 


For, let AF be equal to the greateſt breadth; and let the parallelogram FAgf be com- 


pleted. This will be greater than the difference of the inſcribed and circumſcribed 
figures; but, becauſe its breadth AF is diminiſhed indefinitely, it will become leſs than 
any given rectangle. 


Cor. Hence the ultimate ſum of the evaneſcent parallelograms coincides in every part 
with the curvilinear figure. Much more does the rectilinear figure, which is compre- 


hended under the chords of the evaneſcent arcs ab, bc, cd, &c. ultimately coincide with 


the curvilinear figure. As alſo the circumſcribed rectilinear figure, which is comprehended 
under the tangents of the ſame arcs. And therefore, theſe ultimate figures (as to their 
perimeter acE) are not rectilinear, but curvilinear limits of rectilinear figures. 


P R (of P. LXXI. 


The * of an orbit in which a body revolves paſſes through the 


line of projection, and through the center towards which the centri- 
petal force is directed. 


Let 
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Let ABCF be the bebit in which the body revolves; S the center, or point towards 
which the centripetal force is directed; and AV the line of projection: the plane of the 
orbit will paſs through AV and S; or the orbit lies in the ſame plane, with the lines AV, 
Bd, &c. (lines in which the projectile force acts in different parts of the orbit) and 
with the center 8. 


For, let ABCD repreſent a part of the orbit deſcribed by a body impelled towards S. 


The body beginning to move by the projectile force from A in the direction ABV, would, 


by that force alone, be carried on uniformly in that direction. Suppoſe the centripetal 
force to act upon it by ſeparate impulſes after equal intervals of time, and that, when the 
body is carried by the projectile force to B, it receives one impulſe from the centripetal 


force, drawing it out of its courſe towards 8, ſo that by the action of both forces together 


at B, it will (by Prop. XIV.) be made to deſcribe BC in the ſame time in which the 
projectile force alone would have made it deſcribe Be. The ſame will take place after 
equal intervals at C and D. At B, the projectile force is in the direction BV, the centri- 


| petal force in the direction BS. Let Be and BG, taken in the directions of theſe forces, 


repreſent their ratio to each other, and the projectile force be to the centripetal as Be 
to BG. The body (by Prop. XIV.) will deſcribe BC, the diagonal of a parallelogram 
of which Be and BG are the ſides. But (El. XI. 1 and 2.) BC is in the ſame plane with 
Bc and BG, that is, with AV, the line of projection, and with BS, in which is the center 
or point 8. The ſame may be proved concerning the lines CD, and DE. And if the 
projectile force acts continually and not by interrupted impulſes, the diagonals AB, BC, 
&c. will be diminiſhed indefinitely, and the ultimate perimeter ADE (by Lem. III. Cor.) 


will become a curve line, which, from what hath been ſhewn, muſt be always in the ſame 
plane with the line of projection and with the center. 


P R O P. LAX. 


A body revolving in an orbit deſcribes, by a radius drawn to the 
point towards which the centripetal force acts, equal areas in equal 
times, and in unequal times areas proportional to the times. 


Let ABCD be part of an orbit deſcribed by a body which revolves round the point 8, 
towards which it is impelled by a centripetal force. If this force be ſuppoſed to act upon 
the body by ſeparate impulſes, as at B, C, D, when the body receives the impulſe at B, 
it will be drawn out of its courſe towards S, and (by Prop. XIV.) will deſcribe the 


diagonal BC in the ſame time in which the projectile force alone would have made it 


deſcribe Bc. After equal intervals, the ſame will take place at C, and at D. 

Since AB, BC, &c. are the lines deſcribed in equal times by the body, the areas deſcribed 
round 8 by a radius drawn from the body to 8, are ASB, BSC, &c. Now AB, Bc, 
expreſſing ſpaces paſſed over in equal times by the uniform motion of the body acted upon 


by 
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by the projeQile force alone, are equal baſes of the triangles ASB, BSc, which, being 
terminated by the ſame point S, are of the ſame altitude : theſe triangles are therefore 
(El. I. 38.) equal. And, becauſe the body at B, is by the joint action of the projectile 
and centripetal forces carried forwards in the diagonal BC, of the parallelogram Ge, 
the oppoſite ſides thereof, GB, Cc, are parallel; and Cc is parallel to BS. But BS 
is the common baſe of the two triangles BSC, BSc. Therefore theſe triangles, being upon 
the ſame baſe and between the ſame parallels, (El. I. 37.) are equal. Conſequently, ASB, 
which has been proved equal to BSc, is likewiſe equal to BSC; that is, the areas deſcribed 


in equal times are equal. And, by compoſition, any ſums of theſe areas ASC, ASE, are 


to each other as the times in which they are deſcribed ; that is, univerſally, the areas 
are as the times. Ez 

Let the number of theſe triangles be augmented, and their evade diminiſhed indefinitely, 
and (by Lem. III. Cor.) their ultimate perimeter will be a curve line; and therefore 
the centripetal force will act continually; and, the above reaſoning ſtill being applicable 
to thoſe triangles whoſe breadth is indefinitely diminiſhed, the areas will be as the times. 


Co, 1. The velocity of a body revolving freely about an immoveable center is 
| inverſely as a perpendicular let fall from that center on a right line that touches the orbit. 
For ſince the lines AB, BC are deſcribed in equal times, the velocities will be as theſe 
lines, which being (by this Prop.) the baſes of equal triangles, muſt be inverſely as the 


heights of the triangles; therefore the velocities are inverſely as theſe heights, which are 
meaſured by perpendiculars let fall from the common vertex, the center 8, to the baſes, 
or the baſes produced, that i is, when AB, BC, &c. are indefinitely ſmall, to a tangent 


to the orbit. 
Cor. 2. If the chords AB, BC, of two arcs bee deſcribed in equal times by 
the ſame body moving freely, are completed into a parallelogram ABCG, and the diagonal 


BG, in the poſition which it ultimately acquires when theſe arcs are diminiſhed indefinitely, 
be produced towards 8, it will paſs through 8, the center of the centrj jpetal force; for BG 


is an indefinitely ſmall part of the radius SB. 


Con. 3. AB, BC, and DE, EF, of arcs deſcribed in equal times be completed into the 


parallelograms ABCG, DEFZ, the centripetal forces at B and E will be to each other 


in the ultimate ratio of the diagonals BG, EZ, when thoſe arcs are indefinitely diminiſhed. 


For, the motions of the body, BC, EF, (by Prop. XVI.) are compounded of the 
motions Bc, BG, and Ef, EZ; but BG and EZ are equal to Cc and Ff, which, as appears 


from this propoſition, are generated by the impulſes of the centripetal force in Band E, 


and are therefore proportional to thoſe impulſes. | 5 

Cor. 4. The forces with which bodies are drawn into curvilinear orbits are to each 
other as the verſed fines, GB, ZE, of the indefinitely ſmall arcs AC, DF, deſcribed in 
equal times, which verſed ſines converge to the center 8, and biſe& the chords when thoſe 
arcs are diminiſhed indefinitely : for ſuch verſed fines are half the diagonals of a parallelg- 
gram, BG, EZ, being biſected by the nen AC, FD. 


PROP. 
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When a body deſcribes equal areas in equal times about an immove- 


able point, or proportional areas in unequal times, it is impelled to 


wards that point by the centripetal force which retains it in its orbit. 


Let AB, BC, &c. be lines deſcribed by the revolving body in equal times; and it may 
be proved as before, that the triangles ASB, and BSc, being of the ſame height, and 
having equal baſes AB, Bc, are equal. But, by ſuppoſition, ASB, BSC, are equal ; 
therefore BSc and BSC are equal. And theſe equal triangles, being upon the ſame baſe 
9B, (El. I. 39.) are between the ſame parallels ; therefore Cc and BS are parallel. 
Becauſe the body at B is acted upon by two forces, the projectile force in the line 


Be, and the centripetal force, and, by ſuppoſition, theſe two forces together make it 


deſcribe BC; BC is the diagonal of a parallelogram of which Bc is one fide, and the 
direction of the centripetal force at B is in the other ſide, Now, in the parallelogram 


| whoſe diagonal is BC, and one of its ſides Bc, Cc muſt be another; whence the oppoſite 


ſide, that is, the direction of the centripetal force, muſt be parallel to Cc: but Ce and BS 
have been proved to be parallel, when equal areas are deſcribed in equal times about the 
point S. Therefore, on this ſuppoſition, the body at B is ated upon by the centripetal 
force in the direction BS. The ſame may be ſhewn at every other point C, D, &c. 
Therefore the centripetal force tends to that point round which the body, by a radius 


drawn thither, deſcribes equal areas in equal times. 


. 


any arc ACB, of a finite curvature, is ſubtended by its chord AB, 
and a ſtraight line AD produced both Ways touch the arc in the point A, 
the arc, the chord, and the tangent, in their ultimate vaniſhing tate, 
20700 be equal. 


T he arc being ſuppoſed of a finite curvature, or ſuch as may be meaſured by a circle 
of a finite diameter ; let BAC be the circle of the curvature; draw the line AC in that 
circle parallel to the ſubtenſe BD, and complete the triangle BAC. Becauſe the angle DAB 
(El. III. 32.) is equal to the angle ACB, and the alternate angles CAB, ABD, are equal, 
the triangles, CAB, DAB, are ſimilar. Hence, (El. VI. 4.) AB is to AD, as AC is to 
BC. The point B approaching continually to A, let BA become leſs than any aſſignable 
quantity; then the finite lines AC, BC, approach nearer to the ratio of equality, than 
by any given diſtance: therefore likewiſe AB, AD, which are proportional to AC, BC, 
and much more the intermidiate arc, are ultimately equal. 


L E M. 
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L E. V. 


The naſcent or evaneſcent ſubtenſe of the angle of contact, in circles 


and in all curves which have a finite curvature, is as the Auare of the 
conterminous arc. 


—— 


_ > wy . . * 


Let AD, in the ſemicircle ADC, be the given arc, AB the tangent, and the angle Plate ;. 
BAD the angle of contact. Draw BD, HG, parallel to AC the diameter; theſe lines, 8 
ſubtending the angle BAD, are called the ſubtenſes of the angle of cont. The arcs 
AD and AG, having the common term or limit the point A, are called conterminous ares. 1 
Draw the lines DC, GC. If theſe lines be conceived to turn round upon the point C : i 
as a center, ſo that the two points D, G, and with them the two ſubtenſes BD, HG, may f 
approach towards A ; it is manifeſt, that as theſe ſubtenſes came nearer to A, they will | i 
_ diminiſh, and at laſt will vaniſh in A. At the inſtant of their vaniſhing, BD wlil be 
to HG, as the ſquare of the arc AD is to the ſquare of the arc AG. 
Let ED be drawn parallel to AB, and FG to AH. Then becauſe AB is a tangent at 
the point A, and conſequently (El. III. 18.) perpendicular to the diameter AC, ED which 0 
is parallel to AB is likewiſe perpendicular to AC: for the ſame reaſon FG is perpendicular 1 
to AC. And ADC, AGC (El. III. 31.) are right angles. Therefore (El. VI. 8.) AED 
is ſimilar to ADC, and AE is to AD, as AD to AC. Therefore (El. VI. 17.) the 
rectangle of AE, AC, is equal to the ſquare of AD. But AE is equal to BD : therefore 
the rectangle BD, AC, is equal to the ſquare of AD. For the ſame reaſon, the rectangle 
of HG, AC, is equal to the ſquare of the chord AG. Conſequently, the ſquare of the 
chord AD is to the ſquare of the chord AG, as the rectangle BD, AC, is to the 
rectangle HG, AC, that is (El. VI. 1.) as BD to HG. But (by Lem. IV. ) the arc | 
AD and the chord AD, are ultimately in the ratio of equality, and alſo the arc AG, 1 
and chord AG. Therefore the ſquare of the arc AD is to the ſquare of the arc AG, at 1 
the inſtant in which they vaniſh, as BD to HG; that is, the evaneſcent ſubtenſe of the 1 
angle of contact is as the ſquare of the conterminous arc. i 
Next; let the ſubtenſes be not parallel to the diameter, but paralle] to one another, 
Let MN, FG, be the ſubtenſes parallel to the diameter; and AN, OG, two ſubtenſes 
parallel to each other, but not to the diameter. Becauſe BA is a tangent at the point B, 
BD (El. III. 16.) is perpendicular to BA: fince, therefore, MN and FG are parallel to 
BD, they are alſo perpendicular to BA, and the angles OFG, AMN, are equal. But 
becauſe OG and AN are parallel by conſtruction, the angle FOG (El. I. 29.) is equal 
to the angle MAN. Therefore the triangles FGO, MNA, are ſimilar, and (El. VI. 4.) 
AN is to OG, as MN is to FG. But it has been proved that MN is ultimately to FG, 
as the ſquares of the conterminous arcs: therefore AN is ultimately to OG, as the 
ſquares of the conterminous arcs BN, BG. 


L Laſtly ; 
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Laftly; Suppoſe both AN and OG directed to C, the center of the circle. In this 
caſe, each of theſe would be a ſemidiameter, continued from G and N reſpectively to the 
tangent BA. In their ultimate ſtate theſe lines AN, OG, muſt coincide in the point B, 
and in the ſame right line BC; and therefore will become parallel, and will be, from what 
has been ſhewn, ultimately as the ſquares of the conterminous arcs. 

If GC, DC, be beginning to move from A, they are in their naſcent ſtate ; and it is 


manifeſt, that the ſubtenſes in this ſtate are the ſame, and therefore have the ſame * | 
as in the evaneſcent ſtate, 


Cor. 1. Hence, becauſe the tangents AB, AH, the arcs, AD, AG, and their ſines ED, 
FG, became ultimately equal (by Lem. IV.) to the chords AD, AG, their PONY: alſo will 
be ultimately as the ſubtenſes BD, HG. 


Cor. 2. The ſame ſquares are alſo ultimately as thoſe verſed fines of the arcs, which 


biſect the chords and converge to a given point. For by the fecond caſe of this propoſition 


theſe verſed fines AE, AF, are as the ſubtenſes BD, HG, or AN, OG. 

Cor. 3. Hence theſe verſed fines AE, AF, are as the ſquares of the times in which a 
body deſcribes the arcs AD, AG, with given velocities. For the ſpaces AD, AG, deſcribed 
with given velocities, are as the times, and the ſquares of the ſpaces as the ſquares of the 
times; but (by laſt Cor.) the ſquares of theſe ſpaces are as the verſed fines AE, AF; therefore 
theſe verſed fines are as the ſquares of the times in which the arcs AD, AG, are deſcribed. 


L E M. VI. 


The naſcent or evaneſcent ſubtenſe of the angle of contact i is equal to the 
ſquare of the conterminous arc divided by the diameter. 


It has been ſhewn, in the preceding Lemma, that BD is to AD, as AD is to AC. 
Therefore (El. VI. 17.) BD multiplied into AC, is equal to the ſquare of AD. Let thefe 


equal quantities be divided by AC, the quotients will be equal : Ny BD x AC 


therefore BD = 5 43 But by Lem. IV. the arc AD is ultimately equal to the chord 


AD: therefore the naſcent or evaneſcent ſubtenſe BD is equal to the ſquare of the are 
AD divided by the diameter AC. 


P R O F. . 
The centripetal forces of bodies revolving in different circular orbits 


about the ſame center towards which they tend, are as the ſquares 
| of 
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of the arcs deſcribed in the ſame time, divided by the radii of the 
circles. 


In the circular orbits BND, RLE, let bodies revolve about the center C, towards which 
they tend. Let them in the ſame time deſcribe the indefinitely ſmall ares BG, RL. Then, 
| becauſe the projectile forces would carry them in the ſame time through the tangents BF, 

RH; and the ſpaces through which, at the points G and L, they have been drawn from 
the tangents towards the center by the centripetal force, are FG, HL; the centripetal 
forces muſt be as FG and HL. And (by Lem. VI.) the evaneſcent, or naſcent, ſubtenſe 
FG is equal to the ſquare of the are BG divided by BD; and the evaneſcent, or naſcent, 
ſubtenſe HL is equal to the ſquare of the arc RL divided by RE. Therefore the ſubtenſe 
FG is to the ſubtenſe HL as the ſquare of the arc BG divided by BD, or its half BC, is 
to the ſquare of the arc RL, divided by RE or its half RC. Therefore the centri- 


petal forces, when the arcs are naſcent, are in the ſame ratio, that is, as the ſquares of 
the arcs divided by the radii. 


And this is true, whatever arcs BG and RL be taken, if they be deſcribed in the came 
time : for the naſcent arcs will be as the velocities; and any other arcs BND, RLE, 


_ deſcribed in any given time, will be alſo as the velocities ; therefore, the arcs BND, 
RLE are as the naſcent arcs BG, RL, and their ſquares are likewiſe proportional. But 
the centripetal forces are as the ſquares of the naſcent arcs BG, RL, divided by the radii 


BC, RC; therefore theſe forces are as the ſquares of any other arcs, BND, * divided 


by the radii of their circles. 


P R © . LXXV. 


The centripetal forces of equal bodies revolving in circular orbits, 
are as the ſquares of the velocities directly, and the radii of the orbits 
inverſely. 


Becauſe arcs deſcribed in the ſame time are as the velocities, and that the centripetal 
forces are (by Prop. LXXIV.) as the ſquares of the arcs deſcribed in the ſame time 
divided by the radii, theſe forces are alſo as the ſquares of the velocities divided by the 
radii, that is, as the ſquares of the velocities directly, and the radii of the orbits inverſely, 


Cor. Hence the centripetal forces of equal bodies, at equal diſtances from the center, 


are as the ſquares of the number of revolutions in any given time; for this number is 
as the velocity with which the body moves. 


„ PROP. 
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V F P R OP. IXXVI. 


| 
| The centripetal forces of equal bodies revolving in equal circular 
| , orbits are inverſely as the ſquares of their periodical times. 


The circular orbits or ſpaces being equal, the times in which theſe are deſcribed, 
| or the periodical times, are (by Prop. V.) inverſely as the velocities; and therefore 
{ the ſquares of the periodical times are inverſely as the ſquares of the velocities, or the 
ſquares of the velocities are inverſely as the ſquares of the periodical times: but (by 
Prop, LXXV.) the centripetal forces are as the ſquares of the velocities : therefore 
Y | theſe forces are inverſely as the ſquares of the periodical times. 


P R O P. IXXVII. 


| 8 The centripetal forces of equal bodies revolving in unequal cir- 
| cular orbits, if the periodical times are equal, are as the radii of 
the circles. 


n - Plate 4, Let one body revolve in the circular orbit BND, and another, in the ſame time, in the 
6 8. 16. circular orbit RLE. Becauſe the periodical times are equal, each body in any given part 
of its periodical time will deſcribe an equal number of degrees in its reſpective orbit, that 
is, will deſcribe ſimilar arcs. The arcs BN, RL, being ſimilar, will be deſcribed in 
equal portions of the periodical time: therefore (by Prop. LXXIV.) the centripetal 
| forces will be as the ſquares of the ſimilar arcs BN, RL, divided by the radii BC, RC, 
that is, as 5 __ to -5x —— 
| | BC RC 
or radii, of circles, BN is to RL, as BC to RC, and conſequently, BN to RL, 
as BC* to RC: therefore IS 1 18 to to =, as 5 is to =— * , that as BC to RC. 


N - 2 
But the —_— forces (Prop. LXXIV.) are as I. to == 1 ; therefore theſe forces are 


But becauſe ſimilar arcs are to each other as the circumferences, 


as BC to RC, that i is, as the radii of the orbits in which the bodies move. 


- P R O P. LXXVIIL 


The centripetal forces of equal bodies revolving in circular orbits, 
are as the radii of the orbits directly, and the ſquares of the 
periodical times inverſely. 


If the periodical times are equal, and the radii unequal, the forces are (by Prop. LXXVII.) 


as the radii, If the di are equal, and the periodical times unequal, the forces (by 
Prop. 
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Prop. LXXVI.) are inverſely as the ſquares of the periodical times. Therefore, if both 
the radii and periodical times are unequal, the forces will be in the compound ratio of 
both, or as the radii directly, and the ſquares of the periodical times inverſely. 


E 
When bodies revolve round the ſame center, if the ſquares of 
their periodical times are as the cubes of their diſtances from the 
center, the centripetal forces will be inverſely as the {quares of their 
diſtances. | | 
Let the diſtances of the two bodies ” 3 by D, 4; and the periodical times by 
P, þ : then, by the ſuppoſition P* : p:: D® : ; 


By Prop. LXXVIII. the centripetal foro are as the diſtances directly, and the ſquares 
of the periodical times inverſely, that is (taking C, c, for the centripetal forces) 


C ::: : 5 and by ſuppoſition P* * :: D? ; 4: therefore, ſubſtituting 


8 p* ? | 
2 D 4 B I 
D M, for P*, , C: PY: Ir chat is, C: :: gut! 25 and, be- 


I 
cauſe where the dividend i is given, the quotient is inverſely as the diviſor, 5 is to —— 8 


inverſely as D* to 4*. Therefore C: c:: d. : D» . that is, the centripetal forces are 
inverſely as the ſquares of the 8 


ScuoL, 1. Let Oo expreſs the central forces; A, a, the arcs deſcribed; V, v, the 


velocities with which the bodies move; P, p, the periodical times of their revolution; 
D, d, the radii or diſtances from the center; and N, u, the number of revolutions in 


a given time; the preceding Propoſitions may be thus expreſſed, 
The bodies being equal, 


Prop, LXXIV. C: 2 2 ＋ : * 
| | Yr 
7 Th 
LXXV. c: "IP" 75 . By is 
>" SITY 0 ICS EE 
LXXVI. C:c „ or or p* : Ps. 
LXXVII. c: „% So yep © 
D a 
LXXVII. :: . gu 
LXXIX. If P.: .:: D.: 4, Cre: N: r or d.: D-. 
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ScHor.. 2. Since it was proved (Prop. LXX.) that the centripetal and centrifugal forces 
are, in circular orbits, equal to one another, the preceding Propoſitions, being demonſtrated 
reſpecting the centripetal force, are alſo true of the centrifugal force; and it * be 
aſſerted univerſally, that the central forces are in the ratios above expreſſed. 


Theſe Propoſitions may be confirmed by the following experiments, on the Whirling 
Tables. 


Exp. 1. Let two equal balls, placed at equal diſtances from the center of motion on 
the whirling tables; and let ons table revolve twice whilſt the other revolves once: the 
ball on the table whoſe number of revolutions is, with reſpect to that of the other in the 
ſame time, as 2 to 1 (or the periodical times as 1 to 2) will raiſe 4 times the weight 
raiſed by the other ball; that is, according to Prop. LXXV. and Cor. the radii being 
equal, C: c:: VI: :: NY: *; or (by Prop. LXXVI.)::p : P“. 


2. Let two equal balls be placed on tables whoſe number of revolutions in the ſame time 
are as 2 to 1: let the ball on the table whoſe number of revolutions is 2, be plaeed at 
half the diſtance from the center, at which the ball on the table, whoſe number of revol u- 


tions is 1, is placed; whence their velocities will be equal. The ball at the diſtance 1, 
will raiſe double the weight raiſed by the me at the diſtance 2 z that is, according to 


Prop. LXXV. the velocities being equal, C: c:: 4: D. 


3. Let two equal balls revolve, on tables whoſe periodical times are equa] ; and let the 
diſtances of the balls from the center be to each other as 2 to 1: the ball which is at the 
diſtance 2 will raiſe double the _— raiſed by the ball which i at the diſtance x ; that is, 
e to Prop. LXXVII. C: D: d. 


4. Let equal balls be placed on tables whoſe periodical times are as 2 to 1 ; let the ball 
on the table whoſe periodical time is 2, be placed twice as far from the center as the ball 
whoſe periodical time is 1; the ball whoſe diſtance is 2, and periodical time 2, will raiſe 
half the weight raiſed by the ball whoſe aac is 1, and periodical time 1; that is, 


4 —2 4 

according to Prop. . 2 I 75 5 
5. Let the equal balls be ſo placed on different tables, that the diſtance of one from the 
center may be to that of the other as 2 to 35; let that ball which is at the leaſt diſtance 
revolve twice in the ſame time in which the other ball revolves once; the periodical time of 
the ball at the leſs diſtance, is to that of the ball at the greater, as 1 to 2, and the ſquares of 
the periodical times will be as 1 to 4, and the cubes of the diſtances are 8, and 31.75: 
but 1: 4: 8 : 32, therefore the ſquares of the periodical times being in this caſe nearly 
as the cubes of the diſtances, the weight raifed by the ball whoſe diſtance is 2, will be to 


that 
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that raiſed by the ball whoſe diſtance is 3+ as the tquare of 3+ is to the ſquare of 2; 
that is, nearly as 10 to 4, or 5 to 2. 


FN P. U. 


The centripetal forces of revolving bodies are as their quantities 
of matter. 


For the whole centripetal force of any body is made up of the centripetal forces of each 


particle of matter of which it conſiſts; and therefore the more numerous the particles of 


matter in any body are, the greater will be its centripetal force. 


Exe. Let two glaſs tubes be half filled with water; into one put ſome leaden ſhot, 


and into the other a few ſmall round pieces of light wood ; let the orifice of each tube be 
cloſed by a cork ; faſten the tubes to an inclined plane, and let the lower end of it reft 


upon the center of the whirling table. On turning the table, the bodies will be carried 


by their centripetal forces from the center and the heavier bodies will decade farther from 


the center than the lighter. 


Cox. Hence, when the revolving bodies are not equal, the centripetal forces are in the 


ratios laid down in the preceding propoſitions multiplied into their quantities of matter. 


Thus Q q, expreſling the quantities of matter, and the other expreſſions remaining as in 
Prop. LXXIX. Schol. | 


» © 22 
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| Cor. Hence the central forces will be equal, whenever the expreſſions proportional to 
them are equal; thus, C=cif W = | 


Any of the above proportions may be confirmed by experiment ; for example ; 


Exp. 1. Let the two balls A, B, be as 2 to 1; let the diſtance of the ball A be to that 
of the ball B from the center, as 2 to 1, and the periodical time of the ball A be twice 
a that 
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that of the ball B; their velocities will be equal; therefore the centrifugal force of A will 


be to that of B, as 4 is to > that is, as 1 to 1, or A and B will raiſe equal weights. 


2, 3. Let the ſame balls revolve about a fixed point, and have their diſtances reciprocally 
proportional to their quantities of matter, their centrifugal forces (compare Prop. LXXV. 


and LXXX.) will be equal, and they will balance each other. This may be ſhewn by two 


balls ſuſpended freely and united by a cord, having the point of the cord which is directly 
above the center of the table at diſtances from the balls reciprocally as their weight ; or by 
two balls united by a wire, and reſting in equilibrio on a forked ſupport fixed in the center 
of the tables, which will continue in equilibrio when the tables are turned, 

In like manner other cafes may be confirmed by experiment. 


E Ra; vi 


If a body revolves freely in any orbit about an immoveable center, and 
in an indefinitely ſinall time deſcribes any naſcent are; and the verſed 
ine of the arc be drawn which may biſect the chord, and being produced 


may paſs through the center of force; the centripetal force, in the middle 


of this arc, will be as the verſed fine ag and the ſquare of the time 
nverſely. 


Let two bodies revolve round their center of force 8, „; let QPM, gpm, be the naſcent 
arcs deſcribed in any times, T, t; and let PB, pb, or QR, Aa, be the verſed fines biſect- 


ing the chords, and when produced, paſſing through S the center of force. Suppoſing 


the arcs MP, NAp, to be deſcribed in the ſame time with different forces, C, c; by 
Prop. LXXII, Cor. 4. QR: Aa :: C: c. Hence, ſuppoſing the forces to be equal, 
QR is equal to Aa deſcribed in the ſame time; and (by Lem. V.) QR or Aa: gr :: 
Ap* : 9%, that is, ſince the motion in the arcs is uniform, Aa:qr:: T*: *. There- 
fore ſuppoſing both the times and forces different, and compounding theſe ratios, 


R r 
QR-: gr : CxT" £cxt; whence C 2 


Cor, I. If a body P, revolving about the center 8, deſcribes a curve line APQ, and 
a right line ZPR touches that curve in any point P; and, from any other point Q of the 
curve, QR is drawn parallel to the diſtance SP, meeting the tangent in R; and QT is 
drawn cacao to the diſtance SP; the centripetal force will be reciprocally as the 


quantity ob. OR 5 if this be taken of that magnitude which it ultimately acquires, 


ſuppoſing the points P and Qeontinually to approach to each other. For QR is equal 
to 


— . - — * — — 2 — — 
„4 6 67 q .ꝙ—er — enu — . — — . — —— ̃ — —— —œ — —— ę——— — — . wes 
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to the verſed ſine of double the arc QP, in whoſe middle is P: and double the triangle SQP, 


or SP Q (or ultimately QT) is proportional to the time, in which that double arc is 
deſcribed (by Prop. LXXII.) and therefore may be uſed for the exponent of the time. 


QR OE EY a a SP xQT* 
Whence C: c: FP are * 75 that is, C is to c Reciptocally as ak : 
þ* Xgt* a : SP? xQT* 
—- or the centripetal __ are reciprocally as OR 


Cor, 2. Hence, if any curvilinear figure APQ is given; and therein a point 8 is alſo 
given, to which a centripetal force is perpetually directed; the law of centripetal force 
may be found, by which the body P, continually drawn back from a rectilinear courſe, 
will be retained in the perimeter of that figure, and key deſcribe the ſame by a perpetual 


revolution. That is, we are to find the quantity il 


to this force. 


1 © 'Þ; zo. 


If equal bodies, revolving in ellipſes, deſcribe equal areas in equal 
times, their centripetal forces are to one another inverſely as the 


ſquares of their diſtances from the oc? of the ellipſe towards which 


they tend. 


Let S be the focus: let a body P, tending towards 8, deſcribe a part of the ellipſe PQ; 


join SP; draw QR to the tangent YZ, parallel to SP; join PC, and produce it to G. 
Complete the parallelogram QxPR, produce Qx to v, Qv is ordinately applied to GP; 
draw DK, a diameter parallel to YZ, and draw IH from the other focus H to SP parallel 
to YZ; join HP, and draw QT perpendicular to SP, as alſo PF to DK. 

EP is equal to the greater ſemiaxis AC. For, becauſe CS is equal to CH, ES is 
equal to EI, whence EP is half the ſum of PS, PI, that is, of PS, PH, (for El. I. 13. 
RPI, IPZ, are equal to HPR, HPZ; and taking away the common part HPI, the angle 
IPR is equal to HPZ; whence (El. I. 29.) the angle PIH is equal to PHI, and PI 


is equal to PH); and PS, PH, together (Simſon's Conic Sect. II. 1. ) are equal to the 
whole axis 2AC. EP therefore is equal to AC. 


Putting L for the principal latus rectum of the ellipſe, L, (by definition) is equal to 


1 (for AC: CB:: CB: = whence 2 =, or * = L). And LxQR: 


La QR: Pv; and QR Pr; i + Do 1s BK PC; whence LX QR: L Pꝰ 
:: PE or AC: PC. And (El. VI. 1.) LxPov: GuxPv:: L: Gv; and (Simſ. II. 15.) 


GS PY: Q:: PC* : DCI. And (Lem. IV.) the points Q and P continually ap- 
MX proaching, 


— « reciprocally proportional 
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proaching, Oy is to Qæ ultimately in the ratio of equality. And (ſince the triangles. 


QT, EPF, are ſimilar, for QxT=PEF, and QTx to EFP) Q or Q: QT? :: 


EP? or AC* : PF*, But becauſe (Simf. II. 20. Compare Vince's Con. Sect. II. 10. 
Cor. 1.) parallelograms about conjugate diameters are equal to the rectangle under the 
axes, the rectangle PF, DC, is equal to the rectangle ACB, whence PF : AC: 
CB: DC, and AC* : PF* ::; CD* : CB*, wherefore Q: QT* : : CD: : CB». 
Compounding the following ratios, 

LxQR : LxPv:: AC: PC, 

L xPv : G PD :: L: G, 

GvxPv : :; Pe: D', 

:: CD* i CB* 3 . 

And, ſtriking out the equal quantities, LxQR : QT* :: ACxLxPC : Gvx 

CBz. 


Then ſubſtitute for AC * L its equal 2CB*, and 
LxQR : QT* :: 2BC* x PC : Gv+BC* 
or BC* x2PC : GV BC 


or 2PC : Gv 
But the points Q and P continually approaching without end, 2PC and Gv are equal : 
N LxQR and QT, proportional * theſe are alſo equal. Multiply theſe equals 
3 . 
into . and LSP will become equal to- OR 


Therefore (by Lem. VII. Cor. 1 and 2. } the centripetal force is reciprocally as L x SP*, 
that is, ſince L is a given quantity, as SP?, or in a duplicate ratio of the diſtance SP. 
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Or HYDROSTATICS axv PNEUMATICS; 
on THE L AW S or 


INCOMPRESSIBLE any COMPRESSIBLE FLUIDS. 


PA KT 
Or HypRrosTATICS. 


CHAP. 1 
Of the Weight and Preſſure of Fluids. 
Dex. I. FLUID is a body, the parts of which yield to 


any force impreſſed upon them, and eaſily move 
out of their places. 


PROPOSITION I. 
The weight of fluids is as their quantities of matter. 


Since each particle of any fluid gravitates towards the earth, the greater is the number 


of particles, that is the quantity of matter, in any maſs of fluid, the greater will be the 


weight of that maſs. _ | 


— —— 
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Exp. 1. The different preſſures of different columns of fluid in the ſame veſſel at dif- 
ferent depths, appear from the different quantities of fluid diſcharged, at different depths, 
in the ſame time, from orifices of the ſame bore. EDS 

2. If the air be exhauſted from a tube in part filled with water, and the tube be 


cloſed up, the ſolidity of the particles of water will be perceived from the ſound pro- 
duced by ſuddenly lifting up the tube. 


Cor. Fluids gravitate in fluids of the ſame kind. For they cannot loſe the property 
of gravity which belongs to all bodies by ſuch a change of ſituation, 


Exp. Suſpend a ſtopped phial from one arm of a balance, in a veſſel of water, and 
balance it by weights from the oppoſite. arm of the balance: upon unſtopping the phial 
under water, a quantity of water will ruſh into it, by which the weight will be increaſed 
as much as the weight of the water in the phial. 


„FC ˙ 


When the ſurface of a fluid is level, the whole maſs will be at 
reſt. 5 Es 

Let ABCD be a veſſel containing water, the level ſurface of which is EF. Conceive 
the whole maſs of fluid in the veſſel to be divided into thin rata, or plates, RS, TV, XY, 
&c. lying horizontally one above another; and into ſmall perpendicular columns GH, 


IK, LM, &c. contiguous to each other. In the ſtratum XY, and the columns IK, let 


mM, u, be two adjacent drops. Neither of theſe drops can move towards the column in 
which the other is, without driving that other out of its place, becauſe the fluid is ſuppoſed 


| incompreſſible. But, with whatever force the particle m endeavours to diſplace the particle 
u, this force is counterbalanced by an equal and contrary effort on the part of ; becauſe 


(Prop. I.) they are equally preſſed by the equal columns above them : conſequently the 


particles will be at reſt, 


P R O P. W, 
Any part of a fluid at reſt preſſes, and is preſſed, equally in all 


directions. 


For (Def. I.) each particle is diſpoſed to give way on the 8 of preſſure: 
and, by ſuppoſition, each particle is preſſed by the contiguous particles in ſuch manner as 


to be kept at reſt in its place: it is therefore preſſed with an equal degree of force on all 


ſides; and conſequently (Book. II. Prop. III.) it preſſes equally in all directions. 


Exp. 1, Into ſeveral tubes, bent near their lower ends in various angles, pour a 


ſufficient quantity of mercury to fill the lower parts of their orifices; then dip them into 


a deep 
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a deep glaſs veſſel filled with water, keeping the orifice of the longer legs above the 


ſurface : whilſt the tubes are deſcending, the mercury will be gradually preſſed upwards 


in the tubes, and the preſſure will be equal at any given depth, whatever be the direction 
of the preſſing column of fluid in the ſhorter leg of the tube. Oil may be uſed inſtead of 
mercury. 

2. Dip an open end of a tube, having a very narrow bore, into a veſſel of quickflerr; ; 
then, ſtopping the upper orifice with the finger, lift up the tube out of the veſſel: a ſhort 


column of quickſilver will hang in the lower end, which, when dipped in water lower 


than 14 times its own length, will, upon removing the finger, be ſuſpended, and preſſed 


upwards. . 
3. Let a large open tube be covered at one end with a piece of bladder drawn tight : 


pour into the tube a quantity of coloured water ſufficient to preſs the bladder into a convex 


form; then, dip the covered end of the tube ſlowly into a deep veſſel of water; the bladder, 
by the upward preſſure, will become firſt leſs convex, then plane, and at laſt concave, 

4. If the like be done with ſeveral tubes, whoſe covered orifices are cut obliquely at 
different angles, the lateral preſſure will be ſeen to increaſe with the depth to which the 
tubes are immerſed. 


5. Let a circular piece of braſs, whoſe upper ſurface is covered wich wet leather, be 


| held cloſe to one orifice of a large open tube, by means of a cord or wire faſtened to the 
middle of the plate and paſſing through the tube : let the plate, thus kept cloſe to the 
orifice of the tube, be immerſed with the tube into a large veſſel of water: when the plate 
is at a greater depth than 8 times its thickneſs in the water, the cord or wire. may be left 
at liberty, and the upward preſſure of the fluid will keep the plate cloſe to the tube. 

6. Let a ſmall bladder, tied cloſely about one end of an open tube having a large bore, 
be filled with coloured water till the water riſes above the neck of the bladder; upon 
immerſing the bladder into a veſſel of water, the bladder will be compreſſed on all ſides, 
and the coloured water will be raiſed up in the tube in proportion.” to the depth to which 
the bladder i is ſunk. | 15 


P.R F W. 


When a fluid flows through a tube which is wider in ſome parts 
than in others, the velocity of the fluid will, in every ſection of the 
tube, be inverſely as the area of the ſeftion. 


Let ADMN, a bended tube larger at IL than at FG, be filled with water to the height 


ADFG. Let the water be forced downwards in the part ADBP, and conſequently be 
made to riſe in the other part KHMN. It is manifeſt, that the water which is forced 
out of one part of the tube, is driven into the other. Hence equal quantities paſs through 


every ſection of the tube in the ſame time : for if leſs, or more, water paſſed through the 
enen 
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ſection FG than through IL in the ſame time, the quantity of water between FG and IL 
muſt be increaſed or diminiſhed, which cannot be, ſince no cauſe is ſuppoſed which could 


increaſe or diminiſh it. But if equal quantities paſs through unequal parts of the tube 


in the ſame time, the water muſt run proportionally faſter where the tube is narrower, 
and flower where it is wider. If, for example, as much water runs through the ſection 
FG, as runs in the ſame time through the ſection IL, the water muſt move as much faſter 


at FG than it moves at FL, as the tube is narrower at FG than at IL; that is, the velocity 
is inverſely as the area of the ſection. 


Cor. The momentum will be the ſame in every ſection of the tube: for the quantity 
of water at each ſection is directly as the area of the ſection, and the velocity is inverſely 
as the area; therefore the velocity is inverſely as the TURN © of matter: whence (Book II. 
Prop. XI.) the momentum is every where the ſame. 


Scholl. Hence we may account for the ſuſpenſion of the fluid in a tube the upper part 


of whoſe bore is capillary, and the lower of a much larger dimenſion, as was ſeen in the 


experiment, Book I. Prop. VII. 

Let there be a tube conſiſting of two parts DR and RCK, of different diameters; DR 
the ſmaller part of the tube, is able (Book I. Prop. VIII.) to raiſe water higher than the 
other: let then the height to which the larger would raiſe it, be TC, and that to which 


it would riſe in the leſſer, if continued down to the ſurface of the fluid, be XH. If this 


compound tube be filled with water, and the larger orifice CK be immerſed in the ſame 
fluid, the ſurface of the water will ſink no farther than XL, the height to which the 
leſſer part of the tube would have raiſed it. But if the tube be inverted, and the ſmaller 
orifice XL be immerſed, the water will run out till the ſurface falls to 'T'F ; the height 
to which the larger part of the tube would have raiſed it. 

Let the tube DR be conceived to be continued Jownk to HI; and let it be ſuppoſed 
that the fluids contained in the tube XLHI, and the compound one XLKC, are not 
ſuſpended by the ring of glaſs at XL, but that they preſs upon their reſpective baſes, FH 
and CK. Let it farther be ſuppoſed that theſe baſes are each of them moveable, and that 


they are raiſed up or let down with equal velocities; then will the velocity with which 


XL the uppermoſt ſtratum of the fluid XLCK moves, exceed that of the ſame ſtratum, 
conſidered as the uppermoſt of the fluid in the tube XLHI, as much as the tube RCK 
is wider than DR (by this Prop.) that is, as much as the ſpace MNKC exceeds XLIH. 
Conſequently, the effect of the attracting ring XL, as it acts upon the fluid contained 
in the veſſel XLCK, exceeds its effect, as it acts upon that in XLHI, in the ſame ratio. 
Since therefore it is able to ſuſtain the weight of the fluid XLHI by its natural power, 
it is able under this mechanical advantage, to ſuſtain the weight of as much as would 
fill the ſpace MNKC: but the preſſure of the fluid XLCK is equal to that weight, 
as having the ſame baſe and an equal height (as will be ſhewn Prop. VI.) Its preſſure 
therefore, or the tendency it has to deſcend in the tube, is equivalent to the power of the 
attracting ring XL, for which reaſon it ought to be ſuſpended by it. | 


Again, 


Chis, 4: THE PRESSURE OF FLUIDS. 


Again, the height at which the attracting ring in the larger part of the tube is able to 
ſuſtain the fluid is no graater than NF, that to which it would have raiſed it, had the tube 
been continued down to MN, For here the power of the attracting ring acts under 
a like mechanical diſadvantage, and is thereby diminiſhed as much as the capacity of the 
tube TFNM is leſs than that of HIXL ; becauſe, if the baſes of theſe tubes are ſuppoſed 
to be moved with equal velocities, the riſe or fall of the ſurface of the fluid TFXL, 
would be ſo much leſs than that of TFMN, And, ſince the attracting ring TF is able 
by its natural power to ſuſpend the fluid only to the height NF in the tube TFMN ; it is 
in this caſe able to ſuſtain no greater preſſure than what is equal to the weight of the fluid 


in the ſpace HIXL : but the preſſure of the fluid TFXL, which has equal height, and 
the ſame baſe with it, 1s equal to that weight; and therefore is a balance to the attracting 


power, 


From hence we may clearly ſee the reaſon, why a ſmall quantity of water put into a 


capillary tube, which is of a conical form, and laid in an horizontal ſituation, will run 


towards the narrower end. For let AB be the tube, and CD a column of water contained 


within it ; when the fluid moves, the velocity of the end D will be to that of the end C 
reciprocally as the cavity of the tube at D, to that at C (by this Prop.) that is, (El. XII. 2.) 


reciprocally as the ſquare of the diameter at D, to the ſquare of the diameter at C; but 


the attracting ring at D is to that at C, ſingly as the diameter at D to the diameter at C. 
Now, ſince the effect of the attraction depends, as much upon the velocity of that part 
of the fluid where it acts, as upon its natural force, its effect at D will be greater than at C; 


for though the attraction at D be leſs in itſelf than at C, yet its loſs of force upon that 
account, is more than compenſated by the mechanical ad vantage it has ariſing from hence, 


that the velocity of the fluid in that part is more increaſed than the foree Itſelf is 
diminiſhed at C. The fluid will therefore move towards B. | 


ü R r v. 


In bended cylindrical tubes, fluids at reſt will be at the ſame 
height on each ſide. Os 


In the tube ADMN, filled with water to the height AD, the water cannot deſcend 
from AD, without riſing towards MN. The water in each fide of the veſſel may therefore 
be conſfider:d as two forces acting upon each other in contrary directions: and conſe- 
quently theſe two maſſes of fluid will only be at reſt when their momenta are equal, 
that is, (Book II. Prop. XI. Cor.) when the quantities of matter are inverſely as the 
velocities, or (Prop. IV.) directly as the area of the ſection through which it flows. 
Thus, at the ſections BP, KH, the momenta are equal, when the quantities of matter, 
or cylindrical maſſes of fluid are as the areas of the ſections, that is, as the baſes of the 


cylinders ADBP, FGHE. But cylinders are as their baſes (El. XII. 11.) only when 
| their 
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their perpendicular heights are equal. Therefore the momenta of the two cylinders of 
fluid will be equal, and conſequently the maſs will be at reſt, only when the perpendicular 


| heights of each column are equal. 
| | 


| : Exp. I. In a bended tube of large but unequal bore, water will riſe to the ſame Winne 
on each ſide. 

| 2. Let water ſpout upward through a pipe, having a ſmall orifice, inſerted into the 
| bottom of a deep veſſel; it will riſe nearly to the height of the upper ſurface of the water 
| in the veſſel. The reſiſtance of the air, and of the falling drops, prevents it from rifing 
perfectly to the level. 


1 Scholl. In this demonſtration, we do not conſider the velocity with which the two 
columns of fluid are moving, but the velocity with which, if they move at all, they muſt 
begin to move. And ſince, if their perpendicular height is the ſame, the velocity with 
which they muſt begin to move will be inverſely as their reſpective quantities of matter, 
| they cannot begin to move but with equal momenta z and their motions muſt be in 
* contrary directions, becauſe one column cannot deſcend without making the other aſcend: 
therefore thoſe equal momenta would deſtroy each other. Theſe two columns then, 
making a continual effort to move with equal momenta in contrary directions, counter- 


balance each other. = 


PR 0-:ÞF; YE 


The preſſure of fluids is proportional to the baſe, and the perpen- 
| dicular height of the fluid, whatever be the form of the veſlel or 
N quantity of the fluid. 


Caſe 1. Let the fluid be contained in a perpendicular cylindrical veſſel. 
Plate 5. In ſuch a veſſel, ABCD, becauſe the whole weight of the fluid, and no other force, 
N preſſes directly upon the bottom CD, the preſſure (by Prop. I.) muſt be as the quan- 
tity, that is (El. XII. 11, 14.) as the baſe and perpendicular height of the fluid. 


Caſe. 2. Let the fluid he contained in a perpendicular veſſel, the bottom of which 
is equal to that of the cylinder in the laſt caſe, but its top nàrrower than the bottom. 
Plate 5. Let the veſſel DBLP, have the portions of its baſe LA, CP, each equal to OR. From 
ä Prop. I. and III. it appears, that cach of theſe portions are equally preſſed by the column 
DBOR, as the baſe OR. In like manner, every portion of the baſe LP equal to OR is 
as much preſſed as OR. Therefore the whole baſe LP is as much preſſed as if the 
veſſel was of the cylindrical form FALP. 
Or thus: Becauſe (by Prop. V.) if a tube were inſerted at NT, of the diameter OR, 
the water being at the height DB, would riſe to the level FE, there muſt at NT, be an 
upward preſſure towards F ſufficient to fill up the columns of fluid FELA, that is, ns 


to 


Crap. I. THE PRESSURE OF FLUIDS. 


to the weight of as much water as would fill the ſpace FENT. Conſequently the re-action, 
that is, the preſſure upon the baſe LA muſt be equal to the weight of as much water as 


would fill FENT. But the baſe LA ſupports this re- action, and likewiſe the weight of the 


water N T LA, which are together equal to the weight of DBOR. The baſe LA therefore 
ſuſtains a preſſure equal to the weight of the column DBOR. And every equal portion 
of the baſe may, in the ſame manner, be ſhewn to ſuſtain an equal preſſure. Therefore, 
the preſſure on the baſe is the ſame in veſſels of the form ſuppoſed in this caſe, as in 
cylinders of equal baſes, and of the ſame altitude with theſe veſſels. The ſame may be 
ſhewn with reſpect to a veſſel of the form of plate 5, fig. 7. 


Caſe. 3. Let the veſſel be of the ſame baſe and Aitude, but have its top wider than 
the baſe. 


Let the fluid of the veſſel be divided into ſtrata EF, GH, IK, &c. Let us alſo imagine 


the bottom of the veſſel C to be moveable, that is, capable of ſliding up and down the 
narrow part of the veſſel, from C to GH. Let it further be ſuppoſed that this moveable 


bottom, is drawn up or let down with a given velocity, while the veſſel itſelf is fixed and 


immoveable ; it is evident the loweſt ſtratum, which is contiguous to the bottom, will 
be raiſed or let down with the ſame velocity, and will therefore have a momentum pro- 
portional to that velocity, and the quantity of matter it contains : but (by Prop. IV. Cor. ) 


the reſt of the ſtrata will have the ſame momentum : conſequently, the momentum of all 


taken together, that is, of the whole fluid, is the ſame as if the veſſel had been no larger 
in any one part than it is at the bottom, for then the momentum of each ſtratum would alſo 
have been as great as that of the loweſt. The preſſure therefore, or action of the fluid, 


with which it endeavours to force the bottom out of its place, is as the number of ftrata, 


that is, the perpendicular height of the fluid, and the magnitude of the loweſt ſtratum, 
that is, the baſe. 


Caſe 4. Let the fluid be in an inclined cylindrical veſlel. = 

In the inclined cylindrical veſſel ABNI, as much as the fluid is prevented from preſſing 
upon the baſe NI, by being in part ſupported by the fide of the veſſel AN, ſo far is the 
preſſure upon- the baſe increaſed by the re-aQtion of the oppoſite fide BI, which is equal 
to the action of the former, becauſe the fluid, preſſing every way alike at the ſame depth 
below the ſurface, exerts an equal force againſt both the ſides, The baſe NI is there- 
fore preſſed with the ſame force with which it would be preſſed, if the fluid contained in 
the veſſel ABNI was included in the veſſel EDIO, having an equal baſe, and the ſame 
perpendicular height with the veſſel ABNI ; that is (by the firſt caſe) the preſſure is as 
the baſe NI and altitude CN. 

Since then, the preſſure upon the baſe of veſlels, either wider or narrower at the top 
than the bottom, and likewiſe the preſſure upon the baſe of veſlels inclined to the horizon, 
is equal to that upon the baſe of a cylindrical veſſel of the ſame baſe and height, the ſides 
of which are perpendicular to the horizon; and ſince the preſſure upon the baſe of ſuch 
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a cylinder is as its baſe and height; the preſſure upon the bottom of all veſſels filled with 
fluid, is proportional to their baſe and perpendicular height. 


Exp. 1. Let two tubes of different forms be ſucceſſively applied to the ſame moveable 
circular baſe, ſuſpended by a wire, paſling from the center of the baſe through the tubes, 
to the beam of a balance: when the different tubes are filled to the ſame height, it will 
require the ſame weight at the oppoſite end of the balance to keep the baſe from ſinking. 

2, Let two tubes, the one cylindrical, the other of the form of a ſpeaking trumpet, 
have their baſes of equal diameter, covered with bladder and inſerted in a veſſel of water, 
as in Prop. III. Exp. 3. the bladder will become plane at the ſame depth in both: 
from whence it appears, that ſince the upward preſſures, at the ſame depth, are equal, 


m8 downward preſſures in the two tubes are alſo equal. 


Cos. 1. A ſmall quantity of fluid * be made to preſs with a force ſufficient to raiſe 


a great weight. 


Since (as was. ſhewn in Prop. V.) as much fluid as will fill the tube DBIV ets 
upwards againſt VM, with a force equal to the weight of as much fluid as would fill the 
ſpace BHVM ; the baſe remaining the ſame, the ſpace BHVM, that is, the weight which 
may be raiſed will (OF: this Prop.) be as the height VB, which may be increaſed at 


_ pleaſure, 


Exe, Let two circular pieces of wood be united by leather in the manner of a pair 
of bellows; in the upper board inſert a long tube with a large bore ; through which pour 
water into the veſſel; the upward preſſure of the water as it is poured in, will raiſe a great 
weight. 


Cor. 2. From hence it may be proved, independently of the reaſoning in Prop. V. 
that, in bended veſſels or channels of any form, fluids riſe to the fame height, 
whatever be the difference between the quantities of fluid on each fide : for what- 
ever be the form of the channels, the plane which is perpendicular to the loweſt point 
being conſidered as the common baſe, the preſſure upon it, is equal, when the fluid on 
each fide is of equal altitude; and the Whole maſs can only be at reſt when the oppoſite 


preſſures are equal. 


scholl. This preſſure of the fluid upon the baſe does not alter the weight of the veſſel 
and fluid conſidered as one maſs, becauſe the action and re- action which cauſe it, with 


reſpect to the weight of the veſſel, deſtroy one another; the veſſel being as much ſuſtained 


by the action upwards, as it is preied by the re· action downwards, 


PROP. 


Cuar. IJ. THE PRESSURE OF FLUIDS. 


F BY . 


The preſſure of a fluid upon any indefinitely ſmall part of the 


fide of the veſſel which contains it, is equal to the weight of a 


QI 


column of the ſame fluid, whoſe baſe is the part preſſed, and whoſe 


height is the diſtance of that part from the ſurface of the fluid. 


Let ABCD be a veſſel filled with fluid; AB its ſurface; and L a point in the fide 
of the veſſel. The indefinitely ſmall drop which lies next to the point L is preſſed 
downwards (by Prop. I.) by a force equal to the weight of a column of water whoſe baſe 
is L, and height LA, the diſtance of that part from the ſurface. And (by Prop. III.) 
this drop is preſſed ſideways towards L with the ſame force with which it is preſſed 
downwards. Whence the propoſition is manifeſt concerning the point L. And the ſame 


may be proved concerning any other points M, N, C, pets to L. The ſame 1s evidently 


true in an inclined veſſel, 


P R O P. VIIL 


The preſſure of a fluid upon any plane, is equal to the weight 
of a body which has the ſame denſity with the fluid, and i is formed 


by raiſing perpendiculars upon each indefinitely ſmall part of the 


plane, equal in height t to the diſtance of that part from the [orice 
of the fluid. 


It has been 3 in the laſt propoſition, that the preſſure upon each indefinitely 
ſmall part of the line AC in the fide of the veſſel ABCD is equal to the weight of a 


column of fluid whoſe baſe is the part preſſed, and whoſe height is the diſtance of that 


part from the ſurface AB, Hence, if from the point L a perpendicular LO be raiſed 
whoſe baſe is L, and whoſe length LO is equal to LA the diſtance of L from the ſurface, 
if this perpendicular conſiſted of matter of the ſame denſity with the fluid in the veſſel, 

the weight of this perpendicular column would be equal to the preſſure upon the point L. 
If, in like manner, perpendiculars, conſiſting of matter of the ſame denſity with the fluid, 
were raiſed upon every point between A, C, they would together fill up the area of the 
triangle ACD; and the preſſure upon the whole line AC in the fide of the veſſel ABCD, 

becauſe it 1s NS? to the ſum of the preſſures upon all its parts, muſt be equal to the 
weight of this triangle ACD. The ſame may be proved concerning any other lines in. 
the ſide of the veſſel, as HI, EF. Conſequently, -the preſſures upon the whole fide 


will be equal to the weight of as many ſuch triangles as there can be lines drawn upon it 
N 2 in 
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in the ſame manner as AC, HI, EF are drawn. But all theſe triangles: together would 


fill up the whole ſpace, or compoſe a ſolid, CFGDAE. Therefore the preſſure upon the 


ſide AECF will be equal to the weight of this ſolid conſiſting of matter which has the 
ſame denſity with the fluid in the veſſel; which ſolid is formed by raiſing perpendiculars 
upon each line of the fide, reſpectively equal to the diſtance of that point from the ſurface 
of the fluid, | 
In like manner, if AC is a line drawn in the inclined fide of a veſſel, in which the 
water reaches to the level AB, the preſſure upon this line may be eſtimated as before. 
SL is the diſtance of L from the ſurface. Let therefore a perpendicular LO equal in 
length to LS be raiſed upon the point L; then, if this perpendicular was a column of 
matter of the ſame denſity with water, the weight of it would be equal to the preſſure 
upon L. For the ſame reaſon, if a perpendicular MP is raiſed upon the point M, and 
is made equal in length to MT the diſtance of M from the ſurface; ſuch a perpendicular, 
conſiſting of matter of the ſame denſity with water, and being of the ſame ſize, would 
have the ſame weight as the column of water MT. And fince (by Prop. I.) the preſſure 
upon M equals the weight of the incumbent water MT, it likewiſe equals the weight 
of the perpendicular MP. In like manner, the points N and C are preſſed by the weight 
of the incumbent columns NV and XC, which is equal to the weight of the perpendiculars 


NQ, CR, ſuppoſing thoſe perpendiculars to be equal in height to NV and XC, and to 
_ conſiſt of matter whoſe denſity is the ſame with that of the columns NV and XC. Thus 


the preſſure upon the whole line, being made up of the preſſures upon all its parts, will 
be equal to the weight of as many perpendiculars, as can be raiſed in this manner between 
A and C. The ſum of all thoſe perpendiculars is the triangle ACR, whoſe weight 


therefore is equal to the preſſure upon the line AC. But if as many ſuch triangles were 


added together, as there are lines parallel to AC in the whole fide of the veſſel, all theſe 
triangles together would form a ſolid. And ſince this ſolid is the ſum of all the preſſures 
upon each point of the ſide, the weight of it, ſuppoling it to conſiſt of matter that has 


the ſame denſity as water, would be equal to the preſſure upon the whole ſide. 


N S b. . 


The preſſure upon any one ſide of a cubical veſſel filled with 
fluid, is half the preſſure upon the bottom. 


The bottom ſuſtains a preſſure equal to the whole weight of the fluid in the veſſel. 
And the preſſure which the fide ſuſtains is equal to the weight of the priſm CFGDAE, 
which (El. XI. 28.) is half the cube: therefore the ſide ſuſtains a preſſure equal to half 
the preſſure upon the bottom. He 


Or 


Crap. II. OF THE MOTION OF FLUIDS. 


Or thus: Becauſe the preſſure upon every part of the veſſel] at the bottom is equal to 
the weight of a column whoſe baſe is the part preſſed upon, and height that of a perpen- 
dicular from the bottom to the ſurface ; if the preſſure were the ſame every where from 
the top to the bottom, it would be equal to the weight of as many ſuch columns as would 
correſpond to all the parts of the veſſel. But the preſſure every where diminiſhes as we 
approach towards the ſurface, where it is nothing; the preſſure on the ſide is therefore 
only half of that on the bottom of the veſſel : a number of terms in arithmetical pro- 


greſſion beginning from nothing being half the ſum of an equal number of terms, each 


of which is equal to the laſt in the progreſſion. 


Con. 1. The gravity of the fluid in a cubical veſſel producing upon each of the four 
ſides a preſſure equal to half that upon the bottom, and upon the bottom a preſſure equal 
to itſelf, produces on the whole a preſſure three times as great as itſelf. 


Con. 2. When the area of the part preſſed is given, the preſſure is as the perpendicular 
diſtance of that part from the ſurface : where the depth of the part is given, the preſſure 
is as the area; and where the diſtance from the ſurface is given, the preſſure is as the baſe. 


C HA PP: I. 
Of the MoTion of Fluids. 
$3 © T.-L 
Of Fluids paſſing through the Bottom or Side of a Veſſel. 


"© K-04; 


The momentum with which any fluid runs out of a given orifice | 
in the bottom or ſide of a veſſel, is proportional to the perpendicular 


depth of the orifice below the ſurface of the fluid. 


| Thepreſſure of a fluid againſt any given ſurface being (by Prop. I. and III.) proportional 
to the perpendicular height of the fluid above that part; if that given ſurface be re- 


moved, the fluid will be driven through the orifice by this preſſure. The force therefore 


with which the fluid paſſes through the orifice is as the perpendicular depth of the orifice 
| below 
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OF HYDROSTATICS. Book III. 


below the furface of the fluid : but the momentum is always as the moving force : Fw 
fore the momentum is alſo as the perpendicular depth of the orifice, 


PROP. 


The momentum with which any fluid runs out of a given orifice 
in the bottom or fide of a veſſel, is as the ſquare of its velocity, and 
alſo as the ſquare of the quantity of matter. 


The momentum (by Book II. Prop. XIV.) is in the compound ratio of the quantity 
of matter and velocity. And it is manifeſt, that, ſince the orifice is given, the quantity 
of fluid diſcharged will always be as the velocity : therefore the momentum is as the 
ſquare of the velocity, or of the quantity of fluid. : 


'P N G E. Bt. 
The velocity with which any fluid runs out of an orifice in the 


bottom or ſide of a veſſel, is as the ſquare root of the perpendicular 
depth of the orifice from the ſurface of the fluid. 


Becauſe the momentum is as the fans of the velocity (by Prop. XI. ) and as the per- 
pendicular depth of the orifice (by Prop. X.) the ſquare of the velocities (El. V. II.) 


is as the perpendicular depth, and conſequently, the velocity as the ſquare root of the 
perpendicular depth, | 


P R O P. XIII. 


A fluid runs out of an orifice in the bottom or ſide of a veſſel, with 
the velocity which a heavy body would acquire in falling freely 
through a ſpace, equal to the perpendicular diſtance of the orifice 
from the ſurface of the fluid. 


Let ABCD be a veſſel filled with any fluid, to the height FG. It is manifeſt, that at 
the beginning of the fall of each drop from the upper ſurface FG, it muſt be carried 
downward by its gravity with the ſame velocity with which any other heavy body would 
begin to deſcend. And, if an orifice be made in the veſſel at L, any point below the 
ſurface, the fluid which paſſes through that orifice, will (by Prop. XII.) move with a 
velocity which is as the ſquare root of the diſtance from the ſurface. But if a body 
were to fall from the ſurface to the point L, it would acquire a velocity which would 


be 
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be (by Boek II. Prop. XXVI. Cors.) as the ſquare root of this diſtance. Therefore, ſince 
the velocity with which the fluid moves, is, at the beginning of its motion, equal to 
that of a falling body, and fince at every given diſtance, theſe velocities have the ſame 
ratio, namely, that of the ſquare root of the diſtance from the ſurface, that is FINN V. 9.) 
are equal, the Propoſition is manifeſt. 


. 


When two cylindrical veſſels have their baſes, heights and orifices 
equal, if one of them be always kept full, it will diſcharge double 


the quantity of fluid diſcharged in the ſame time by the other 
whilſt it empties itſelf. 


For (by Prop. I.) the fluid will continue through the whole time, to run with the 
ſame velocity out of the veſſel that is kept full. But the fluid will run (compare Prop. 
I. and XII.) with an uniformly retarded velocity out of the veſſel which empties itſelf. 
And, ſince both veſſels are full at firſt, the velocity which continues uniform in one 
veſſel, will (by Prop. I.) be the ſame with the firſt velocity in the veſſel in which 
the fluid is uniformly retarded. Therefore the quantity diſcharged out of the former veſſel, 
will be to the quantity diſcharged in an equal time out of the latter, as the ſpace deſeribed 
by a body moving with an uniform velocity, to the ſpace deſcribed by a body which ſets 
cout with the ſame velocity, and is uniformly retarded. But (by Book II. Prop. XXVII. ) 
the ſpace deſcribed by the former will be double of the ſpace deſcribed by the latter. 
Therefore the quantity l 0 out of the former veſſel, will be double of the quantity 
diſcharged out of the latter, ; 


Exp. Let two veſſels be diſcharged together, or the ſame veſſel twice ſucceſlively, 
according to the propoſition, 


R O N. 
A ſtream of any fluid which ſpouts obliquely forms a parabola. 
Each drop in a ſtream of fluid ſpouting obliquely, is a heavy body projected obliquely 


by the force or preſſure which drives it out of the orifice. Therefore (by Book II. Prop. 
LVIII.) every drop of the ſtream, that is the whole ſtream, forms a parabola. 


' Exe. Obſerve the figure formed by a fluid ſpouting obliquely. 


Cor. Hence fluids ſpouting obliquely are ſubje& to the laws of projectiles laid down 
Book II. Ch. VII. Sect. I. 


PROP. 


— — — — — . 
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P R 6 F. XVI. 


When a fluid ſpouts horizontally from an orifice in the ſide of a 
veſſel which is kept full, if the ſide of the veſſel is made the diameter 
of a circle, and a line is drawn perpendicular to the ſide from the 
orifice to the circumference, the diſtance to which the fluid will 
ſpout will be double of this perpendicular. 1 

verecaeck oft 

Let AB be the ſide of the veſſel; C, E, or e, the orifice; ADHB the dane drawn 
on the ſide, ED, CH, de, lines drawn perpendicular to the ſide from the orifice to the 
circumference, The fluid ſpouts at E (by Prop. XIII.) with the velocity which a 


heavy body would acquire in falling from A to E; and this motion, being in an hori- 


zontal direction, can neither be accelerated nor retarded by the force of gravitation, and 


will therefore continue uniform. But beſides this, the fluid ſpouts with the velocity 


which it acquires in falling after it has paſſed the orifice. This velocity, when the 
fluid arrives at GB, is the ſame with that which any other heavy body would have 
acquired in falling through an equal ſpace from E to B. Let this velocity be called 
the deſcending velocity, and that with which the fluid ſpouts at E the horizontal velocity. 
Then, ſince the horizontal velocity is the ſame with that which a body would acquire 
by falling from A to E, and the deſcending velocity when the fluid arrives at the plane 
GB, is the ſame with that which a body would acquire by falling from E to B, and 
ſince (by Book II. Prop. XXVI.) the ſpaces AE, EB, deſcribed by falling bodies are 
as the ſquares of the laſt acquired velocities of bodies falling through them; that is, 
(inverting the terms) the ſquares of theſe laſt acquired velocities, or the ſquares of the 


horizontal and deſcending velocities, are as the lines AE, EB. But in the triangle ADB, 


right-angled (El. VI. 8.) at D, DE is a mean proportional between AE, EB, and the 
ſquare of AE is to the ſquare of ED as AE is to EB. But the ſquare of the horizontal 
velocity is to the ſquare of the laſt deſcending velocity as AE to EB. Therefore the ſquare 
of the horizontal velocity is to the ſquare of the laſt deſcending velecity as the ſquare 
of AE to the ſquare of ED : whence the horizontal velocity is to the laſt deſcending velo- 
city as AE to ED. Now the ſpaces deſcribed in the ſame time, in uniform motions, are 
(Book II. Prop. VI.) as the velocities. Conſequently, if the fluid had begun to fall from 
E with the velocity it has acquired at B, and had fallen uniformly, in the time of deſcent 
the ſpaces deſcribed by the horizontal and deſcending velocities would have been reſpectively 
as thoſe velocities, that is, as AE to ED. Thus while the fluid was deſcending till it 
reached the plane GB, the horizontal velocity would have carried it forward through a 
ſpace equal to ED, or the horizontal diſtance would be ED. But the deſcending velocity 
being at the firſt nothing, and continually increaſing, the time of deſcent (ſee Prop. IX.) 
is twice what it would have been upon the ſuppoſition that it began to deſcend with the 


/ | g laſt 
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laſt acquired velocity, And the horizontal velocity is uniform, and therefore in twice 
the time, or the true time of deſcent, the fluid will be carried horizontally to twice the 
diſtance ED. Conſequently, if BF be made equal to twice DE, whilſt the ſtream is 
deſcending from E to GB it will be carried forwards to the point F. The ſame may be 
proved concerning any other points C, e. 


Exp. Let water ſpout horizontally from an orifice, the diſtance to which it will be 
projected (allowing for the reſiſtance of the air) will agree with the propoſition. 


A 0 b. n 


If a fluid ſpouts horizontally out of orifices in the ſide of a veſſel 
which is kept full, it will ſpout to the greateſt diſtance from the 
orifice which is in the middle of the fide, and to equal diſtances 
from orifices equally diſtant from the middle. 


Let C be the orifice in the middle of the fide, and E, e, equal orifices at equal 


diſtances from C. 


The diſtance to which the fluid will ſpout at C (by Prop. XVI.) is twice CH, and at 


E twice ED. But CH (El. III. 15.) is greater than DE, any line drawn from the 
diameter parallel to the radius: therefore twice CH is greater than twice ED. 

Alſo, ſince the horizontal diſtances to which the fluid will ſpout at E and e, are twice 
ED, or ed; and that ED, ed, being equally diſtant from the center and parallel to the 
radius (El. III. 14.) are equal; the horizontal diſtances from E, e, are equal. 

Hence if, in the plane of the horizon, GB be drawn perpendicular to the ſide AB, and 


GB be double of CH, and FB double of DE, or de, the fluid ontäng from C will fall 


upon G, and from E and e, upon F. 


Exp. Let water ſpout from the middle orifice, and from orifices equally diſtant from 
the middle, the truth of the propoſition will be manifeſt. 


Des. II. A river is a ſtream of water which runs by its own 
weight down the inclined bottom of an open channel. 

Dee. III. A ſection of a river is an imaginary plane, cutting the 
ſtream, which is perpendicular to the bottom. 

Dee. IV. A river is ſaid to flow uniformly when it runs in 
ſuch a manner, that the depth of the water in any one part con- 
tinues always the ſame. 
9 PROP. 
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P-'R'O F. XVIII. 


If a river flows uniformly, the ſame quantity of water paſſes in 
an equal time through every ſection. | | 

Let AB be the reſervoir, BC the bottom of the river, and ZX, Q, ſections of the 
river. Becauſe the river flows uniformly, the ſame quantity of water which paſles through 
JX in a given time muſt paſs through QR in the fame time: otherwiſe the quantity 


of water in the ſpace ZQXR, muſt in that time be increaſed or diminiſhed, and 
conſequently the depth of the water in that ſpace altered ; contrary to the ſuppolition, 


PR S  XIX.- 
The breadth of the channel being given, the water in rivers is 
accelerated in the ſame manner with any body moving down an 
inclined plane. 


For each drop of the water moves down upon the inclined plane of the bottom, or 
upon the inclined plane of the ſheet of water, next below it, parallel to the bottom. 


E R G Xx; 
The breadth of the channel being given, the velocity of each drop 
of water in a river is the ſame that a body would acquire in falling 


from the level of the ſurface of the water in the reſervoir, to the 


place of the drop. 


Let AB be the depth of the reſervoir, AP the level of its ſurface, and BC the bottom 
of the channel. Any drop at E, after it comes out of the reſervoir at K (by Prop. XIX.) 


rolls down the inclined plane KE parallel to the bottom. And this drop, when it comes 


out of the reſervoir AB at K (by Prop. XIII.) has the ſame velocity which a heavy 
body would acquire in falling from A to K : and, in rolling down the inclined plane 
KE, it acquires (by Book II. Prop. XXXIV.) the ſame velocity which any heavy body 
would acquire in falling down GE the perpendicular height of the plane. At E the 
drop will therefore have acquired a velocity equal to that which a body would acquire 
by falling through AK and GE, that is, through MGE, the perpendicular drawn from 
the level of the reſervoir to the place of the drop. 


Cor. 1, Hence the breadth of the channel being given, the velocity of each drop 
of water in a river is as the ſquare root of its diſtance from the level of the ſurface of 


the 
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the reſervoir. For, if E and R be two drops in different parts of the river, and AP the 


level, the velocity of the drop E is the ſame that a body would acquire by falling down 


ME, and that of R the ſame which a body would acquire by falling down HR. There- 
fore (by Book II. Prop. XXVI. Cor. 1.) the velocity of the drop E is to the velocity 
of R, as the ſquare root of ME to the ſquare root of HR. 


Cor. 2. Hence the breadth of the channel being given, the water at the bottom of 


a river will run faſter than the water at the ſurface, 


P R O P. XXI. 
The breadth of the channel being given, the depth of the river 


continually decreaſes as it runs. 


The ſame quantity of water (by Prop. XVIII.) paſſes through each of the ſections 
ZX, QR, in the ſame time. But (by Prop. XX. Cor. 2.) the water runs faſter at the lower 
ſection QR, than at the upper ZX. Therefore the area of the ſection QR muſt be as 
much leſs than the area of the ſection ZX, as the velocity at QR is greater than the 
velocity at ZX. But the breadth of the ſections are by ſuppoſition equal; therefore 


their areas are (El. VI. 1.) as their heights. Conſequently, the heights of the ſection 


QR, ZX, will be inverſely as the velocities at thoſe ſections; that is, the depth of the 
water at QR will be as much leſs than tae depth at ZX, as the velocity at 198 is greater 
than the velocity at ZX. 


P R OP. XIII. 


At a given diſtance from the reſervoir, if the river flows uniformly, 
the velocity of the water will be inverſely as the breadth of the 
channel. 


Becauſe the river flows uniformly, the depth at any given ſection ZX is always the 


ſame: and in any given time, the ſame quantity of water muſt flow through the different 
ſections ZX, QR, as was ſhewn in Prop. XVIII. But a given quantity of water cannot 


flow in a given time through any ſection, unleſs as much as the area is increaſed, 
ſo much the velocity is diminiſhed, and the reverſe; that is, the velocity muſt be in- 
verſcly as the area of the ſection, or the depth being given, as its breadth. 


"Þ n G P xx. 


The depth of a river being given, the preſſure upon any part 
of the bank will be the ſame, whatever is the breadth of the river. 
O 2 The 
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The preſſure upon any given part in the bank (by Prop. I. and III.) will be as the 
diſtance of that part from the ſurface; which remains the ſame whilſt the depth is the 
ſame, whatever be the breadth of the river: therefore the preſſure will remain the ſame. 


PR 0 P. XXIV; 


If the breadth of a river be given, the preſſure on any part of 
the bank will be as the depth of the river. 


For the preſſure on any part of the bank is (by Prop. I. and III.) as the depth of that 
part below the ſurface, which depth will increaſe with the depth of the river. 


P R O P. XXV. 
The preſſure againſt any given ſurface in the bank of a river, 
if that ſurface reaches from the bottom to the top of the ſtream, 


is equal to the weight of a column of water whoſe baſe is the ſurface, 
and whoſe height is half the depth of the ſtream. 


Plate 5. Let Z QX R be a given ſurface in the bank reaching from the bottom BC of the river 
18. 28. to its top AD. The preſſure upon this is (from what was ſhewn in Prop. IX.) half 
the preſſure on an equal ſurface at the bottom XR; which preſſure (by Prop. I. and III.) 
is equal to the weight of a column of water whoſe baſe is the ſurface ZQ, and whoſe 
height is the depth of the ſtream. Therefore the preſſure againſt the ſurface ZQXR is 
equal to the weight of a column whoſe baſe is the ſurface ZQ, and its height half the 
depth of the ſtream. | 


%%% AAEE 


When a ſtream which moves with the ſame velocity in every part 
ſtrikes perpendicularly upon any obſtacle, the force with which 
it ſtrikes is equal to the weight of a column of the ſame fluid, 
whoſe baſe is the obſtacle, and whoſe height is the ſpace through 
which a body muſt fall to acquire the velocity of the ſtream. 
gs Let a ſtream of water flow horizontally out of the eiter e. If this ſtream were to 
ſtrike upon an obſtacle of the ſame breadth every way as the orifice or ſtream, placed 


perpendicular to the horizon, the ſtream muſt ſtrike upon the obſtacle with its whole force. 


But this force is equal to the weight of a column of water whole baſe is e, and height Ae. 
| And 
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And (by Prop. XIII.) Ae is the height from which a body muſt fall to acquire the 
velocity with which the ſtream ſpouts from e. Therefore the force with which this ſtream 
would ſtrike ſuch an obſtacle is equal to the weight of a column of water whoſe baſe is e, 


and height that from which a body muſt fall to acquire the velocity of the ſtream. 


And becauſe no part of the ſtream, however broad, can ſtrike the obſtacle except ſo much 
as is contained within a ſection equal to the ſurface of the obſtacle, no other part of the 
ſtream is to be conſidered in eſtimating this force. It is alſo manifeſt, that if the ſtream 


flow horizontally with the ſame velocity, in any other manner than through an orifice, - 


as in the current of a ſtream, it will ſtrike an obſtacle with the ſame force. 


FN WF. FS 


When the obſtacle is given, the force with which a ſtream ſtrikes 


upon it, will be as the ſquare of the velocity with which the ſtream 


moves. 


If a ſtream ſtrikes upon a given obſtacle, the force will (by Prop. XXV] .) be | equal 


to the weight of a column of water whoſe baſe is the obſtacle, and whoſe height is equal 


to the ſpace through which a body muſt fall to acquire the velocity of the ſtream. Since 
then the baſe is given, the weight will be as the height of ſuch a column. But the ſpaces 
through which bodies fall to acquire different velocities are (by Book II. Prop. XXVI.) 
as the ſquares of thoſe velocities. Therefore the height of this column, and its weight, 
and conſequently the force of the ſtream, which is equal to this weight, will be as the 
ſquare of the velocity with which the ſtream moves, 


CHAP. 
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CH A Þ. ML 


Of the RESISTANCE of Fluids. 


PR QO- F. . ATM. 


If a ſpherical body is moving 1 in a given fluid, the reſiſtance which 
ariſes from the re- action of the particles of the fluid is as the ſquare 
of the velocity with WHICH the body moves. 


A ſpherical body moving in a given fluid, the number of particles which it will meet 
with in a given time will be as its velocity ; for the ſpace through which it will paſs 
will be as its velocity, and the number of particles it will meet with will be as the ſpace 
through which it paſſes. But the re- action of the particles of the fluid, and conſequently 
the reſiſtance, is as the number of particles or quantity of matter by which the reſiſtance 
is made. Again, if a given quantity of matter is to be moved, the moving force is 
(by Book II. Prop. IX.) as the velocity communicated ; and the reſiſtance of that given 
quantity of matter is as the moving force. Therefore the reſiſtance ariſing from re- action 
in a given number of particles of fluid 1s as the reſpective velocities with which they 
are moved; that is, as the velocities with which the bodies which paſs through the fluid 
move. The reſiſtance of the fluid being then as the velocity on a double account, 


| firſt, becauſe the number of particles moved are as the velocity of the moving body, 


and ſecondly, becauſe the reſiſtance of a given number of particles is as the velocity of 
the moving body ; the reſiſtance will be in the duplicate ratio, or as the ſquare of this 
velocity. | 


P20: -Þ. XXX; 


When a ſpherical body moves with a given velocity in any fluid, 
the reſiſtance of the fluid ariſing from its re-action, will be as the 


ſquares of the diameter of the ſpherical body. 


A ſpherical body, in moving through a fluid, diſplaces a cylindrical column of that 
fluid, the height of which is the ſpace which the ſphere deſcribes, and its baſe a great 
circle of the ſpherical body. Becauſe the velocity is given, the ſpace deſcribed in a given 
time, that 1s, the length of the column is given : whence, the quantity of fluid in the 

column, 
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column, that is, the column will be as its baſe, a great circle of the ſphere. And the 
reſiſtance which the column of fluid makes by re- action to the motion of the ſphere will 
be as its quantity of matter : it will therefore be as the baſe of the column, or as the 
great circle of the ſphere, or (El. XII. 2.) as the ſquare of its diameter. 


P-R 0 -P.--- TEK; 


If two unequal homogeneous ſpheres are moving in the ſame fluid 
with equal velocities, the greater ſphere will be leſs reſiſted in pro- 
portion to its weight, than the leſſer ſphere. 


diameters : but their reſiſtances (Prop. XXIX.) are as the ſquares of their diameters : and 
the cubes of any numbers have a greater ratio to each other than their ſquares. Therefore 
the ratio of the weights of ſpherical bodies is greater than that of their reſiſtances in a 


more than the reſiſtance of a given fluid againſt the former exceeds the reſiſtance againſt 
the latter, provided the ſpheres are moving with equal velocities, 


but unable to ſupport them when they are collected into larger drops. 


FE R A P.-- WI. 


The reſiſtance of a fluid arifing from its re-aCtion, is as the ſide 
of the body perpendicularly oppoſed to it. 


he reſiſtance is as the column, or quantity of fluid removed in a given time, which, 
as was ſhewn Prop. XXIX. is as the baſe of the column, that is, as the fide of the 
body perpendicularly oppoſed to it. | 


"DR OF, -  XXXU: 


When equal ſpheres move with the ſame velocity in different 
fluids, the refiſtances will be as the denſities of the fluids, 


The reſiſtances ariſing from re- action are as the momenta communicated to the fluid 
in a given time, that is, ſince the ſpheres move with equal velocities, as the quantitics of 
matter moved. But, becauſe the ſpheres are equal, the baſes of the columns to which 
they communicate motion, are equal; and becauſe the ſpheres move with equal velocity, 

the 


The weights of ſpheres, or their ſolid contents, are (El. XII. 18.) as the cubes of their 


given fluid: that is, the weight of the greater ſphere exceeds the weight of the leſſer, 


Scyor. Hence the reſiſtance of the air may be able to ſupport ſmall particles of Auid, 
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the length of the columns to which they communicate motion are equal, Hence 
the columns to which motion is communicated, having their baſes and heights equal, 


are of equal magnitude: and conſequently, their quantities of matter are as their denſities. 


But it has been ſhewn that their momenta and reſiſtances are as their quantities of matter : 
therefore their reſiſtances are as their denſities. 


Scholl. Hence drops of water may be ſuſtained in the lower parts of the atmoſphere, 
which cannot be ſuſtained in the higher. 


P R O P. XXXIII. 


The retardation of bodies in a reſiſting fluid, where the — of 
the bodies are given, is as the reſiſtance of the fluid. 


The more a body is reſiſted by any fluid in which it moves, the greater portion of its 
momentum is deſtroyed ; but, becauſe the weight of the body is given, its momentum is 


as its velocity: therefore the greater the reſiſtance of the fluid, the greater portion of its 


velocity 1s deftroyed, that 1 is, the more it is retarded, 


P R O P. XXXIV. 
When the reſiſtance is given, the retardation is inverſely as the 
weights. 


The ſame reſiſtance will deſtroy an equal portion of momentum whatever is the 
weight of the moving body. But when the momentum is the ſame, the velocity is (by 
Book II. Prop. XII.) inverſely as the quantity of matter. Therefore the velocity 
deſtroyed, on the retardation, will be inverſely as the quantity of matter in the body in 


which the momentum is deſtroyed: and the weight 1 is as the quantity of matter : there- 
fore ie retardation is enn as the weight. 


5 R O F. . . 
The retardation of ſpherical bodies moving with equal velocities 


in the ſame fluid, is inverſely as their diameters. 


The reſiſtance which ſpherical bodies meet with in a given fluid is (by Prop. XXIX.) 


as the ſquare of their diameter. The retardation, when the weight is given, is (by Prop. 


XXXIII.) as the reſiſtance: and when the reſiſtance is given, the retardation (by 
Prop. 


Cuae. III. OF THE RESISTANCE OF FLUIDS, 


Prop. XXXV.) is inverſely as the weight, that is, (El. XII. 18.) inverſely as the cubes of 


the diameter. Now, when unequal ſpheres move with the ſame velocity in the ſame fluid, 
the retardations will be unequal, both becauſe the reſiſtances are unequal, and becauſe 
the weights are unequal, The retardations will therefore be directly as the ſquares of 


the diameters, and inverſely as the cubes of the diameters: that is (compounding theſe 
ratios) inverſely as the diametcrs, 


FN. 0 "PF; - NAAYL 


When a body moves in an imperfe& fluid which has tenacity, 
or the parts of which cohere, the reſiſtance of any given portion of 
the fluid from this cauſe, is inverſely as the velocity of the body : the 
reſiſtance, when the velocity is given, is as the quantity of fluid 
through which the body paſſes: and the reſiſtance is always as the 
time during which the body moves in the fluid. 


Caſe 1. Suppoſe ſuch an imperfe& fluid, as ſoft clay, divided into thin plates; each 


plate having a certain portion of tenacity will continue to reſiſt the body during the whole 
time in which 1t 1s paſſing through it: the reſiſtance therefore will be the leſs, the 
ſhorter time the body takes in paſſing through it, that is the greater velocity the body 
moves with. And this is true concerning every plate which compoſes the fluid. Therefore 


the reſiſtance ariſing from tenacity in a given quantity of fluid, is inverſely as the velocity 


of the body which paſſes through it. 

Caſe 2. Again, the velocity of the body being given, the reſiſtance which the body 
meets with, from what has been ſaid, is alſo given, and will be as the number of plates 
or quantity of the fluid. 

Caſe 3. Laſtly, when a body 1 moves for a given time, the reſiſtance (by the ſecond caſe) 
is as the number of plates, that is, as the ſpace through which it paſſes in a given time, 
that is, (by Book II. Prop. VI.) as the velocity directly. And (by the firſt caſe) the 
reſiſtance is, on account of the tenacity, inverſely as the velocity. Therefore as much 
as the reſiſtance is increaſed on account of the velocity in one reſpect, ſo much it is 


diminiſhed on account of the velocity in another; and conſequently, whatever be the 
velocity of a body in ſuch a fluid, the reſiſtance which it meets with in a given time 


will be the ſame: whence this reſiſtance will be as the time in which the body moves 
in the fluid, | 


5 CHAP. 
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C0 
Of the Specific Gravities of Bodies. 


Dee. V. The denſity of a body, is its quantity of matter when 
the bulk is given. 


Dr. VI. The ſpecific gravity of a body, is its weight compared 
with that of another body of the ſame magnitude. 


Cor. 1. The ſpecific gravity of a body is as its denſity. For the ſpecific gravity of 
a body is the weight of a given magnitude, and the weight of a body (by Book II. Prop. 
XXIV. Cor.) is as its quantity of matter; therefore the ſpecihc gravity of a body is as 
the quantity of matter contained in a given magnitude, that is, as its denſity. 
| Cor. 2. The ſpecific gravities of bodies are inverſely as their magnitudes when their 
weights are equal, For by the laſt Cor. the ſpecific gravities of bodies are as their 
denſities, and their denſities (from Def. I.) are inverſely as their magnitudes when their 
weights are equal. Therefore the ſpecific gravities are alſo inverſely as their magniruges 
when their weights are equal. 


R OFT. n 
A fluid ſpecifically ONE than another fluid will float upon its 


ſurface. | 
For (by Book I. pes XXIV. ) the 1ighter fluid will be leſs powerfully acted upon 


by the force of gravitation than the heavier; whence, the heavier will take the lower 
place, 


Exp, 1. Let a ſmall and open veſſel of wine be placed within a large veſſel of water; 
the wine will aſcend. 


2. Let mercury, water, wine, oil, ſpirits of wine, be put into a phial in the order 
of their ſpecifie gravities; they will remain ſeparate. 


P R O P. XXXVIIL 
The heights to which fluids, which preſs freely upon each other, 


will riſe, are inverſely as their ſpecific gravities. 
| | For 


— —— —eſᷣ A nn 
. 1 . ⁵˙ͤ w . ⁵—!4—— ue uns. 


Cray. VL. OF SPECIFIC GRAVITIES. 


Since (by Prop. VI.) the oppoſite parts of an homogeneous maſs of fluid, in a curved 
tube or channel, preſs equally againſt each other when they riſe to the ſame height ; 
in order to preſerve the preſſure equal when the fluids on each fide are different, that 


which has the leaſt ſpecific gravity, muſt proportionally riſe above the level to pre- 


ſerve the balance; and the reverſe, 


Exp. Into the longer arm of a recuryed tube, of equal bore throughout, and open 


at each end, pour ſuch a quantity of mercury, that it ſhall riſe in each arm about half 
an inch; then pour water into the longer arm till the mercury is raiſed one inch above 


its former height; the ſpecific gravities of theſe fluids will be inverſely as the heights 
to which they riſe, 


P RK G F. XXxIX. 


The force with which a body lighter than any fluid endeavours 


to aſcend in that fluid, is as the exceſs of the ſpecific gravity of 
the fluid above the ſolid. 


Since ABCD, the fluid in a veſſel, will be at reſt (Prop. III.) when every part 


of an imaginary plane SQ, under the ſurface of the floating body pte:, ſuſtains an equal 


_ preſſure; if the ſolid body be of equal ſpecific gravity with the fluid, that is, weighs 


as much as a quantity of the fluid equal to it in bulk, and whoſe place it takes up, 


this imaginary plane being equally preſſed by the ſolid, as if the ſame ſpace were filled 


with fluid, the fluid will be at reſt, and the ſolid will neither aſcend nor deſcend. Con- 
ſequently, if the body be ſpecifically heavier than the fluid, that part of the plane which 
is directly under the ſolid being ſo much more preſſed than the other equal parts of the 
ſame plane as the ſolid body is ſpecifically heavier than the fluid, the body muſt deſcend 


with a force equal to that exceſs; and, on the contrary, if the body be ſpecifically 


lighter than the fluid, that part of the plane which is directly under the ſolid being fo 
much leſs preſſed than the other equal parts of the ſame plane, as the body is ſpecifically 


lighter than the fluid, it muſt be buoyed up with a force equivalent to the difference 
of their ſpecihc gravities. 


Exp. From a hollow cube of tin, let a cord faſtened to one of its ſides paſs over a 
pulley fixed upon a perpendicular ſtem at the bottom of a veſſel, and be connected with 
one arm of a balance: water being poured into the veſſel, the cube will float on the 
| ſurface; then add weights to the other arm of the balance, till the cube is entirely im- 
merſed : theſe weights will meaſure the force with which the cube endeavouts to aſcend, 
If the ſame be done with any other cube of the ſame bulk, and the ſpecific gravities of 
the cubes be eſtimated, their forces will be found to be as the exceſſes of the ſpecific 
gravity of the fluid above the ſpecific gravities of the ſolids, 


P 2 PRO P. 


Plate 8. | 
Fig, 10. 


| Fig, 18. 
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5 
Any fluid preſſes equally againſt the ä ſides of a ſolid body 


immerſed in it. 


plate 1. The oppoſite ſides of the ſolid are at the ſame depth; and Auids at the ſame depth preſs 
equally. Thus the oppoſite ſides RM, SN, of any body immerſed in a vellel of water 
ABC, are preſſed equally by the ſurrounding fluid. 


Cor, No motion of the ſolid will be produced by theſe oppoſite lateral preſſures. 


P R OP. XII. 


A body immerſed in a fluid is preſſed more upwards than it is 
downwards, and the difference of theſe two preſſures is equal to the 
weight of as much of the fluid as would fill the ſpace which the 
body fills. 


Plate 8. The body MRNS being immerſed in the veſſel of water ABCD, its lower part MN 
Fig. 18. muſt be preſſed upwards juſt as much as the water itſelf at the ſame depth MN T would 
be if no ſolid were immerſed, Now the water at any depth (by Prop. III.) is preſſed 
as much upwards as it is preſſed downwards. And at the depth MNT, the portion of 

this ſtratum MN, would, if the folid were away, be preſſed downwards by a force equal to 

the weight of the incumbent column of water EMNH. Therefore the force with which 

MN, that is, the lower part of the ſolid, is preſſed upwards, is equal to the weight of as 

much water as would fill the whole ſpace EHMN, But the ſolid body RSMN is preſſed 
downwards by the weight of the column above it EHRS. Therefore the difference 
between the two preſſures, is the difference of the weights of the two columns of water 
EHMN, and EHRS: that is, the upward preſſure upon the ſolid body RSVN exceeds 

the downward preſſure, by a force equal to the weight of as much water as would fill 


the ſpace RSMN, taken up by the folid body, The caſe will be the ſame ed 7 ks 
figure of the body immerſed. 8 88 


CC 


A body ammerſed in a fluid, if it is ſpecifically heavier than the 
fluid, will fink. 


Plate g. If the body RSMN is ſpecifically heavier than the fluid, it weighs more than a quantity 
Fig. 18. of the fluid of the ſame bulk with it. Hence the column EHMN, conſiſting of the column 
of fluid EHRS and the folid body RSMN, is heavier than the ſame column would be if it 


conſiſted 
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conſiſted wholly of water. But the upward preſſure againſt MN is (by Prop. III.) equal to 
the downward preſſure of the column of water EHMN, and therefore only ſufficient to 
ſupport the weight of that column, It cannot then ſupport the weight of the heavier 
column, conſiſting of a fluid and a ſolid, EHMN; and that part of this column which 
is ſpecifically heavier than the fluid, that is, the ſolid, will fink, with a force equal to 


the difference of the weights of the column of fluid EHMN, and the mixed amn 
EHRS, RSMN. 


P-R 0 B Min 


A body ſpecifically lighter than the fluid in which it is immerſed, 
will riſe to the ſurface and ſwim. 


If the ſolid RS MN be a body ſpecifically lighter than water, the column EHMN will 
weigh leſs as it conſiſts of the column of water £HRS and the folid RSMN, than if 
it confilied entirely of water. Conſequently, the upward preſſure upon MN, which is 


_ equal to the weight of the column of water EHMN, will be equal to more weight than 


that of the mixed column EHRS, RSMN : and:therefore the lighter part of this column, 
that is, the ſolid body, will be carried upwards with a force equal to the difference of the 
weights of the column of fluid EHMN, and the mixed column EHRS, RSMN. 


R O P. MIN. 
A body which has the fame ſpecific gravity with the fluid in which 


it is immerſed, will remain ſuſpended in any part of the fluid. 


The body RMNS being of the ſame ſpecific gravity with the fluid, the column EHMN 
preſſes downwards with the ſame force, whilſt this body makes a part of it, as if the 


column conſiſted wholly of water, that is, with a force equal to the upward preſſure 
againſt MN. Therefore the body RSMN, having its lower ſurface MN, and in like 


manner all its parts, preſſed by equal forces in oppoſite directions, will remain at reſt, 


Exp, Let ſmall glaſs images made hollow, and of ſpeeific gravity ſomewhat leſs than 
water, having a ſmall orifice to receive water, ſwim in a large glaſs veſſel nearly filled 


with water and covered over cloſely with a piece of bladder: by preſſing the bladder with 


the hand, the air on the ſurface is compreſſed ; this preſſure is communicated to the air in 
the images, which conſequently receive a larger portion of water, and become in ſpecific 
gravity as heavy as the water, or heavier, and either float in the water, or ſink, 


PROP. 


Plate 5. 
Fig. 18. 


plate "A 


Fig. 18. 
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Plate 5. 
Fig. 18, 


Plate 5. 
Fig. 19, 
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Pp R OP. XIV. 


A body ſpecifically heavier than the fluid in which it is immerſed, 
may be ſupported in it by the upward preſſure, if the preſſure down- 
ward be taken away: and a body ſpecifically lighter than the fluid 
in which it is immerſed, will not rife in the fluid, if the upward 
preſſure be taken away. 


For, in the firſt caſe, the preſſure which the ſolid RS MN ſuſtains from the weight of the 
fluid being removed, the ſolid may preſs downwards with a force equal to, or leſs than, 
that of the column of fluid EHMN, that is, than that with which it is preſſed upwards, 


according to the degree of depth in the fluid at which the ſolid is placed. 


In the ſecond caſe, as the upward preſſure againſt MN is diminiſhed, the downward 
preſſure of the mixed column EHMN becomes equal to, or greater than, the upward 
preſſure, and the ſolid will either float in the fluid, or fink. 


Exp. For the firſt part of the propoſition ſee Prop. III. Exp. 2 and 5. The ſecond 
part may be thus confirmed. If a plane and ſmooth piece of hard wood, or of cork, be 
cloſely preſſed down by the hand upon the plane and ſmooth bottom of any veſſel, whilſt 
mercury is pouring into the veſſel ; upon removing the preſſure of the hand, the down- 
ward preſſure of the mercury will prevent the wood from riſing. 


„ 0 FP, LVL 
If a body floats on the ſurface of a fluid ſpecifically heavier than 


itſelf, it will ſink into the fluid till it has diſplaced a portion of fluid 
equal in weight to the ſolid. 


Let ptei be a body, floating on a liquor ſpecifically heavier than itſelf, it will fink 
into it, till the immerſed part, nei, takes up the place of ſo much fluid as is equal to 
it in weight. For, in that caſe, ei, that part of the ſurface of the ſtratum upon which 
the body reſts, is preſſed with the ſame degree of force, as it would be, was the ſpace rnei 
full of the fluid; that is, all the parts of that ſtratum are preſſed alike, and therefore the 
body, after having ſunk ſo far into the fluid, is in equilibrio with it, and will remain at 


reſt, 


Exp. 1. Place a cube of wood on a ſmall jar, exactly filled with water; a part of its 
bulk will be immerſed, and will diſplace a quantity of the water : take the cube out of the 


Water, and put it into a ſcale, with which an empty veſſel in the other ſcale ſtands balanced; 


then 
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then pour water into that veſſel till the equilibrium is reſtored ; that portion of water 
will fill up the jar in which the cube was placed, | 
2. Let a glaſs jar, with a weight ſufficient to make it fink in water to about two-thirds 
of its length, be placed firſt in a large veſſel of water, and afterwards in one which is very 
little wider than the jar, and which has in it a ſmall quantity of water ; the jar will ſink 
to the ſame depth in both veſſels, that is, till ſo much of the veſſel is under water as is 
equal in bulk to a quantity of the fluid whoſe weight is equal to that of the whole veſſel, 


Cor. Hence ariſes a rule for eſtimating the ſpecific gravities of fluids or ſolids. For, 
ſince (by this Prop.) the weights of the water diſplaced and of the ſolid are equal, their 
ſpecific gravities are inverſely as their magnitudes ; that is, the magnitude of the water diſ- 
placed is to that of the ſolid, as the ſpecific gravity of the ſolid is to the ſpecific gravity of 
the fluid: or (ſince the part immerſed is equal in magnitude to the fluid diſplaced) the part 
immerſed is to the whole, as the ſpecific gravity of the ſolid to the ſpecific gravity of the 
fluid. Conſequently, the greater portion of any given ſolid is immerſed in any fluid, the leſs 
is the ſpecific gravity of the fluid: and with reſpect to ſolids, inverting the propoſition, 
as the whole is to the part immerſed, ſo is the ſpecific gravity of the fluid to that of the 
ſolid : whence, the greater portion of any folid is immerſed in a given fluid, the greater 
is its ſpecific gravity. 


Exe. 1. Let an hydrometer (or bulb, with a graduated ſtem, ſpecifically lighter than 
any of the fluids to be meaſured) be immerſed in different fluids : the deeper it ſinks, 
che leſs is the ſpeeific gravity of the fluid. 


2. Let two cylinders of wood, equal in length and diameter, one of oak, and the 
other of fir, be immerſed in narrow tall jars of water ; their different ſpecific gravities will 


be ſcen from the different depths to which they ſink. 


ü R O pP. Mun 


A ſolid weighs leſs when immerſed in a fluid than in open air, 
by the weight of a quantity of the fluid equal in bulk to the ſolid. 


If the body immerſed were of the ſame ſpecific gravity with the fluid (by Prop. XLIV.) 
it would be ſupported in the fluid by the upward preſſure. The fluid therefore ſuſtains 
ſo much of the gravity of the body, or takes away ſo much of its weight, as is equal to 
the weight of that quantity of fluid which would fill the place taken up by the body. 

Or thus; A body endeavours to deſcend by its whole weight; but (as was ſhewn 
Prop. XLI.) when it is immerſed in a fluid, it is ſupported by a force equal to the 
weight of an equal bulk of that fluid. And ſince theſe two forces act in contrary direc- 
tions, the weight which the body retains in the fluid will be the difference between them; 

that 


III 


I12 


that is, it weighs as much Jeſs in the fluid as in the air, as the weight of a quantity of 
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the fluid equal in bulk to the ſolid, 


Exp. Having provided a ſolid cylinder of lead which exactly fills a hollow cylinder 
of braſs, place in one ſcale the hollow cylinder; under the ſame ſcale ſuſpend by a ſtring 
the ſolid cylinder, and balance the whole by weights; then immerſe the ſolid cylinder 
in water, and the equilibrium will be reſtored by filling up the hollow cylinder. 


Cor. 1, Hence the ſpecihc gravities of different fluids may be compared, by obſerving 
how much the ſame ſolid (ſpecifically heavier than the fluids) loſes of its weight in each 
fluid; that fluid having the greateſt ſpecific gravity in which it loſes moſt of its weight. 


Exp. Let a cubic inch of wood, made ſufficiently heavy to ſink in water, be immerſed 
ſucceſlively in different fluids; it will diſplace a cubic inch of the fluid in which it is 
immerſed ; and ſince the cube (by Prop. XLVIII.) weighs leſs in the fluid, by the 
weight of a quantity of the fluid equal in bulk to the cube, its loſs of weight will be 
the weight of a cubic inch of the fluid. 


Cor. 2. The weights which bodies 106 in any fluid are proportional to their bulks, 


Exp. 1, Two balls of equal bulk, one of ivory, the other of lead, will loſe equal weight 
in water. 


2. A piece of copper and a piece of gold being of equal weight! in air, the gold out- 
weighs the CONT in water. 


Cor. 3. If it be known what a cubic inch of any body loſes in water, the ſolid con- 
tents of any irregular maſs of the ſame kind may be known, by obſerving how much 


more or leſs it loſes, than a cubic inch would loſe, 


Exp. Weigh a cubic inch and any irregular piece of wood of the fame kind, and 
obſerve the difference of their weights. 


Cor. 4. The weight of a ſolid body of the fame ſpecific gravity with the fluid, or of 
a portion of the fluid itſelf, ſuſpended in the fluid, is not perceived, becauſe this weight is 


ſupported, and not becauſe the gravity of the body is loſt or deſtroyed, 


PART 


— 


B O O K III. PA 2 
Oz PNEUMATIC S. 


CHAP.--L 
Of the WEIGHT and PRESSURE of the AIR. 


Dry. The Air, or Armoſphere, is that fluid which encompalics 
the earth. 


PR O . . 
The air has weight. 


This appears from experiment. 


Exp. 1. The air being exhauſted, by an air-pump, from a glaſs receiver, the veſſel 


will be held faſt by the preſſure of the external air. 

2. If a ſmall receiver be placed under a larger, and both be exhauſted, the larger will 
be held faſt, whilſt the ſmaller will be eaſily moved. 

3. If the hand be placed upon a ſmall open veſſel, in ſuch manner as s to cloſe its upper 
orifice, it will be held down with great force. 

4. The upper orifice of an open receiver being cloſely covered with a piece of bladder, 
upon exhauſting the receiver, the bladder will burſt. 

5. In the ſame ſituation a thin plate of glaſs will be broken. 

6. Let a glaſs bulb, having a long neck, be put, with the neck downwards, into a 
veſſel of water; put the whole under a receiver, and exhauſt the air: on re- admitting the 
air, its preſſure upon the ſurface of the water in the veſſel will cauſe the water to riſe 
in the bulb. 

7. Pour mercury into a wooden cup, cloſely placed upon the upper orifice of an open 
receiver: when the air beneath is exhauſted, the preſſure of the external air will force 
the mercury through the wood, and it will deſcend in a ſhower. 

8. On a transferrer let the air be exhauſted from a long receiver; then let water be 
admitted through a pipe, by means of a cock; the water will riſe in a jet dear. 

Q 9. Con- 
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9. Condenſe the air within a globular veſſel, having a hin neck, by blowing through 
the neck, the preſſure of the air within the veſſel will force out the water. 

10. The glaſs bulb and veſſel (as in Exp. 6.) being placed within a condenſing re- 
ceiver; on increaſing the quantity of air in the receiver, the fluid will riſe into the bulb. 

11. The quickſilver in the guage of the condenſer will, by the increafing preſſure of 
the air, be forced upwards in the tube. | 

12. Any quantity of air may be transferred from one veſſel to another. 

13. A thin glaſs veſſel, of a cubical form and cloſed up, may be broken in a condenſer, 

14. Fill a glaſs tube, about 3 feet long and cloſed at one end, with mercury ; then 
inſert the open end in a veſſel of mercury; the mercury will remain ſuſpended in the tube, 


by the preſſure of the external air upon thæ, ſurface of the mercury in the veſſel : when 


this preſſure is removed, by placing the tube and veſſe] under a receiver and exhauſting 
the air, the mercury will fink in the tube, and on re-admitting the air, will riſe. 

15. If the ſame immerſed tube be ſuſpended from the beam of a balance, the weight 
neceſſary to counterpoiſe it, excluſive of the weight of the tube, is equal to that of the 
mercury ſuſtained in the barometer by the preſſure of the atmoſphere : for, the weight 
of the column of air incumbent upon the tube not being counterbalanced by the contrary 
preſſure from below, which is employed in Leaning up the mercury within the tube, 
muſt preſs upon the beam, 

16. Let a barometer tube, inſtead of being hermetically ſealed at the top, be cloſely 
covered with a piece of bladder; the mercury will riſe to the ſame height as in a common 
barometer; and on piercing the bladder with a needle, to admit the air, it will fall. | 

ScHOL. Hence the preſſure of the atmoſphere on or near the ſurface of the earth 
is known: the weight of any column of air being equal to the weight of the column of 
mercury, of the ſame diameter, ſupported in the barometer. And, fince the height of 
this column varies with the weight of the atmoſphere, the.. varieties in the weight of 
the atmoſphere are known by the barometer. | 

18, Let the air be exhauſted from a glaſs veſſel, and by means of a cock let the 
veſſel be kept exhauſted ; weigh the veſſel whilſt it is exhauſted, and when the air is re- 
wann itten; the difference is the weight of ſo much air as the veſſel contains. 


FR Of. Mn. 
The air preſſes equally in all directions. 


| ExP. 1, Let a bladder, filled with air, be placed within a condenſing receiver, the 
condenſed air will make the bladder flaccid. : 

2. In a tall phial let an orifice be made about 3 inches above the bottom; ſtop this 
orifice; through a cork in the neck of the phial inſert a long tube open at each end; and 
let its lower end be below the orifice in the fide of the phial. The mouth of the phial 
being cloſed up about the tube, pour water into the tube till it is full, Upon opening 

| | the 
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the orifice, the water will be diſcharged till its ſurface in the tube is level with the 
orifice; after which it will ceaſe to flow, becauſe the external lateral preſſure of the air 
balances the perpendicular preſſure upon the water in the tube. 

3. If a glaſs veſſel be filled with water, and covered with a looſe piece of paper, on 
inverting the glaſs, the water will be kept from falling by the upward preſſure of the air. 

4. If a veſſel be perforated in ſmall holes at the bottom, but cloſed at the top, 
the upward preſſure of the air will keep the water within the veſſel; as will appear by 
ſucceſſively ſtopping and unſtopping a ſmall hole in the top of the . 

5. Two braſs hemiſpherical cups put cloſe together, when me air between en is 
exhauſted, will be preſſed together with conſiderable force. 


6. A ſyringe being faſtened to a plate oß lead, and the piſton of the ſyringe being 


drawn upwards with one hand, whilſt the lead is held in the other, the air, by its upward 
preſſure, will drive back the ſyringe upon the piſton : whereas, if the loaded ſyringe be 
hung 1 in a receiver, and the air be exhauſted, the ſyringe and 11 will deſcend; but upon 
re- admitting the air, they will again vs driven upwards. | 


P RX OH L 
The preſſure of the atmoſphere varies at different altitudes. 


Exp. Put a glaſs tube, open at both ends, through a cork into a large phial containing 
a ſmall quantity of coloured water; let the lower end of the tube be in the water; and let 
the cork and tube be cloſely cemented to the neck of the bottle. Then, blow through the 
tube, till the quantity of air within the phial is ſo increaſed, that the water will riſe above 
the neck of the phial. Let this phial be placed in a veſſel of ſand, to keep the air within 
of the ſame temperature; the water will ſtand at different heights in the tube, according 


to the elevation of the place where it is placed: from whence it appears, that the preſſure 


of the r varies at different altitudes. 


pt Hence the proportion of the ſpecific gravity of air to that of water may be 
determined. If the difference in height of the two places where the above experiment 
is made be 54 feet, and that difference cauſe a difference of 3. of an inch in the height of 
the water; it follows, that a column of water of + of an inch or 2g of a foot, is equi- 
ponderant to a column of air of 54 feet having the ſame baſe : therefore the gravity of air 
to that of water, is as 54 to 47, or 864 to 1, In aſcending the mountain of Snowden 


in Wales, which 1s 3720 feet perpendicular height, it was found that the barometer 
ſunk 3 inches and . 


Q PROP. 


115 


Fig. 16, 


OF PNEUMATICS. Book UI. PazTH. 
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The force with which the wind ſtrikes upon the ſail of a ſhip, 
the velocity of the air and the dimenſion of the ſail being given, 
will be as the ſquare of the coſine of the angle of incidence. 


Let AD repreſent the ſail of a ſhip, with its edge towards the eye; and let a circle 
be drawn upon the center K; whence K will be the middle of the fail, and AD its length. 
If the wind blows perpendicularly againſt the fail, all the air included within the ſpace 
FADG will ftrike upon it. But if the fail is inclined in the poſition BE, all the air, 
which ſtrikes upon it, is included within the ſpace HBEI. 

If it were poſlible that the ſail ſhould be ſtruck with the fame quantity of air in the 
perpendicular poſition AD as in the oblique poſition BE, yet the quantity of the oblique 


ſtroke would be to the quantity of the direct ftroke (by Book II. Prop. XIX.) as the 


coſine of incidence to the radius, that is, fince (ſuppoſing LK drawn parallel to BH, 


the direction of the wind, and BC perpendicular to KL) BKL is the complement of the 
angle of incidence LKE, and BL its coſine, as BL to AK. 


Again, if it were poſſible that the oblique ſtroke of the wind upon the ſail BE ſhould 


be equal to the direct ſtroke upon AD; yet, the column of air which ſtrikes upon the 


{ail directly, having AD for its baſe, nnd the column which ſtrikes obliquely, having 
BC for its baſe, the quantity of air which ſtrikes obliquely, is to that which ſtrikes directly, 


as BC to AD, that is, as BL to AK; but the velocities in either caſe are ſuppoſed to be 


the ſame: therefore the momenta, or forces with which the ſails are ſtruck will be as the 


quantities of matter, that is, as BL, the coſine of incidence to AK the radius. 


Thus, the force with which the wind ſtrikes the fail BE obliquely, is to the force 
with which it ſtrikes an equal fail AD directly, as BL to AK on two accounts; firſt, 


becauſe an oblique ſtroke is to a direct ſtroke in this ratio; and ſecondly, becauſe the 


quantity of air which ftrikes the oblique fail is to that which ſtrikes the direct one in the 
ſame ratio. Conſequently, upon both accounts together, the oblique force is to the direct 
one as BLxBL to AK x AK, or as the ſquare of BL the coſine of incidence to the 
ſquare of AK the radius. But, the length of the ſail, or AD being given, AK the radius 


is a given quantity, Therefore the force of the wind in different obliquities of the fail, 
will be as BL the ſquare of the coline of incidence. 
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Ee HA T . 
Of the ELASTICITY of the AIR. 
Pp R O P. Ll. 


The air is an elaſtic fluid, or capable of compreſſion and expanſion. 


Exp. 1. A blown bladder, preſſed with the hand, will return into the form which it 
had before the preſſure. 


2. A flaccid bladder, put under a receiver, when the external air is exhauſted, becomes 


extended by the elaſticity of the internal air. 

3. A bladder ſuſpended within the receiver, with a ſmall weight hanging from it 
which touches the bottom, when the external air is exhauſted, by the expanſion of the 
internal air, will raiſe the weight. 


4. The bladder being put into a box, and a weight laid upon the lid, the weight, on 


exhauſting the air, will be lifted up. 
+ 4. * I tube, cloſed at one end, be inſerted at its open end in a veſſel of water, the 
fluid in the tube will not riſe to the level of the water in the veſſel, being reſiſted by the 
elaſtic force of the air within the tube. On this principle the diving bell is formed. 

6. If a bladder be incloſed in a glaſs veſſel ſo cloſely that the air in the veſſel without 


the uv'adder cannot eſcape, but the air within the bladder communicates with the external 


air through the neck of the veſſel ; the external air being exhauſted, the bladder will be 


_ cloſely preſſed by the air in the veſſe] ; and when the air is re-admitted, the bladder will be 


diſtended. 


7. A ſhrivelled apple, under an exhauſted receiver, will have its coat diſtended by the 


internal air. 


8. In the ſame 8 the air contained in a freſh egg will expel its contents from 
an orifice made in its ſmaller end. 


9. On green vegetables, and other ſubſtances, placed in a veſſel of water under a receiver, 


whilſt the air is exhauſting, bubbles will be raiſed by the expanſion of the internal air. 
10. Beer, a little warmed, will, from the ſame cauſe, whilſt the internal air is exhauſt- 
ing, have the appearance of boiling. 
11. Let a cylindrical piece of wood (made juſt Feet heavier than water by 
faſtening to it a ſmal] plate of lead) be placed in a veſſel of water under a receiver: upon 


exhauſting 
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exhauſting the air the wood will ſwim ; ſome particles of air efcaping from the wood, 
and hereby diminiſhing its ſpecihc gravity. | 
12. The bulb inſerted in a veſſel of water (as in Prop. XLVIII. Exp. 6.) being 

nearly filled with water by exhauſting the air, on its re-admiſſion, the air within the 
bulb, by its elaſticity, will expel the water from the bulb, 

| 13. Place a double transferrer upon the air-pump, with two receivers; exhauſt one 
receiver; then open the pipe between the two receivers; and the air in the unexhauſted 
receiver will, by its claſticity, be in part driven into the exhauſted receiver; and both 
receivers will have equal portions of air; but this air will be rarer in both than the 
external air; whence both the receivers will be held faſt by the external preſſure. 


R 0 F. II. 


The elaſtic ſpring of the air is equivalent to the force which com- 
preſſes it. 


If the ſpring with which the air endeavours to expand itſelf when it is compreſſed were 
leſs than the compreſſing force, it would yield til] farther to that force; if it were greater, 
it would not have yielded ſo far. Therefore, when any force has compreſſed the air ſo 


that it remains at reſt, the ſpring of the air ariſing from its elaſticity can neither be 
greater nor leſs than this force that is, muſt be equal to it. 


Exr. Let the air be exhauſted from an open tube, whoſe lower part is inſerted in a 
veſſel containing a ſmall quantity of mercury, and let the air within the veſſel be pre- 
vented from eſcaping ; this air, by its elaſticity, will force the mercury up the tube 
nearly to the height to which it would be raiſed by the preſſure of the atmoſphere. 


P R O P. IIV. 


The ſpace which any given quantity of air fills is inverſely, and 
its denſity directly, as the force which compreſſes it. 


Exp. Let there be a bent tube of the form 11g, open at u and cloſed at g. Let 
a ſmall portion of mercury be at the bottom 47. Then gi is filled with air compreſſed 
by the weight of the atmoſphere, equivalent to the weight of a column of mercury about 
29% inches in height. If more mercury be poured into the orifice 2, the weight of 
this mercury is an additional compreſſing force acting upon the air ig. Since (by 
Prop. V.) the columns of equal heights 4%, hi, balance each other, the air in the ſpace 
gi, is preſſed both by the weight of the atmoſphere and the column ml. If therefore 
mm! be 29% inches, the air in g7 is preſſed with double the weight of the atmoſphere, 
Ol 
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or with two atmoſpheres; and it will be found, that it will be compreſſed into the 


ſpace gh, half the ſpace which the ſame quantity of air took up when it was preſſed 
only with the weight of the atmoſphere : therefore the ſpace is inverſely as the compreſſing 
force. And its denſity (Def. V.) is inverſely as its bulk, or the ſpace filled by it. 
Since therefore, both the compreſſing force and the denſity of the air are inverſely as the 
ſpace, the denſity muſt be directly as the compreſſing force. 


P R G P 1 


The air conſiſts of particles, which repel each other with forces 
which are inverſely as the diſtances between their centers. | 


An elaſtic fluid equally compreſſed in all directions muſt have all its particles at equal 


| diſtances from each other: for if the diſtances are unequal, where it is the leaſt, the 


repelling force will be greateſt, and the particles will move towards the ſide where there 
is leſs repulſion, till the forces become equal, that 1s, till the particles are equally diſtant, 


or the fluid becomes every where of the ſame denſity. Suppoſe, then, two equal cubes 


of air, A and B; it is manifeſt, from the nature of the cube, that the number of particles 


in the whole maſs A is equal to the cube of the number of particles in the line de; and, 


in like manner, that the number of particles in the maſs B is equal to the cube of the 
number of particles in the line 51. And the denſity of theſe two equal cubes of air 
A and B will be as the number of particles contained in them. Therefore the denſity 
of the cube A is to the denſity of the cube B, as the cube of the number of particles in 
the line de to the cube of the number of particles in the line þh/. But, ſince theſe lines 
de, hi, are of a given length, the number of particles in each, will be greater as the 
diſtances between their centers is leſs, that is, will be inverſely as thoſe diſtances. Whence, 
the cube of the number of particles in de, hi, will be inverſely as the cube of the diſtance 
between their centers. And it has been ſhewn, that the denſity of the maſs A is to the 
denſity of the maſs B, as the cube of the number of particles in de to the cube of the 
number of particles in hz. Therefore the denſity of A is to the denſity of B, n 
as the cube of the diſtance between the centers of the particles. 

Alſo, in compreſſing any maſs, A, every ſurface, as defg, is preſſed cloſer to the 
ſurface next beyond it. And the repulſion of the ſurface defg againſt the ſurface next 
beyond it will be (all other circumſtances being equal) as the yumber of repelling particles 
in that ſurface, that is, as the ſquare of the number of particles in the line de. But the 
number of particles in the line de is inverſely as the diſtance between their centers, 
Therefore the ſquare of the number of particles in de, that is, the number of repelling 
particles in the ſurface dg, that is, the repulſion of this ſurface againſt the next beyond 
it, is inverſely as the ſquare of the diſtance between the particles. Again, where the 
number of particles in each ſurface is given, if it be ſuppoſed that the particles repel each 

other 
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other with a force which is inverſely as the diſtance between their centers, ſince the 
ſurfaces are at the fame diſtance from each other with the particles which compoſe 


them, the repulſion of the ſurfaces muſt be in the ſame ratio. Thus, the repulſion in 
the maſs A is to that in the mals B, inverſely as the diſtances of the particles, if only 


their approach. to each other be conſidered. And it has been ſhewn that the repulſion 
is inverſely as the ſquare of theſe diſtances, if only the number of particles be conſidered. 
Therefore on both accounts taken together, the repulſion is inverſely as the cube of the 


diſtance of the particles. And (by Prop. LIII.) the compreſſion is as the repulſion: 


therefore the compreſſion is inverſely as the cube of the diſtance of the particles. | 

Now it was ſhewn above, that the denſity of A is to the denſity of B, inverſely as the 
cube of the diſtance of the particles. Therefore, when a fluid conſiſts of particles 
which repel each other with forces inverſely as the diſtances between the centers of 
the particles, the denſity of the fluid will be as the compreſſing force. But it was ſhewn 
(Prop. LIV.) that the denſity of the air is as the compreſſing force. Therefore the air 


conſiſts of particles which repel cach other with forces which are inverſely as the diſtances 
between their centers. 


Scherl. From the doctrine of the elaſticity of the air, the phzenomena of Rnd 
may be explained. | 

When the parts of an elaſtic body are put into a tremulous motion, by percuſſion, or 
the like, as long as the tremors continue, ſo long is the air included in the pores of 
that body, and likewiſe that which prefles upon its ſurface, affected with the like tremors 


and agitations. Now, the particles of air being fo far compreſſed together by the weight 


of the incumbent atmoſphere as their repulſive forces permit, it follows, that thoſe 
which are immediately agitated by the reciprocal motions of the, particles of the 
elaſtic body, will, in their approach towards thoſe which lie next them, impel theſe 
alſo towards each other, and hereby cauſe them to be more condenſed than they were 
by the weight of the incumbent atmoſphere, and in their return will ſuffer them to ex- 
pand themſelves again: hence the like tremors and agitations will be propagated to 
them ; and fo on, till having arrived at a certain diftance from the body, the vibrations 
ceaſe, being gradually deſtroyed by a continual ſucceſhve propagation of motion to freſh 
particles of air throughout their progreſs, 

Thus it is that ſound is communicated from a tremulous body to the organ of hearing. 
Each vibration of the particles of the founding body is ſucceſſively propagated to the 
particles of the air, till it reaches thoſe which are contiguous to the zympanum of the car, 
(a fine membrane diſtended acroſs it) and theſe particles, in performing their vibrations, 
impinge upon the tympanum, which agitates the air included within it; which being 


put into a like tremulous motion, affects the auditory nerve, and thus excites in the mind 
the ſenſation or idea of what we call /aund. 


Now, 
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Now, ſince the repulſive force of each particle of air is equally diffuſed around it every 


way, it follows, that when any one approaches a number of others, it not only repels 


thoſe which lie before it in a right line, but the reſt laterally, according to their reſpective 
ſituations z that is, it makes them recede every way from itſelf, as from a center. And 
this being true of every particle, the tremors will be propagated from the ſounding body 
in all directions, as from a center : and further, if they are confined for ſome time from 
ſpreading themſelves by paſſing through a tube, or the like, will, when they have paſſed 
through it, ſpread themſelves from the end in every direction. In like manner, thoſe 
which paſs through an hole in an obſtacle they meet with in their way, will afterwards 
ſpread themſelves from thence, as if that was the place where they began ; ſo that the 
ſound will be heard in any ſituation whatever, that is not at too great a diſtance. 

Since the repulſive force with which the particles of air act upon each other, is re- 
ciprocally as their diſtances (by Prop. LV.) it follows, that when any particle is re- 
moved out of its place by the tremors of a ſounding body, or the yibrations of thoſe which 
are contiguous to it, it will be driven back again by the repulſive force of thoſe towards 
which it is impelled, with a velocity proportional to the diſtance from its proper place, 
becauſe the velocity will be as the repelling force. The conſequence of this is, that, let 
the diſtance be great or ſmall, it will return to its place in the ſame time; for the time 
a body takes up in moving from place to place will always be the ſame, whilſt the velocity 
it moves with is proportional to the diſtance between the places. The time therefore in 
which each vibration of the air is performed, depends on the degree of repulſion in its 


particles, and ſo long as that is not altered, will be the ſame at all diſtances from the 
tremulous body: conſequently, as the motion of ſound is owing to the ſucceſſive propa- 


gation of the tremors of a ſounding body through the air, and as that propagation depends 


on the time each tremor is performed in, it follows, that the velocity of ſound varies 


as the elaſticity of the air, but continues the ſame at all diſtances from the ſounding body. 

Moreover, ſince the undulatory motion of the air, which conſtitutes ſound, is propagated 
in all directions from the ſounding body ; it will frequently happen, that the air, in 
performing its vibrations, will impinge againſt various objects, which will reflect it back, 
and ſo cauſe new vibrations the contrary way; now, if the objects are ſo ſituated, as to 
reflect a ſufficient number of vibrations back to the ſame place, the ſound will be 
there repeated, and is called an echo, And, the greater the diſtance of the objects is, 
the longer will be the time, before the repetition is heard. And when the ſound in 
its progreſs meets with objects, at different diſtances, ſufficient to produce an echo, 
the ſame ſound will be repeated ſeveral times ſucceſſively, according to the different 


diſtances of thoſe objects from the ſounding body ; which makes what is called a re- 


peated echo, 

If the vibrations of the tremulous body are propagated through a long tube, they will 
be continually reverberated from the ſides of the tube into its axis, and by that means 

| > prevented 
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prevented from ſpreading, till they get out of it; whereby they will be exceedingly i in- 
creaſed, and the ſound rendered much louder than it would otherwiſe be; as in the 


Speaking Trumpet. 


The difference of mxſical tones depend on the different number of vibrations communi- 
cated to the air, in a given time, by the tremors of the ſounding body ; and the quicker 
the ſucceſſion of the vibrations is, the acuter is the tone, and the reverſe, 


b ef 
* he elaſticity of air is increaſed by heat. 


Exp. To the bottom of a hollow glaſs ball let an open bended tube be affixed. Let 
the lower part of the bended tube and part of the ball be filled with mercury: the 
external ſurface will be preſſed by the weight of the atmoſphere ; and the internal ſurface 
will be equally preſſed by the ſpring of the air incloſed within the veſſel. If the ball be 
immerſed in boiling water, the increaſed elaſticity of the included air will raiſe the 
mercury in the ſmall tube. The ſame may be ſhewn by immerſing in boiling water 
a tube, cloſed at one end, into which a ſmall quantity af mercury has been admitted, 
incloſing a portion of air within the tube. 


SCHOL, 1. The Wind is no other than the motion of the air upon the furface of the 
globe. The principal cauſe of the wind is, that the atmoſphere is heated over one part of 
the earth more than over another. For, in this caſe, the warmer air being rarefied, becomes 
ſpecifically lighter than the reſt; it is therefore overpoiſed by it, and raiſed upwards, 
the upper parts of it diffuſing themſelves every way over the top of the atmoſphere ; while 
the neighbouring inferior air ruſhes in from all parts at the bottom; which it continues 
to do, till the equilibrium is reſtored. Upon this principle it is, that moſt of the winds 
may be accounted for. 

Under the Equater, the wind is always obſerved to blow from the eaſt point. For, 
ſuppoſing the ſun to continue vertical over ſome one place, the air will be moſt rarefied 
there; and conſequently, the neighbouring air will ruſh in from every quarter with equal 
force. But, as the ſun is continually ſhifting to the weſtward, the part where the air 
is molt rare fied, is carried the ſame way; and therefore the tendency of all the lower air, 
taken together, is greater that way, than any other. Thus the tendency of the air 
towards the weſt, becomes general, and its parts impelling one another, and continuing 
to move till the next return of the ſun, ſo much of its motion, as was loſt by his abſence, 
is again reſtored, and therefore the eaſterly wind becomes perpetual. 

On each ſide of the Equator, to about the thirtieth degree of latitude, the wind is found 
to vary from the eaſt point, fo as to become north-eaſt on the northern ſide, and ſouth-eaſt 


on the ſouthern, The reaſon of which is, that, as the equatorial parts are hotter than 


2ny other, both the northern and ſouthern air ought to have a tendency that way ; the 
northern current therefore, meeting in this paſſage with the eaſtern, produces a north-eaſt 


wind 
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wind on that ſide; as the ſouthern current, joining with the ſame, on the other ſide the 
Equator, forms a ſouth-eaſt wind there. 

This is to be underſtood of open ſeas, and of ſuch parts of them as are diſtant from 
the land ; for near the ſhores, where the neighbouring air is much rarefied, by the re- 
flection of the ſun's heat from the land, it frequently happens otherwiſe ; particularly 
on the Guinea coaſt, the wind always ſets in upon the land, blowing weſterly inſtead of 
eaſterly, This is becauſe the deſarts of Africa lying near the Equator, and being a very 
ſandy ſoil, reflect a greater degree of heat into the air above them; which being thus 
rendered lighter than that which is over the ſea, the wind continually ruſhes in upon 
the land to reſtore the equilibrium, 

That part of the ocean, which is called the Rains, is attended with perpetual calms, 
the wind ſcarcely blowing ſenſibly either one way or other. For this tract being placed 
between the weſterly wind blowing from the ocean towards the coaſt of Guinea, and the 
eaſterly wind blowing from the ſame coaſt to the weſtward thereof, the air ſtands in 
equilibrio between both, and its gravity is ſo much diminiſhed thereby, that it is not 
able to ſupport the vapour it contains, but lets it fall in continual rain, from whence 
this part of the ocean has its name, 

There is a ſpecies of winds, obſervable in ſome places within the Tropics, called by 
the ſailors Monſoons, or Trade Winds, which, during fix months of the year, blow one 
way; and the remaining fix the contrary. The occaſion of them in genera] is this: 
when the ſun approaches the northern Tropic, there are ſeveral countries, as Arabia, Perſia, 


India, &c. which become hotter, and reflect more heat than the ſeas beyond the Equator, 


which the ſun has left; the winds therefore, inſtead of blowing from thence to the parts 
under the Equator, blow the contrary way; and when the ſun leaves thoſe countries, 


and draws near the other Tropic, the winds turn about, and blow on the oppoſite point 


of the compals. 

From the ſolution of the general trade winds, we may ſee the reaſon, why in the 
Atlantic ocean, a little on this ſide the thirtieth degree of north latitude, there is generally 
a weſt, or ſouth-weſt wind. For, as the inferior air, within the limits of thoſe winds, 
is conſtantly ruſhing towards the Equator, from the north-eaſt point, or nearly ſo, the 


ſuperior air moves the contrary way; and therefore, after it has reached theſe limits, 


and meets with air, that has little or no tendency to any one point more than to another, 
it will determine it to move in the ſame direction with itſelf. 

In our own climate we frequently experience, in calm weather, gentle breezes blowing 
from the ſea to the land, in the heat of the day; which phznomenon is very agreeable to 
the principle laid down above: for the inferior air over the land being rarefied by the 
beams of the ſun, reflected from its ſurface, more than that which impends over the water, 
the latter is conſtantly moving on to the ſhore, in order to reſtore the equilibrium, when 
not diſturbed by ſtronger winds from another quarter. 

From what has been obſerved, nothing is more eaſy than to ſee, why the northern 
and ſouthern parts of the world, beyond the limits of the trade winds, are ſubject to ſuch 

R 2 variety 
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variety of winds. For the air, upon account of the leſſer influence of the ſun in thoſe 
parts, being undetermined to move towards any fixed point, is continually ſhifting from 
place to place, in order to reſtore the equilibrium, wherever it is deſtroyed, by the heat 
of the ſun, the riſing of vapours or exhalations, the melting of ſnow upon the mountains, 
or other circumſtances. 


Exp. Fill a large diſh with cold water; into the middle of this put a water-plate, 
filled with warm water. The firſt will repreſent the ocean; and the other an iſland, 
rarefying the air above it. Blow out a wax candle, and if the place be ſtill, on applying 
it ſucceſſively to every ſide of the diſh, the ſmoke will be ſeen to move towards the plate. 
Again, if the ambient water be warmed, and the plate filled with cold water, let the 
ſmoking wick of the candle be held over the plate, and the contrary will happen. 


Scholl. 2. Heat expands all bodies, ſolid as well as Auid. 


Exp. 1, 2. Water may be rarefied into ſteam, and will become exceedingly elaſtic, 
acting with great power, as in the eolipile, and in ſteam engines. 
23. Metals expand by heat; the degrees of their expanſion are meaſured by the 
pyrometer. 


4. Mercury, expanding or contracting by an increaſe or decreaſe of heat in the air, is 
made the meaſure of heat in thermometers. 


SCHOL, 3. It is found by experiment, that air is neceſſary to the exiſtence of ſound, 
of animal life, of fire, and of exploſion. 


Exp. 1. Let a bell ring under an exhauſted receiver, and in a condenſer. 
2. Let a lighted candle be extinguiſhed under a receiver. 


3. Let gun- powder fall upon red hot iron placed within an exhauſted receiver. 


Scholl. 4. The component parts of that heterogeneous maſs of fluids which we call 
the atmoſphere, have been of late examined with great ſucceſs; but to relate the reſult of 
theſe inveſtigations, rather belongs to the ſcience of chemiſtry, than to that of natural 

philoſophy. 


P R O P. LVIL 


To explain the nature and uſe of ſundry Hydraulic and Pneumatic 
Inſtruments. 


I. The SyPRHON. 


Plate 5. Let DEC be a bended tube, having one leg longer than the other. This inſtrument, 
Fig. 23. 


uſed for drawing off liquors, is called the ſyphon. If the ſhorter leg of the tube be 


inſerted in a veſſel of fluid, and if by ſucking with the mouth a vacuum be produced in 
the 
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the tube, or if the tube be filled with the fluid before it is uſed, the fluid will run off from 
the veſſel, Ihe cauſe of which may be thus explained: the orifice C, of the longer leg, 
is expoſed to the preſfure of the atmoſphere : alſo, ſince the fluid within the ſhorter leg 
is ſupported by the ſurrounding fluid in the veſſel, the preſſure upon the orifice D is that 
of the atmoſphere. The two equal orifices are then acted upon by equal preſſures ; the 
difference of the lengths of the columns of atmoſphere being too ſmall to cauſe any 
perceptible difference in their preſſure, But theſe equal preſſures are counteracted by 
the preſſures of two unequal columns of fluid ED, EC. If therefore the preſſures of the 
columns of atmoſphere be more than ſufficient to balance thoſe of the columns of fluid, 
that which acts with the lefler force, that is, the leſſer column DE is more preſſed againſt 
the column CE, than the column CE is preſſed againſt DE at the vertex E. Con- 
ſequently, the column EC muſt yield to the greater preſſure, and flow off through the 
orifice C. 


Exp, 1. Draw off water by a ſyphon. 

2. Whilſt mercury is paſling off from a veſſel by a ſyphon, let the air be exhauſted 
from the veſſel, and the fluid will ceaſe to run. 

3. Intermitting fountains are natural ſyphons. 


II. The SVRINGE. 


Let a hollow cylindrical tube have a ſmall orifice at one end: at the other end inſt t 
a ſolid cylinder ſo exactly fitted to the tube, that no air can paſs along its ſides, and fix 
a handle to the ſolid cylinder. If that end of this inſtrument which has the ſmaller orifice 
be inſerted in water, and the ſolid cylinder, or piſton, be drawn back, a vacuum will be 
produced within the ſyringe; and the preſſure of the atmoſphere on the ſurface of the 
water, meeting with no oppoſite preſſure, will force the water into the tube, from whence 
it may be forcibly expelled, by puſhing down the piſton, 


III. The Common Pur. 0 1600 AM 


In this uſeful inſtrument, a handle, acting upon a pin as a lever of the firſt kind, draws 
up a piſton AD, fitted to the ſhaft or barrel of the pump, as deſcribed in the ſyringe. 
This piſton has an hole, over which is a valve of leather, loaded with lead, opening 
upwards. Towards the lower part of the ſhaft is inſerted a plug C, which alſo has in 
it a hole, and a valve which opens upwards. When the piſton, or ſucker, is drawn up 
from the plug, a vacuum is produced in the ſhaft between D and C, into which the air 


contained in the lower part of the pipe expands itſelf. By repeated ſtrokes the air eſcapes 


through the upper valve, and the vacuum becomes ſo perfect, that the external air, 
preſſing without counteraction, upon the ſurface of the water, in the well or reſervoir in 
which the ſhaft is ſuppoſed to be inſerted, forces the water through the valves at C and D, 
into the ſpace AD; from whence it is prevented from returning downward, by the valves, 

| which 
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Plate 5. 
Fig. 22. 
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which are cloſely preſſed down by the incumbent fluid. If therefore the handle be re- 
peatedly lifted up, the column of water will increaſe upon every ſtroke, till it riſes to 
the level of the ſpout, and is diſcharged. But if the height be more than 34 feet, the 
water cannot be raiſed: for ſuch a column is equal to the weight of a column of the 


atmoſphere of the ſame diameter, 


IV. The Foxcino PuMy. 


In this pump, the piſton is one entire cylinder, as in the ſyringe. The water is raiſed 
into the pipe between A and D,-as in the common pump : from hence it is forced, by 
the downward preſſure of the piſton, or forcer, through a tube inſerted in the ſide of the 
main ſhaft. In this ſide-tube a valve is inſerted at E to prevent the water from return- 
ing, and when a ſufficient quantity is raiſed, it 1s diſcharged by the ſpout. 

The common engine for extinguiſhing fires conſiſts of two ſuch forcing pumps, which 
convey the water into a reſervoir made air-tight, into which a pipe is inſerted, As this 
reſervoir fills with water, the air within it is proportionally condenſed, and therefore 
forces the water up a cylinder from which it is conveyed, at Pleaſure, by leathern pipes. | 


V. The CoNDENSER. 


This inſtrument, which is uſed to force air into any veſſel, is a ſyringe, having a ſolid 
piſton, and a valve in the lower part of its barre] which opens downwards. By dining 5 
down the piſton, the air is forced through the valve, which is afterwards held cloſe by the 
elaſticity of the condenſed air. When the piſton is lifted up, a vacuum is produced, till 
it is raiſed above a ſmall hole in the barrel, when the air ruſhes in, and is 5 again diſcharged _ 


through the valve. 


ARTIFICIAL FOUNTAINS are formed by the help of a condenſer, which thrown any 
quantity of air into a veſſel in part filled with water; which by its elaſticity forces the 
water up into pipes from which it 1s conveyed at pleaſure. 


The AiR-Gun is an inſtrument, in the form of a gun, by which a quantity of con- 
denſed air is ſuddenly ſet free, and drives a ball through the barrel with great force. 


VI. The Air-Pumy. 


This inſtrument, the uſe of which is to exhauſt the air from any veſſel, has two ſtrong 
barrels; within each of which, near the bottom, is fixed a valve opening upwards, and 
two piſtons, one in each barre], having a valve which likewiſe opens upwards. Theſe 
piſtons are moved by means of a cog-wheel, to the axis of which the handle is fixed, 


and whoſe teeth catch in the racks of the piſtons, and move them upwards or downwards. 


When the handle is turned, one of the piſtons 1s raiſed, and a vacuum produced in its 
barrel, By means of a pipe, which paſſes from an orifice in the ce upon which the 
| receiver, 
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receiver, or veſſel to be exhauſted, ſtands, to the part of the barrel beneath the lower If 
valve, the air contained in the receiver, communicating with the barrel, raiſes the lower | 
valve by its elaſtic ſpring, and expands into the vacuum. Thus a part of the air in 
the receiver is extracted. By turning the handle the contrary way, the ſame effect is | 
produged in the other barrel ; whilſt the firſt piſton, being depreſſed, the air which had 1 
paſſed from the receiver is compreſſed, and eſcapes through the valve in the piſton. This 1 
operation is continued till the air is nearly exhauſted from the receiver : for it can never | 
be perfectly exhauſted, fince at each ſtroke only ſuch a part of the air which remained 1 
is taken away, as is to the quantity before the ſtroke, as the ei of the barrel, to ill 
that of the receiver, pipe and barrel, taken together. 1 
Exe, Exhibit the ſeveral inſtruments deſcribed in this propoſition. 8 
1 
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Tur LAWS or LIGHT AND VISION. 


CHAP. 1 


0r DU ro ws. 


Dep. I. T IGHT is that which, proceeding from any body to 


the eye, produces the perception of ſeerng. 


Dee. II. A Ray of Light, is any exceedingly ſmall portion of 


light, as it comes from a luminous body. 


Dey. III. A body which is tranſparent, | or affords a paſſage for 


the rays of light, is called a Medium. 


Des. IV. Rays of light which, coming from a point, continually 


ſeparate as they proceed, are called Diverging Rays. 
Dzer. V. Rays which tend to a common point are called Con- 


verging Rays. The divergency, or convergency, of rays is meaſured 


by the angle contained between the lines which the rays deſcribe. 
Des, VI. Rays of light are parallel, when the lines which they, 


deſcribe are parallel. N 
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Dr. VII. A Beam of light, is a body of parallel rays; a Pencil 
of rays, is a body of diverging or converging rays. | 


Dxy. VIII. The point from which diverging rays proceed, is 
| called the radiant point; that to which converging rays are directed, 
| N is called the focus. 


Plate 6. If the rays proceed from B, BD, BA, BC, BE, are diverging rays, and B is the radiant : 
ö Fig. 1. if the rays tend towards B, DB, AB, &c. are converging rays, and B is the focus. 


| Fig. '2, If the rays AC, BC, converge to the focus C, paſſing on from thence in a right line, 
| they become diverging, and C becomes a radiant. 


—— 
p — 
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Der. IX. A ray of light bent from a ſtraight courſe in the fame 
medium, is ſaid to be infleded. 


— 


PROPOSITION I. 


— U — — 


as of light conſiſt of particles of matter. 


For they are capable of being inſlected out of their courſe by attraction. 


Exp. 1. If a beam of light be admitted into a dark room through a ſmall hole, and the 
edge of a knife be brought near the beam, the rays, which would otherwiſe have been in 
a ſtraight line, will be inflefted towards the knife, The edge of any other thin plate of 
metal, &c. produces the ſame effect. 5 

2. The ſhadow of a ſmall body, as a hair, a thread, &c. laced in a beam of the ſun's > 
light, will be much broader than it ought to be if the 170 5 of light paſſed by theſe bodies 

in right lines. 


3. A beam of light paſſing through an exceedingly narrow {lit, will be ſplit into two, 
and leave a dark ſpace in the middle. 


— IS 
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Every viſible body emits particles of light from its ſurface i in all 
directions, which, paſling without obſtruction, move in right lines. 


Wherever a ſpectator i is placed with reſpe& to a luminous body, every point of that 
part of the ſurface which is turned towards him is viſible. to him: they are therefore 


emitted in all directions, and thoſe rays only arc — in their paſſage by an in- 


terpoſed 


CAP. I. R 46% G 


terpoſed object, whick would be ne upon the ſuppoſition that the rays move in 


right lines. 


Exp. 1. Let a portion of a beam of light be intercepted by any body" the ſhadow 
of that body will be bounded by right lines paſting from the luminous ws and — 


the lines which terminate the opaque body. 


2. A ray of light, paſſing through a ſmall orifice into a ak room, proceeds in. a 
ſtlraight line. 
3. Rays will not A through a bended tube. 


SCcHoOL. Rays of light are properly repreſented by right lines. 


PR O:-F.: ML 
The rays of light move with great velocity. 


| This is proved by obſervations made on the ſatellites of the planet Jupiter, and on 


the aberration of the rays of light from the fixed ſtars, as will be ſhewn in CNY * 


Aſtronomy. 
a 
The tees of light are exceedingly ſmall. 


| Otherwiſe their velocity would render their momentum too great to be endured by 
the eye without pain. 


| Exp. 1. If a candle be lighted, and there be no obſtacle to obſtruct the progreſs of its 
rays, it will fill all the ſpace within two miles every way before it has loſt the leaſt ſenſible 


part of its ſubſtance. 

2. Rays of light will paſs withdut confuſion through a ſmall puncture in a piece of 
paper, from ſeveral candles in a line parallel to the paper, and form diſtin images on a 
| ſheet of paſteboard placed behind the paper. 


P R „ 
The quantities of light, received from a luminous body upon a 
given ſurface, are inverſely as the ſquares of the diſtances of the 


ſurface from the luminous body. 


Let ABD, EFG, be two concentric ſpherical ſurfaces ; of which Jet ELFI, AHBK, 


be two ſimilar portions. Let the rays CE and CF, with the reſt proceeding from the 


center C, fall upon the portion ELFI, and cover it: it is evident from inſpection, that 


the ſame rays at the diſtance CH will cover the portion AHBK only; now theſe rays 


being the ſame in number at each place, will be as much thinner in the former, than 
8 2 | | they 
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Plate 6. 
Fig. 3. 
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they are in the latter, as ELFI is larger than AHBK ; but theſe ſpaces being ſimilar 
portions of the ſurfaces of ſpheres, have the ſame ratio to each other, that the ſurfaces 
themſelves have, that is, they are to each other as the ſquares of their radii CL, CH : 
the denſity of the rays is therefore inverſely as the (quares of theſe radii, or of their 
diſtances from the luminous point C. 


Exe, The light, paſſing from a candle through a ſquare orifice, will diverge as it pro- 
ceeds, and will illuminate ſurfaces which will be to each other as the ſquares of their 
diſtances from the candle, 


FROM Wi 
If the diſtance between rays diverging from different radiant points 


be the ſame, the diſtances of the radiant points are inverſely as the 
divergency of the rays. 


Plate 6, Let D and E be two different radiants; and let the rays diverging from D deſcribe 
* the lines DA, DB, and the rays diverging from E deſcribe the lines EA, EB; ſo that, at 
the points A and B, the diſtance between the former rays ſhall be the ſame with the 
diſtance between the latter, and let EC, DC, be the perpendicular diſtances of the 
radiants E, D. At the point E make the angle ZEC equal to ADC, which is half ADB: 
whence ZEC and ADC (El. V. 7.) have the ſame ratio to AEC. But if theſe angles 
are ſmall, they are very nearly in the porportion of their fines ZC, AC. And becauſe 
the angle ADC is equal to the angle ZEC (El. I. 28.) AD is parallel to ZE : and becauſe 
theſe lines are parallel (El. 1. 29.) the angles CAD, CZE, are equal: whence the two 
triangles ZEC, ADC, are equiangular, and (El. VI. 4.) EC is to DC, as ZC to AC, 
or (from what was ſhewn above) as ADC to AEC: that is, the diſtance of the radiant 
'E is to the diſtance of the radiant D, as half the angle of divergency of the rays which 
proceed from D is to half the divergency of the rays which proceed from E, or as the 
whole angle of divergency ADB to the whole angle of divergency AEB that is, the 
diſtances of the radiants are inverſely as the divergency of the rays. 


P R O P. VI. 


if the diſtance between converging rays tending to different foci : 


be the ſame, the diſtances of the foci are inverſely as the convergency 
of the rays. 


. Let AD, BD, be lines deſcribed by rays converging to the focus D, and AE, BE, 
E lines deſcribed by other rays converging to E, and let the diſtance AB, at the points A 


and 


CAP. I. Te, OS "8 I 7 Bs 


and B, be the ſame between the former and the latter rays. The angles ADB, AEB, are 
in this caſe the angles of convergency ; and EC, DC, are diſtances of the foci to which 
they reſpectively tend. Now, it was proved in the laſt Prop. that EC is to DC as ADB 


to AEB. Therefore the diſtances of the foci are inverſely as the convergency of the f | 
rays. , 4 


P R O Pp. VIII. 


If rays proceed from a radiant at an infinite diſtance, their diver- 
gency is nothing, and the rays are conſidered as parallel. 

Since (by Prop. VI.) the divergency of rays is inverſely as the diſtance of the radiant, 
when the diſtance of the radiant is infinitely great, the angle of divergency is infinitely. 
ſmall, and the rays may be conſidered as parallel. 


Cor. Hence all the rays which come from the center, or any other given point, of 
the ſun's ſurface, are conſidered as parallel, 


P R O P. IX. 


If rays tend to a focus at an infinite diſtance, their convergency is 
nothing, and the rays are conſidered as parallel. 


Since (by Prop. VII.) the convergency is inverſely as the diſtance of the focus, when 
that diſtance is infinitely great, the angle of convergency is infinitely ſmall. 
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8 M . . 
Or REF RAC TION. 


S % E T. 1. 
Of the Laws of REFRACTION. 


Dr. X. A ray of light bent from a ſtraight courſe by paſſing 
out of one medium into another, is ſaid to be refraded. 


Dee. XI. The Angle of Incidence, is that which is contained be- 
tween the line deſcribed by the incident ray, and a line perpendicular 


to the ſurface on which the ray ſtrikes, raiſed from the oy of 
incidence. 


Dee. XII. The Anh of Refraction, is that which is congelnid 
between the line deſcribed by the refracted ray, and a line perpen- 


dicular to the refracting ſurface at the point in which the ray paſſes 
through that ſurface. 


Dex. XIII. The Angle of Deviation, is that which is contained 
between the line of direction of an incident ray, and the direction 


of the ſame ray after it is refracted. 


AC is a ray of light; HK the ſurface of the refracting medium; CF the refracted ray; : 


OP the e e e ACO the angle of incidence 3 PCF the angle of refraction, 
and FCL the angle of deviation. 


Schor. The radiant point and focus may be either real or imaginary. If the rays 
rn, ro, diverging from the radiant r, paſs into a refracting medium, and move on in the 


directions of the lines nA, eB, which produced in the contrary direction would meet in 
R, this radiant point is imaginary. 


If the rays Ip, Lg, tending towards the point F, be refracted at P and g, and acquire 
a direction towards /, the focus F is imaginary. 


PROP. 


CuAp. II. OF RE FRA CT ION. 


o 


The attracting force of any medium, acting upon a ray of light, 
is every where perpendicular to the refracting ſurface. 


If the medium be uniform in all its parts, its immediate power upon the ray of light 
will be equally ſtrong in every point of a plane drawn parallel to the refracting ſurface; 
though its ſtrength may be different in the next parallel plane, and ſo onwards as far 
as that power is extended on each ſide of the ſurface of the medium. The extent of this 
power will therefore be terminated by two planes, parallel to one another and to the 
refracting ſurface. Let R be a particle of light, acted upon by the refractive power of 
the medium whoſe refracting ſurface is DC. It is evident that the refractive power at O 
will move the particle R in the direction RO: and taking any two points D, C, at 
equal diſtances on each fide of O, the powers at D and C being equal, and acting at 
equal diſtances, RD, RC, equally inclined to RO, cannot move R in any direction 
but that of RO. The ſame may be ſhewn of the powers at every point of the line DC, 
and in every line parallel to DC, that is of the whole power of the medium. 


CC 


A ray of light, in paſſing out of a rarer into a denſer medium, 
is refracted towards a perpendicular to the ſurface of the denſer, 
raiſed from the point in which the ray meets the medium: in 
paſſing out of a denſer into a rarer medium, it is refracted from the 
ſame perpendicular. 


Let a ray of light, AC, paſs obliquely out of a rarer medium X, into a denſer medium 
Z; let HK be the plane ſurface of the denſer medium; from the point C, in which 
the ray AC paſſes into the denſer medium, raiſe the perpendicular OCP: the ray will 
be refracted out of the direction ACL, towards the perpendicular OCP. 

Becauſe the ray is more attracted by the denſer medium than by the rarer, it will be 
accelerated on entering the medium Z: for whilſt the ray is ſo near the ſurface of the 
medium Z as to be within its attraction, and more attracted downwards than upwards, 
this attraction conſpires with the motion of the ray, and conſequently increaſes its 
velocity. And, ſince the action of the attracting force of the medium Z, muſt (by 
Prop. X.) be in the direction of a line OCP perpendicular to its ſurface, if the 
oblique motion of the ray in the direction AC be reſolved into two others, AD parallel 
to the, ſurface HK, and AB, or DC, perpendicular to it, the parallel motion AD cannot 


be 
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be accelerated or retarded by the attraction which acts in the direction OC : the change 
of velocity therefore which the ray receives from the attracting force, muſt be made in 


the perpendicular part of its motion DC. Take CG greater than DC repreſenting 


the perpendicular motion of the ray after paſſing into the denſer medium; and take CE 
equal to AD repreſenting the parallel part of the motion of the ray, which, becauſe it is 
parallel to AB, remains the ſame when the ray enters the denſer medium. The ray 
therefore, at its entering the medium Z, may be conſidered as acted upon by two forces 
CE, CG, and conſequently (Book II. Prop. XIV.) will deſcribe the diagonal CF of 
a parallelogram, the ſides of which are CE, CG. Now, of theſe ſides CE remain- 
ing the ſame, whilſt CG becomes greater than CD, the angle GCF (from the nature 
of the parallelogram) will be leſs than the angle NCL, equal (El. 1. 15.) to ACD. 
Therefore the ray after it has paſſed into the denſer medium, makes a leſs angle with the 
perpendicular OCP than AC, the ray before it paſſes into the denſer medium; that is, 
the ray in paſſing out of the rarer into the denſer medium, is refracted towards the per- 
pendicular. On the contrary, whilſt the ray of light FC is paſſing out of the denſer 
medium Z into the rarer medium X, it is more attracted by the denſer than by the rarer 
medium, and is therefore more drawn downwards than upwards : whence the attraction 
oppoſes the motion of the ray, and will retard it as much as in paſſing out of the rarer 
into the denſer medium it was accelerated : and conſequently, the effect will be the re- 
verſe of that which was ſhewn in the former caſe. 


Exe. 1. Let a perpendicular cylindrical veſſel be ſo placed that the ſun, ſhining upon 
its fide NA, may caſt the ſhadow of the ſide to a point L in the bottom of the veſſel. 
This ſhadow is terminated by SNL, a ray which paſſes, in a right line, by the edge of 
the veſſel. If the veſſel be filled with water, the ſhadow will recede, as the water is 
poured into the veſſel, from the point L which terminated it when the veſſel was empty, 
towards the ſide NA, on which the ſun ſhines, and will be terminated by the ray ONC: 
that is, the ray SNL, which firſt terminated the ſhadow, by paſſing out of the air into the 
water, is refracted towards AN, a line drawn perpendicular to the ſurface of the water, 
ar the point in which the ray enters the water: or the angle of refraction is leſs than 
the angle of incidence. 

2. Let a ſmall bright object be laid upon the bottom of a cylindrical veſſel NBAL 
at C. Let the ſpectator's eye be ſo placed at 8, as juſt to loſe ſight of the object at C, 
that is, ſo that a ray paſſing in a right line from the remote edge of the object towards 
the eye at S will be intercepted by the edge of the veſſel, or that the firſt ray which is 
not intercepted paſſes in the direction ONC above the eye. Whilſt the eye continues 
in the ſame ſituation, if the veſſel be filled with water, the object will become viſible ; 
that is, the ray which paſſed from the remote edge of the object, in a right line CNO, 
by the veſſel, in entering the air is refracted into the direction NS, towards the eye, 
or from the perpendicular PNA. 


PROP. 


Cnap. II. Of EEFRAET 1-0-:N; 


PK OF. 
All refraction is reciprocal. 


The ray AC, in paſling out of the medium X into Z, is refracted into CF, becauſe 
it is accelerated at its entrance into Z by the greater attraction of the denſer medium: 
and the ray FC in paſſing out of Z into X is refracted into CA, becauſe it is retarded 
by the ſame attraction. Since then the acceleration and retardation are produced by the 
ſame degree of attraction in oppoſite directions, they will be equal to one another, and 
the refractions produced by them will be equal, but in oppoſite directions: that is, 


if the refracted ray becomes the incident ray, the incident ray will become the refracted 
one; or, the refractions are reciprocal, 


PR OP, XII 


In any two given mediums, the fine of any one angle of incidence 
has the ſame ratio to the ſine of the correſponding angle of refraction, 
as the ſine of any other angle of incidence has to the ſine of its 
correſponding angle of refraction. 


The oblique motion of the ray AC, in paſſing out of the rarer medium X into the 
denſer medium Z, may be reſolved into AD parallel to the ſurface HK, and AB or DC 
perpendicular to it. Of theſe (as was ſhewn in Prop. XI.) only the perpendicular 
motion DC is accelerated. Take CN equal to CD, and continue the refracted ray CS 
to F, ſo that if FG is drawn perpendicular to OP, FG may be equal to AD; and draw 
NS the fine of the angle of refraftion NCS. The perpendicular velocity of the ray in 
the medium Z (by Prop. XI.) is CG, that is, the ray is accelerated in the ratio of 


CN to CG. But, becauſe CGF, CNS, are equiangular triangles, (El. VI. 4.) GF the 


ſine of the angle of incidence is to NS the ſine of the angle of refraction, as CG the 
velocity of the ray in the denſer medium Z, is to CN the velocity of the ray in the rarer 
medium X; that is, the fines of the angles of incidence are inverſely as the velocities of 
the ray. But where the two mediums are given, as X and Z, their denſities, and con- 
ſequently the differences of their attractions are given: and, ſince the ratio of the velocities 


in different mediums depends upon the difference of their attracting force, where this 
difference is given, the ratio of the velocities cannot be altered by changing the obliquity 


of the ray, ſo that, if the velocity in one medium is to that in another, as CG to CN, 
and the fine of the angle of incidence be to that of refraction in any one degree of obliquity, 


as GF to NS, this ratio will continue the ſame in every degree of obliquity; for GF 


will always be to NS in the ratio of CG to CN. 
+ Cor. 
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Cor. 1. Hence, when the angle of incidence is increaſed, the correſponding angle of 
refraction will alſo be increaſed : becauſe the ratio of their ſines cannot continue the 
ſame, unleſs they be both increaſed : and, if two angles of incidence be equal, the angles 
of refraction will alſo be equal. „ 

Cor. 2. Hence the angle of deviation varies with the angle of incidence. 


Scyuor. If a ray of light, AC, paſs obliquely out of air into glaſs, AD the ſine of 


the angle of incidence ACP, is to NS the fine of the angle of refraction NCD, nearly 


as 3 to 2: therefore, ſuppoſing the ſines proportional to the angles, the fine of NCL the 
angle of deviation, is as the difference between AD and NS, that is, as 3—2, or 1, whence 
the ſine of incidence is to the fine of the angle of deviation as 3 to 1. In like manner 
it may be ſhewn, that, when the ray paſſes obliquely out of glaſs into air, the fine of the 
angle of incidence. will be to that of deviation, as NS to AD—NS, that is, as 2 to 1. 
In paſling out of air into water, the fine of the angle of incidence is to that of refraction, 
as 4 to 3, and to that of deviation, as 4 to 4q—3, or 1: and in paſſing out of water into 
air, the ſine of the angle of incidence is to that of refraction, as 3 to 45 and to that of 


deviation, as 3 to 1. 


Exp, Upon a ſmooth board, about the center C, deſcribe a Sa HOK PH; draw two 
a of the circle OP, HK, n to each other; draw ADM perpendicular 
to OP; cut of DT and CI equal to 3 DA; through TI, draw TIS, cutting the cir- 
cumference in 8; NS drawn from 8 perpendicularly upon OP, will be equal to DT, or 
3 of DA. Then if pins be ſtuck perpendicularly at A, C and S, and the board be dipped 
I the water as far as the line HK, the pin at $ will appear in the ſame line with the 


pins at Aand C. This ſhews, that the ray which comes from the pin 8 is ſo refracted 


at C, as to come to the eye along the line CA ; whence the fine of incidence AD is to 
the ſine of refraction FE, as 4 to 3. If other pins were fixed along CS, they would all 
appear in AC produced; which ſhews that the ray is bent at the ſurface only. The ſame 
may be ſhewn, at different inclinations of the incident ray, by means of a moyeable rod 
turning upon the center C, which always keep the ratio of the fines AD, NS, as 4 to 3. 


Alſo the ſun's ſhadow, coinciding with AC, may be ſhewn to be refracted in the ſame 
manner. : 


PR O FP. . 


"Ye of light which paſs perpendicularly out of one medium 
into another, ſuffer no refraction. 


When AC, the incident ray, coincides with OC, the perpendicular, the action of the 
medium Z or X to accelerate or retard the motion of the ray, being perpendicular to its 
ſurface, cannot turn the ray out of its perpendicular path. 


PROP. 


Cuap. II. OF REFRACTIO N, 1 


* 


S 


When parallel rays paſs obliquely out of one medium into another 
through a plane ſurface, they will continue parallel after refraction. 


Let AB, CD, be parallel rays, falling on the plane ſurface RBD of a medium of pute 6. 
different denſity : becauſe they make equal angles of incidence with their reſpective per- Fis. 9. 
pendiculars OP, ST, they will ſuffer an equal degree of refraction ; that is, the angles of 
refraction, EBP, FDT, will be equal; whence the refracted rays BE, DF will be parallel. 


n © ©, xvi. 
Through a plane ſurface, if diverging rays paſs out of a rarer 
into a denſer medium, they are made to diverge leſs; and if they 
paſs out of a denſer into a rarer medium, they are made to diverge 
more : if converging rays paſs out of a rarer into a denſer medium, 
they will be made to converge leſs; if out of a denſer into a rarer, 
to converge more. 


Let the diverging rays AB, AE, AF, paſs out of a rarer into a denſer medium, through Plate 6. 
the plane ſurface GH, and let the ray AB be perpendicular to that ſurface; the reſt he tau 
being refracted towards their reſpeCtive perpendiculars IK, LM, and that the moſt which 
falls the fartheſt from B, they will proceed in the directions EN and FO, diverging in a 
leſs degree from the ray AP, than they did before refraction: whereas had they proceeded 
out of a denſer into a rarer medium, they would have been refracted from their perpen- 
diculars EK, FM, and thoſe the moſt which were the moſt oblique, and therefore would 
have diverged more than before. Again, let the converging rays AB, CD, EF, paſs out Fig. 11. 
of a rarer into a denſer medium, through the plane ſurface GH, and let the ray AB 

be perpendicular to that ſurface ; the other rays being refracted towards their reſpective 
perpendiculars IK, LM, and EF being refracted more than CD, they will proceed in 
the directions DN, FN, converging in a leſs degree towards the ray AN, than they 


did before: whereas, had the firſt medium been the denſer, they would have been re- 
fracted the other way, and therefore have Converged more, 


Der. XIV. A Lens is a round piece of poliſhed glaſs, which 
has both its ſides ſpherical, or one ſpherical, and the other plane. 
A lens may either be convex on both ſides, plano-convex, concave, plano-concave, or 


convex on one ſide, and concave on the other; which laſt is called a meniſcus, 


T 2 | In 


140 


plate 6. 
Fig. 13. 


O F Ie. Book IV. 


In plate 6. fig. 12. Sections of theſe, formed by a 2 paſſing perpendicularly through 
their centers, are repreſented. 


Dr. XV. The Axis of a Lens, is a right line, paſſing through 
its center, perpendicular to both its ſurfaces, and the extremities 
of the axes are its poles. 


Each kind of lens is generated by the revolution of a ſection of the lens about this 
line. Thus, in the firſt lens, if ach, adb, revolve about cd, the convex lens will be formed. 


Dr. XVI. In every beam of light, the middle ray is called 
the Axis. | | 

Dr. XVII. Rays are ſaid to fall directly upon a lens, if their 
axis coincides with the axis of the lens; otherwiſe, they are ſaid 


to fall ob/zquely. 


Dee. XVIII. The point in which parallel rays are ; collected by 
paſſing through a lens, is called the Focus of parallel rays of that lens. 


PR O D xv 


Through a convex ſurface of the denſer medium, parallel rays, 
paſſing out of a rarer into a denſer medium, will become con- 


verging ; diverging rays will be made to diverge leſs, to become 


parallel, or to converge, according to the degree of divergency before 
refraction, or of the convexity of the ſurface; rays converging 
towards the center of convexity, will ſuffer no refraQtion ; rays 
converging to a point beyond the center of convexity, will be made 


more converging ; and rays converging towards a point nearer the 


ſurface than the center of convexity, will be made leſs converging 


by refraction: and when the rays proceed out of a denſer into a 
rarer medium, the contrary occurs in each caſe. 


Let AB, ID, be parallel rays entering a denſer medium through the convex ſurface 
CDE, whoſe center of convexity is L; and let one of theſe, ID, be perpendicular to the 


furface, This will paſs on through the center without ſuffering any refraction, but the 
other being oblique. to the ſurface, will be refracted towards the perpendicular LB, and 
will 


EI —— ̃ ü 


Crap, II. OF REFR ACTION. . 


will therefore be made to proceed in ſome line, as PK, converging towards the other 
ray, and meeting it in K, the focus. Had one ray diverged from the other, ſuppoſe in 
the line MP, it would, by being refracted towards its perpendicular LB, have been made 
either to diverge leſs, be parallel, or to converge. Let the line ID be produced to K; 
and if the ray had converged, ſo as to have deſcribed the line NBL, it would then have 
been coincident with its perpendicular, and have ſuffered no refraction. If it had pro- 
| ceeded with leſs convergency towards any point beyond L in the line IK, it would have 
been made to converge more by being refracted towards the perpendicular LB, which 
converges more than it; and had it proceeded with more convergency than BL, that is, 
towards any point between D and L, being refracted towards the perpendicular, it would 
have been made to converge leſs, | 
And the contrary happens, when rays procced out of a denſer into a rarer medium, 
through a concave ſurface of the denſer. For being now refracted from their reſpective 
perpendiculars, as they were before towards them, if they are parallel before refraction, they 
diverge afterwards ; if they diverge, their divergency is increaſed ; if they converge in 
the direction of their perpendiculars, they ſuffer no refraction; if they converge leſs 
than their reſpective perpendiculars, they are made to converge ſtill leſs, to be parallel, 
or to diverge; if they converge more, their convergency is increaſed, All which may 
clearly be ſeen by the figure, imagining the rays AB, ID, &c. bent the contrary way 
in their refractions to what they were in the former caſes. 


Exp. Let parallel, diverging, and converging rays, paſs through a convex lens; the 
ſeveral caſes of this propoſition will be confirmed. 

If CDEH be a convex lens, whoſe axis is IK, let L be the center of the firſt con- 
vexity CDE, and M that of the other CHE; and let the ray AB be parallel to the axis; 
through B draw the line LN, which will be perpendicular to the ſurface CDE at that 
point. The ray AB in entering the denſer ſubſtance of the lens will be refracted towards 
the perpendicular, and therefore proceed after it has entered the ſurface at B in ſome 
direction inclined towards the axis, as BP. Through M the center of convexity of this 
ſurface and the point P draw the line MR, which paſſing through the center will be per- 
pendicular to the ſurface at P, and the ray now entering a rarer medium will be refracted 
from the perpendicular into ſome direction as PK. In like manner, and for the ſame 
reaſons, the parallel ray ST on the other ſide the axis, and alſo all the intermediate ones, 
as XZ, &c. will meet it in the ſame point, unleſs the rays AB and ST enter the ſur- 

face of the ſens at too great a diſtance from the axis IK, the reaſon of which will be 
afterwards explained. | 

The point K where the parallel rays AB, ST, &c. are ſuppoſed to be collected by 
1 through the lens CE, is called the focus of parallel rays of that lens. 

If the rays come diverging from a point equally diſtant from the ſurface as the 
focus of parallel rays, they will be rendered parallel; if from a point farther from the 
ſurface than L, they will be brought to a point beyond L; if from a point nearer than 


L, they will diverge leſs ; as may be inferred from Prop, XII. 5 
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If the rays come converging towards L, they will ſuffer no refraction; if towards a 
point beyond L, they will become more converging; if towards a point nearer the 
ſurface than L, they will become leſs converging : as is ſufficiently explained in the 
proof of this propoſition, 


Scuol, If the rays AB, CD, EF, be parallel to each other, but oblique to GH 
the axis of the lens IK, or if the diverging rays CB, CF, proceed as from ſome point C 
which is not ſituated in the axis of the lens, they will be collected into ſome point as L, 
not directly oppoſite to the radiant C, but nearly ſo: for the ray CD, which paſſes through 
the middle of the lens, and falls upon the ſurface of it with ſome obliquity, will itſelf 


ſuffer a refraction at D and N; but it will be refracted the contrary way in one place 


from that in the other, and theſe refractions will be equal in degree if the lens has 
an equal convexity on each ſide, as we may eafily perceive if we imagine ND to be 
a ray paſſing out of the lens both at N and D, for it is evident the line ND has an equal 
inclination to each ſurface at both its extremities. Upon which account the difference 
between the ſituation of the point L, and one directly oppoſite to C, is ſo ſmall, that 
it is generally neglected; and the focus is ſuppoſed to be in that line, in which a ray, 
that would paſs through the middle point of the lens, were it to ſuffer no refraction, 
would proceed, 


„b 


When rays paſs out of a rarer into a denſer medium, through a 
concave ſurface of the denſer, if the rays are parallel before refraction, 
they are made to diverge: if they are divergent, they are made 
to diverge more, to ſuffer no refraction, or to diverge leſs, ac- 
cording as they proceed from ſome point beyond the center, from 


the center, or from ſome point between the center and the ſurface : 


if they are convergent, they are either made leſs converging, parallel, 
or diverging, according to their degree of convergency before re- 
fraction: and the reverſe, in paſſing out of a denſer into a rarer 

medium. 


Let MF, Ol, be two parallel rays entering a concave and denſer medium, the center 


of whoſe convexity is H, and the perpendicular to the refracting ſurface at the point F is 


LH; the ray OI, if we ſuppoſe it perpendicular to the ſurface, will proceed on directly 
without refraction, but the oblique ray MF, being refracted towards the perpendicular 
HL, will recede from the other ray OI. If the ray MF had praceeded from a point in IO 


_ farther from the ſurface than H, it would have been bent nearer to the perpendicular, and 


therefore 
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therefore have diverged more: if it had diverged from the center H, it would have fallen 
in with the perpendicular HL, and not have been refracted at all: and had it proceeded 
from a point nearer the ſurface than the center H, it would by being refracted towards the 
perpendicular HL, have proceeded in ſome line nearer it than it otherwiſe would have done, 


and ſo would diverge leſs than before refraction. Iaftly, if it had converged, it would 


have been rendered leſs converging, parallel, or diverging, according to the degree of con- 
vergency, which it had before it entered into the refracting furface. 


If the ſame rays proceed out of a denſer into a rarer medium through a convex ſurface 


of the denſer, the contrary happens in each ſuppoſition : the parallel rays are made to con- 
verge ; thoſe which diverge leſs than their reſpective perpendiculars, that is, thoſe which 
proceed from a point beyond the center, are made leſs diverging, parallel, or converging, 
according to the degree in which they diverge before refraction; thoſe which diverge more 
than their reſpective perpendiculars, that is, thoſe which proceed from a point between 
the center and the refracting ſurface, are made to diverge ſtill more. And thoſe which 
converge, are made to converge more. All which may eaſily be ſeen by conſidering the 
ſituation of the rays with reſpect to the e HL. | 


Exp, Let parallel, diverging, and converging rays paſs through a concave lens: the 
ſeveral caſes of this propoſition will be confirmed: thus, let ABCD repreſent a concave 


lens, EO its axis, FH the radius of the firſt concavity, IK that of the ſecond ; produce 
HF to L, and let MF be a ray of light entering the lens at the point F. This ray being 
refracted towards the perpendicular FL, will paſs on to ſome point, as K in the other 
ſurface, more diſtant from the axis than F, and being there refracted from the perpendicular 
TK, will be diverted farther ſtill from the axis, and proceed on the direction KN, as from 


ſome point O, on the firſt ſide of the lens. In like manner other rays, as PQ parallel to 


the former, will proceed after refraction at both ſurfaces as from the ſame point O; which 
upon that account will be the imaginary focus of parallel rays of this lens. 

If the rays diverge before they enter the lens, their imaginary focus is then nearer the 
lens than that of the parallel rays. If they converge before they enter the lens proceeding 
towards ſome diſtant point in the axis, as E, they are then rendered leſs converging : if 

they converge to a point at the ſame diſtance from the lens with the focus of parallel rays, 
they then go out parallel; if to a point at a leſs diſtance, they remain converging, but 
in a leſs degree than before they entered the lens. | 


Scholl. If the lens is plane on one ſide, and convex or concave on the other, the 
refraction is ſimilar, but in a leſs degree. In a meniſcus, if the convexity on one fide is 
equal to the concavity on the other, the two ſides will produce equal and contrary effects, 
and the inclination of the rays to each other will be the ſame after refraction as before. 
If the convexity is greater than the concavity, the meniſcus will have the effect of a lens 
which has its convexity equal to the exceſs of the convexity of the meniſcus above its 
concavity; and the reverſe, if its concavity exceeds its convexity, 
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When diverging rays are made to converge by paſſing through a 
convex lens, as the radiant approaches towards the lens on one ſide, 
the focus departs from it on the other; and the reverſe. 


For, the nearer the radiant point is to the lens, the more the rays which fall upon the 


lens diverge before refraction; whence (the power of the refracting medium being given) | 


they will converge the leſs after refraction, and have their focal point at the greater diſtance 
from the ſurface: on the contrary, the more remote the radiant point is from the lens, 
the leſs the incident rays will diverge, and conſequently the more will the refracted rays 


converge, and the nearer will the focus be to the ſurface, till, at an infinite diſtance of the 
radiant, the rays are collected in the focus of parallel rays. 


PER O P. XX. 


When the radiant point is at that diſtance from the ſurface, at 
which parallel rays coming through it from the other ſide would be 
collected, rays flowing from that point become parallel on the other 
ſide. 


It manifeſtly follows from Prop. XII. that if the parallel rays AB, ID, ST, in i 


through CDE, are brought to a focus in K, rays from K as a radiant point will, after 
refraction, proceed in the parallel lines BA, DI, TS. 


r n G „ . 


When rays paſs out of one medium into another of different denfity 


through a plane ſurface, if they diverge, the focal diſtance will be to 


that of the radiant point ; if they converge, it will be to that of the 


imaginary focus of the incident rays, as the fine of the angle of inci- 
dence is to that of the angle of refraction. 


This propoſition admits of four caſes. 


Caſe 1, Of diverging rays paſling out of a rarer into a denſer ad. 

Let X repreſent a rarer, and Z a denſer medium, ſeparated from each other by the 
plane ſurface AB; ſuppoſe CD and CE to be two diverging rays proceeding from the 
point C, the one perpendicular to the ſurface, the other oblique ; through E draw the 


perpendicular 


Cray, II. OF REFRACTION. 


perpendicular PK, The ray CD being perpendicular to the ſurface, will proceed on 
in the right line CQ, but the other falling upon it obliquely at E, and there entering 
a denſer medium, will ſuffer a refraction towards the perpendicular EK. Let then EG 
be the refracted ray, and produce it back till it interſects DC produced alſo in F; this 
will be the focal point. On the center E with the radius EF, deſcribe the circle AFBQ, 
and produce EC to H; draw HI the fine of the angle of incidence, and GK that of 
refraction; equal to this is FP or CM, which let be drawn. Now if we ſuppoſe the 


points D and E contiguous, or nearly ſo, then will the line HE be almoſt coincident 


with FD, and therefore FD will be to CD, as HE to CE, or (El. VI. 4.) as HI to CM; 
that is, the focal diſtance of the ray CE is to the diſtance of the radiant point, as the ſine 
of the angle of incidence is to that of the angle of refraction.“ 


Caſe 2. Of diverging rays proceeding out of a denſer into a rarer medium. 

Let X be the denſer, Z the rarer medium, FD and FE two diverging rays proceeding 
from the point F; and ſuppoſing the perpendicular PK drawn as before, FP will be the 
ſine of the angle of incidence of the oblique ray FE, which in this caſe being refracted 
from the perpendicular, will paſs on in ſome line as ER, which being produced back to 
the circumference of the circle will cut the ray FD ſomewhere, ſuppoſe in C, this there- 
fore will be the imaginary focus of the refracted ray ER; draw RO the fine of the angle 
of refraction, to which HI will be equal: but here alſo FP or its equal CM, is to Hl, 
as EC to EH, or (if the point D and E be conſidered as contiguous) as DC to DF; 
that is, the ſine of the angle of incidence is to the fine of the angle of refraction, as the 
focal diſtance to that of the real radiant point. 


* Whereas IE is to ME, or ND to CD, as HI to CM, that is, as the ratio of the ſine of the angle of incidence 


to that of the angle of refraction, which (Prop. XIII.) is always the ſame, the line IN is in all inclinations of the 
ray CE, at the ſame diſtance from CM. Conſequently, had CE been coincident with CD, the point H had fallen 
upon N; and becauſe the circle paſſes through both H and F, F would alſo have fallen upon N; upon which 
account the focus of the ray CE would have been there, But the ray CE being oblique to the ſurface DB, the point 
H is at ſome diſtance from N; and therefore the point F is neceſſarily ſo too, and the more ſo, the greater 
that diſtance is. Hence it is manifeſt, that no two rays flowing from the radiant point C, and falling with 
different obliquities on the ſurface BD, will after refraction there, proceed as from the ſame point; therefore 
ſtrictly ſpeaking, there is no one point in the line D produced, that can more properly be called the focus of rays 
flowing from C, than another: for thoſe which enter the refracting ſurface near D, will, after reſraction, proceed, 
as has been obſerved, from the parts about N; thoſe which enter near E, will flow as from the parts about F; 
thoſe which enter about T, as from ſome points in the line DF produced, &c. And it is farther to be obſerved, 
that when the angle DCE becomes large, the line NF increaſes apace ; whence thoſe rays which fall near T, 
proceed, after refraction, as from a more diffuſed ſpace, than thoſe which fall at the ſame diſtance from each other 
near the point D. Upon which account it is uſual with optical writers to ſuppoſe the diſtance between the points 
where the rays enter the plane ſurface of a refracting medium, to be inconſiderable with regard to the diſtance of 
the radiant point, if they diverge; or to that of their imaginary focus, if they converge: and unleſs there be ſome 
particular reaſon to the contrary, they conſider them, as entering the refrafting medium in a direction as nearly 
perpendicular to its ſurfaces as may be, 
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Caſe 3. Of converging rays paſſing out of a denſer medium into a rarer. 


Next; Let Z be the denſer, X the rarer medium, and GE the incident ray; this will 


be refracted from the perpendicular into a line as EH; then all things remaining as before, 


GK, or its equal FP, or CM will be the fine of the angle of incidence, and HI that of 
refraction: but theſe lines, as before, are to each other, as DC to DF; that is, the focal 


diſtance is to the diſtance of the imaginary focus, as the fine of the angle of incidence 
to that of the angle of refraction. 


Caſe 4. Of converging rays paſſing out of a rarer into a denſer medium. 

Let Z be the rarer, X the denſer medium, and RE the incident ray; this will be refrated 
towards the perpendicular into a line, as EF; C will be the imaginary focus, and F the 
real one, HI which (El. I. 26.) is equal to RO, will be the fine of the angle of incidence, 
and FP that of the angle of refraction : but theſe are to each other (El. VI. 2.) as DF 
to DC; and therefore the focal diſtance is to that of the imaginary focus, as the ſine of 


the angle of incidence is to that of the angle of refraction. 


ER O F. . 


When parallel rays fall upon a ſpherical ſurface of different . 
the focal diſtance will be to the diſtance of the center of convexity, 


as the ſine of the angle of incidence is to the difference between that 


ſine and the line of the angle of refraction. 


Caſe 1. Of parallel rays paſſing out of a rarer into a denſer medium through a convex 
ſurface of the denſer. 


Let AB repreſent a convex ties; C its center of convexity; HA and DB two 


parallel rays, paſſing out of a rarer medium into a denſer, the one perpendicular to the 


refracting ſurface, the other oblique: draw CB; this being a radius, will be perpendicular 
to the ſurface at the point B; and the oblique ray DB being in this caſe refracted towards 
the perpendicular, will proceed in ſome line, as BF, meeting the other ray in F, which 
will therefore be the focal point; produce CB to N, then will DBN, or (El. I. 29.) its 
equal BCA be the angle of incidence, and FBC that of refraction, Now, ſince any 
angle has the ſame fine with its complement to two right ones, the angle FCB being the 
complement of ACB, which is equal to the angle of incidence, may here be taken for 
that angle; and therefore, as the ſides of a triangle have the ſame rclation to each other, 
as the ſines of their oppoſite angles have, FB being oppoſite to this angle, and FC being 
oppoſite to the angle of refraction, they may here be conſidered as the fines of the angles 
of incidence and of refraction; and for the ſame reaſon CB may be conſidered as the 
{inc of the angle CFB, which angle, being, together with the angle FBC, equal to the 
external one ACB (El. I. 32.) it is itſelf equal to the difference between thoſe two laſt 


angles; 


Crap. II. %%% 


angles; and therefore the line FB is to CB, as the ſine of the angle of incidence is to the 
ſine of an angle which is equal to the difference between the angle of incidence and of 
refraction. Now becauſe in very ſmall angles as theſe are, for we ſuppoſe in this caſe 
alſo the diſtance AB to vaniſh, (the reaſon of which will be ſhewn in the note, ) their ſines 
have nearly the ſame ratio to each other that they themſelves E, the diſtance FB will 
be to CB as the ſine of the angle of incidence is to the difference between that fine and 
the ſine of the angle of refraction : but becauſe BA vaniſhes, FB and FA are equal, and 
therefore FA is to CA in that ratio, ® -” 


Caſe 2. Of parallel rays paſſing out of a denſer into a rarer medium through a concave 
| ſurface of the denſer, 


Let AB be the concave ſurface of the denſer medium, C the center of convexity, and 
HA and DB two parallel rays. Through B the point where the oblique ray DB enters 


the rarer medium, draw the perpendicular CN ; and let the ray DB, being in this caſe. 


refracted from the perpendicular, proceed in the direction BM; produce BM back to H; 
this will be the imaginary focus, and DBN, or its equal ACB, will be the angle of 
incidence, and CBM, or its equal (El. I. 15.) HBN that of refraction ; produce DB 
to L, and draw BF ſuch, that the angle LBF may be equal to DBH : then becauſe 
NBD and DBH together are equal to NBH the angle of refraction, therefore BCA which 
is equal to the firit, and LBF which is equal to the ſecond, are together equal to 
the angle of refraction; but LBF is equal to BFA (El. I. 29.) conſequently, BFA 
and BCA together are equal to the angle of refraction; and therefore ſince one of them, 


BCA, is equal to the angle of incidence, the other, BFA, is the difference between 


that angle, and the angle of refraction. Now FB the fine of the angle FCB, or which 
is the ſame thing, of its complement to two right ones, BCA, the angle of incidence, is 
to CB the ſine of the angle BFC, as FB to CB, that is, as HB to CB; for the angles 
DBH and LBF being equal, the lines BF and BH are fo too; but the diſtance BA 
vaniſhing, HB is to CB, as HA to CA: that is, the ſine of the angle of incidence 1s to 
the fine of an angle which is the difference between the angle of incidence and refraction, 


it appears from the above propoſition, that the focal diſtance of the oblique ray DB, is ſuch, that the 
line BF ſhall be to the line CB or CA as the fine of the angle of incidence to the fine of an angle equal to 
the difference between the angle of incidence and refraction; therefore ſo long as the angles BCA, &c, are 
ſmall, ſo long the line FB is nearly of the ſame length, becauſe ſmall angles have nearly the ſame ratio to each 
other that their fines have, But when the point B is removed far from A, ſo that the ray DB enters the ſurface, 
ſuppoſe about O, the angles BCA, &c. becoming large, the ſine of the angle of incidence begins to bear a conſiderably 
leſs ratio to the fine of an angle which is equal to the difference between the angle of incidence and refraction 
than before, and therefore the line BF begins to bear a much leſs ratio to BC; wherefore its length decreaſes 
apace : upon Which account thoſe rays which enter the ſurface about O, not only meet nearer the center of con- 
vexity than thoſe which enter at A, but are collected into a more diffuſed ſpace. From hence it is, that the point 
where thoſe only which enter near A, are collected, is reckoned the true focus; and the diftance AB in all demon- 
ſtrations relating to the foci of parallel rays entering a ſpherical ſurface, whether convex or concave, is ſuppoſed 
to vaniſh, d E 
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or becauſe the angles are ſmall, to the difference between the ſine of the angle of incidence | 
and that of refraction, as the diſtance of the focus from the ſurface is to that of the center 
from the ſame. | | 


Caſe 3. Of parallel rays paſſing out of a rarer into a denſer medium through a concave 


ſurface of the denſer. 
Let AB be the concave ſurface of the denſer medium, and let LB and FA be the 


incident rays. Now whereas, when DB was the incident ray, and paſſed out of a rarer 


into a denſer medium, as in Caſe the firſt, it was refracted into a line BF, this ray LB 
having the ſame inclination to the perpendicular, will alſo ſuffer the ſame degree of 
refraction, and will therefore paſs on afterwards in the line FB produced, towards P. 
So that, whereas in that cafe the point F was the real focus of the incident ray DB, the 
ſame point will, in this caſe, be the imaginary focus of the incident ray LB : but it was 
there demonſtrated, that the diſtance FA is to CA, as the ſine of the angle of incidence 


is to the difference between that and the fine of the angle of refraction, therefore the focal 


diſtance of the refracted ray BP is to the diſtance of the center of convexity in that 
ratio, 


Caſe 4. Of parallel rays paſſing out of a denſer into a rarer medium through a convex 
ſurface of the denſer. | 
Let AB be the convex ſurface of the denſer medium, and let LB and FA be the incident 


Tays, as before. Now whereas, when DB was the incident ray paſſing out of a denſer into 
a rarer medium, it was refracted into BM, as in Caſe the ſecond, having a point as H in 
the line MB produced for its imaginary focus; therefore LB, for the like reaſon as was 


given in the laſt caſe, will in this be refracted into BH, having the ſame point H for its 
real focus. So that here alſo the focal diſtance wil] be to that of the center of convexity, 
as the ſine of the angle of incidence is to the difference between that and the fine of the 


angle of refraction. 


Con. Hence, the ſines of the angles of incidence and of refraction of ate rays being 
given, and alſo the diſtance of the center of convexity from the ſurface, the focus of any 
lens may be eaſily found, 


P R O P. XXIIL 
When diverging or converging rays enter into a medium of differ- 


ent denſity through a ſpherical ſurface, the ratio compounded of that 
which the focal diſtance bears to the diſtance of the radiant point 


(or of the imaginary focus of the incident rays, if they converge) 


and of that, which the diſtance between the fame radiant point (or 
imaginary focus) and the center, bears to the diſtance between the 
3 center 
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center and the focus, is equal to the ratio, which the fine of the angle 
of incidence bears to the ſine of the angle of refraction. 


Caſe 1. Of diverging rays paſſing out of a rarer into a denſer medium through a con- 
vex ſurface of the denſer, with ſuch a degree of divergency, that they ſhall converge after 
refraction. C 

Let BD repreſent a ſpherical ſurface, and,its center of convexity "ied let there be two 
diverging rays AB and AD, proceeding from the radiant point A, the one perpendicular 
to the ſurface, the other oblique. Through the center C produce the perpendicular ray 
AD to F, and draw the radius CB and produce it to K, and let BF be the refracted ray; 
then will F be the focal point: produce AB to H, and through the point F draw the line 
FG parallel to CB. AB being the incident ray, and CK perpendicular to the ſurface at 
the point B, the angle ABK, or which is equal to it, becauſe of the parallel lines CB and 


FG, FGH is the angle of incidence. Now, ſince the complement of any angle to two 
right ones has the ſame fine with the angle itſelf, the ſine of the angle FGB, which is 


the complement of FGH to two right ones, may be conſidered as the fine of the angle 
of incidence; for which ſine the line FB, as the ſides of a triangle have the ſame ratio to 
each other, that the ſines of their oppoſite angles have, may be taken. Again, the 
angle FBC is the angle of refraction, or its equal, becauſe alternate to it, BFG, to which 
BG being an oppoſite ſide, may be taken as the ſine. But FB is to BG in a. ratio 
compounded of FB to BA, and of BA to BG, for the ratio that any two quantities bear to 
each other, is compounded of the ratio which the firſt bears to any other, and of the ratio 


which that other bears to the ſecond. Now FB is to BA, ſuppoſing BD to vaniſh, as 


FD to DA; and BA is to BG, becauſe of the parallel lines CB and FG, as AC to CF, 
That is, the ratio compounded of FD, the focal diſtance, to DA, the diſtance of the 


radiant point, and of AC, the diſtance between the radiant point and the center, to CF, 


the diſtance between the center and the focus, is equal to that which the fine of the 
angle of incidence bears to the ſine of the angle of refraction. * 


„ Since the focal diſtance of the oblique ray AB is ſuch that the compound ratio of FB to BA and of AC 
to CF ſhall be the ſame, whatever be the diſtance between B and D; it is evident, that, AC being always of the 


ſame length, the more the line AB lengthens, the more FB muſt lengthen too, or elſe FC muſt ſhorten ; but 


if BF lengthens, CF will do ſo too, and in a greater ratio with reſpe& to its own length than BF will, 
therefore the lengthening of BF will conduce nothing towards preſerving the equality of the ratio; but as AB 
lengthens, BF and CF muſt both ſhorten, which is the only poſfible way in which the ratio can be continued 
the ſame, And it is alſo apparent, that the farther B moves from D towards O, the faſter AB lengthens, and 
therefore the farther the rays enter from D, the nearer to the refracting ſurface is the place where they meet, 
but the ſpace they are collected in, is the more diffuſed: and therefore in this caſe, as well as thoſe taken 
notice of in the two preceding notes, different rays, though flowing from the ſame point, will conſtitute different 
fociz and none are ſo effectual as thoſe which enter at or very near the point D. And ſince the ſame is obſervable 
of converging as well as of diverging rays, none, except thoſe which enter very near that point, are uſually taken 
into conſideration ; upon which account it is, that the diſtance DB, in determining the focal diſtances of diverging 
or converging rays entering a conyex or concave ſurface, is ſuppoſed to vaniſh, 
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Caſe 2. Of converging rays paſſing out of a rarer into a denſer medium through a 
concave ſurface of the denſer with ſuch a degree of convergency, that they ſhall diverge 
after refraction. 

Let the incident rays be HB and FD paſling out of a rarer into a denſer medium through 
the concave ſurface BD, and tending towards the point A, from whence the diverging 


rays flowed in the other caſe ; then the oblique ray HB having its angle of incidence HBC 


equal to ABK the angle of incidence in the former caſe, will be refracted into the line BL 


ſuch, that its angle of refraction KBL will be equal to FBC the angle of refraction in the 


former caſe ; that is, it will proceed after refraction in the line FB produced, having the 
ſame focal diſtance FD with the diverging rays AB, AD, in the other caſe. But, by 


what has. been already demonſtrated, the ratio compounded of FD, the focal diſtance, to 
DA, in this caſe, the diſtance of the imaginary focus of the incident rays, and of AC, 


the diſtance between the ſame imaginary focus and the center, to CF, the diſtance between 


the center and the focus, is equal to that which the ſine of the angle of incidence bears 
to the ſine of the angle of refraction. 


| Caſe 3. Of diverging rays paſſing out of a rarer into a denſer medium through a con- 
vex ſurface of the denſer, with ſuch a degree of divergency as to continue diverging. 


Let AB, AD, be the diverging rays, and let their divergency be ſo great, that the 


refracted ray BL ſhall alſo diverge from the other; produce LB back to F, which will 
be the focal point; draw the radius CB, and produce it to K, produce BA likewiſe 
towards G, and draw FG parallel to BC. Then will ABK be the angle of incidence, 


whoſe ſine BF may be taken for, as being oppoſite to the angle BGF, which is the 
complement of the other to two right ones. And LBC is the angle of refraction, or 


its equal KBF, or which is equal to this, BFG, as being alternate ; therefore BG, the 


oppoſite ſide to this, may be taken for the fine of the angle of refraction. But BF is 


to BG, for the like reaſon as was given in Caſe the firſt, in a ratio compounded of BF 


to BA, and of BA to BG. Now PF is to BA, (DB vaniſhing) as DF to DA, and 
becauſe of the parallel lines FG and BC, the triangles CBA and AGF are ſimilar, 
therefore BA is to AG, as CA to AF; conſequently, BA is to BA together with AG, 
that is, to BG, as CA is to CA together with AF, that is, CF. Therefore the ratio 
compounded of DF the focal diſtance to DA the diſtance of the radiant point, and of 
CA the diſtance between the radiant point and the center, to CF, the diſtance between the 


center and the focus, is equal to that which the line of the angle of incidence bears to the 
fine of the angle of refraction, 


Scholl. By making HB and CD the incident rays, the 1 may be proved 
of converging rays paſſing out of a rarer into a denſer medium, through a concave ſurface 
of the denſer, with ſuch convergency, that they ſhall continue to converge. Alſo, by the 
ſame method of reaſoning as in the preceding caſes, the propoſition may be proved, of 
diverging rays paſſing out of a denſer into a rarer medium through a concave ſurface of 


the denſer, and of converging.rays paſting out of a denſer into a rarer medium through 


a CONVEX 
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2 convex ſurface of the denſer. And all thoſe caſes which are the converſe of the pre- 
ceding, admit of a ſimilar proof; for, when rays paſs out of one medium into another, 
the ſine of the angle of incidence has the ſame ratio to the fine of the angle of refraction, 
as the fine of the angle of refraction has to the ſine of the angle of incidence, when they 
paſs through the ſame lines of direCtion the contrary way, 


Caſe 4. Of rays paſſing out of a denſer into a rarer medium, from a point between the 
center of convexity and the ſurface, 

Let AB, AD, be two rays paſſing out of a denſer into a rarer medium from the beit A, 
which is taken between C the center of convexity and the refracting ſurface BD; 
through B draw CK, and let BL be the refracted ray; produce BL back to F, and draw 
FG parallel to BC. Then will ABC be the angle of incidence, of which BF, being 


oppoſite to its alternate and equal angle BGF, is the fine. LBK will be the angle 


of refraction, or its equal FBC, of which BG, being oppoſite to its complement to two 
right angles BFG, is the fine. But, BF is to BG in the compound ratio of BF to BA, 

and of BA to BG; and (BD vaniſhing) BF is to BA as DF to DA, and becauſe the 
lines CB and FG are parallel, BA i is to > BG as CA to CF. 


Caſe 5. Of rays 2 out of a rarer into a denſer medium from a point between 
the center of convexity and the ſurface. | 


Let AB, AD, be two diverging rays paſſing out of a rarer into a denſer medium through 


the refracting ſurface BD, whoſe center of convexity is C, a point beyond that from 
whence the rays low. Through B draw CK, and let BL be the refracted ray, produce 
it back to F, and draw FG parallel to BC meeting BA in G. ABC will be the angle 
of incidence, of which BF, being oppoſite to its complement to two right angles BGF, 
is the fine. The angle of refraction is LBK, or its equal FBC, of which BG, being 
oppoſite to its alternate and equal angle BFG, is the fine, But BF is to BG in the 
compound ratio of BF to BA and of BA to BG; and (BD vaniſhing) BF is to BA as 
DF to DA; and becauſe of the parallel lines CB and GF, the triangles AFG and ABC 
are ſimilar. BA therefore is to AG, as CA to AF; conſequently, BA is to BA AG, 
that is, to BG, as CA is to CA—AF, that is, to CF, 


In like manner the Propoſition may be proved of rays paſſing out of a 4 into a 


rarer medium towards a point between the center of convexity and the ſurface, and in 


all other ſuppoſable caſes. 


_ Cor. Hence the liftance of the radiant point, or of the i imaginary focus, being given, 


and alſo the radius of convexity, and the fines of the angles of incidence and refraction 
of diverging or converging rays, the focus of any lens may be thus found. 

Let it be required to determine the focal diſtance of diverging rays paſſing out of air 
into glaſs through a convex ſurface, and let the diſtance of the radiant point be 20, and 
the radius of convexity be 5: let the focal diſtance be expreſſed by x: then, becauſe by 


the 
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the preceding Propoſition the ratio compounded of that which the focal diſtance bears to 


the diſtance of the radiant point (that is, in this ſuppoſition, of & to 20;) and of the 


ratio which the diſtance of the ſame radiant point from the center bears to the diſtance 
between the center and the focus (in this caſe, of 25 to x—5) is equal to the ratio 
which the ſine of the angle of incidence bears to the ſine of the angle of refraction 


(that is, of 17 to 11,) we ſhall have in the inſtance before us, the following proportion, 


* 3 20 SR 
25 : pact 17 and compounding them into one, which is done by multiplying 


the two firſt parts together, we have 25x : 20 100: : 17 : 11, and multiplying the 


extream terms and middle terms together, e ee =275%z which equation after due 
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Of IMAGES produced by REFRACTION. 


P-R G P. XXIV. 


Rays of light flowing from the ſeveral points of any object, farther 


from a convex lens than its principal focus, by paſſing through the 
lens, will be made to converge to points correſponding to thoſe from 


which they proceeded, and will form an image. 


Let ABC be a luminous or illuminated object. From every point, as A, B, C, rays 


diverge in all directions. Let ſome of theſe rays fall upon a convex lens GHK placed 


in a hole GK, in the window ſhutter of a dark room ML, at a greater diſtance from the 
object than the principal focal diſtance of the lens. BH being the axis, will (by Prop. 
XIV.) paſs: through the lens without refraction in the direction BHE. But the col- 
lateral rays BG, BK, made equally convergent by the lens, will croſs the axis at E; 
that is, all the rays which come from the point B in the object, will be united behind the 


lens in the focus E. In like manner, among the rays AG, AH, AK, which diverge from 


the point A, whilſt AH the axis (as was ſhewn Prop. XVII. Schol.) may be conſidered 
as if it went ſtraight through the lens, the other rays will be made to converge, and will 
be united in a focus at F: and alſo, the rays from C will be united in D. The ſame may 


be ſhewn concerning every other point in the object. Conſequently, there will be as 


many correſpondent foci in the image as there are radiant points in the object : and theſe 
| | foci 
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foci will be diſpoſed in the ſame manner with reſpect to one another as the radiants, and 
will therefore form an image. The object muſt be farther from the lens than its principal 
focus, elſe the rays from the ſeveral radiants would not converge, but either become 
parallel or diverging, (by Prop. XVIII.) whence no image would be formed. 


ExP. 1. Let the rays of the ſun paſs through a convex lens into a dark room, and 
fall upon a ſheet of white paper placed at the diſtance of the principal focus from the lens. 


2. The rays of a candle, in a room from which all external light is excluded, paſſing 


through a convex lens, will form an image on white paper. 


VVV 
The image produced 1 rays of light paſſing . a convex lens 


is inverted. 


The focus in which the rays chat come from any point A, or B, a are united, is, in the 
axis AHF, or BHE, of the beam, whether it fall directly or obliquely upon the lens. But 
the axis (by Prop. XVII.) is the middle ray of a cone of rays whoſe baſe is the ſurface of 
the lens, and vertex the radiant point. Every axis, therefore, as AHF, BHE, muſt paſs 
through H the middle point of the lens, and conſequently muſt croſs one another in that 
point : from which it is manifeſt, that the rays from the loweſt point C of the obje& 


will become the higheſt point of the i image D; and that the image will ves with reſpect to 
the original object, inverted. | 


F 


The 1 image will not be diſtinct, unleſs the plane ſurface, on which 
it is received, be placed at the diſtance of the N focus of the 
lens. 


For otherwiſe the rays which come foam a ſingle point in the object, will not have its 
correſponding point in the image, but will be ſpread over a larger ſurface. 


"PRO Þ. -X&VIL. 
As an object approaches a convex lens, its image departs from it, 


and as the object departs the image approaches. 


As the object ABC approaches the lens, the ſeveral radiants approach it: and conſe- 
quently (by Prop. XIX.) the ſeveral foci which form the image FED recede ; and the 
reverſe. But the image can never be nearer the lens than its focus of parallel rays, ſince 
this is the place of the i _ when the object is infinitely diſtant. 


X = PROP. 


133 


Plate 6. 
Fig. 22. 


Plate 6. 
Fig. 22. 


L ” . — 1 © 1 2 . 9 . —_—_ . 1 —.— 2 — 5 
— PETER » — q Pe wt 4 * s - f N 2 pr. 
I 8 8 4 | F 2 8 ——ů — 2 . 1 7 = — — — 67 744204, 0 — 4 2 I a. * wma 
0 * we IP * Rm . 8 — r 4 oy a "4 — rt ny r 
p P = = 9 ; . : ; * — 2 2 — 
. P w ˙»—ü ²˙¹wꝛö . Moda wean k EF N *.— 8 ROY S 4 = 2 


154 


Plate 6. 
Fig. 22. 


— — . 


F Of $4 C's! een. 


F XXVIII. 


When the object is placed parallel to the image, the diameter of 
the object is to the diameter of the diſtinct image, as the diſtance of 


the object from the lens, is to the diſtance of the image from the 
lens. 


Tne radiant A (as appears from Prop. XXV. ) is repreſented by its focus in the point F 
where the line AH, produced behind the lens, cuts a plane paſſing through the focus of 


parallel rays parallel to the lens. In like manner the radiant C is repreſented by its 
correſponding focus in the point D, in which the ſame plane is cut by the line CH pro- 


duced. If therefore the diſtance of the extremities of the object, or its length, be AC, 
the length of its image will be DF. Since therefore AC is parallel to DF, the alternate 


angles ACD, CDF, (El. I. 29.) are equal; and alſo the alternate ankles CAF, AFD: 

whence (El. VI. 3.) AC is to FD, as CH to DH, that is, the height of the object is to 
that of the image, as the diſtance of the object from the lens, to the diſtance of the image 
from the lens. Any diameter or line drawn acroſs the object may be proved, in like 


manner, to have the ſame ratio to any n diameter or line drawn acroſs the 
image. 


Pp R 0 P. XXIX. 


When the image appears confuſed, it is larger than when it is 


diſtinct. 


For the rays, in this caſe, are not received upon the white ſurface exactly at the diſtance 
from the lens at which they are brought to a focal point, but either at a diſtance greater 
or leſs: and in either caſe the rays which come from any radiant points at the extremities 
A and C, will not be collected into points on the plane at F and D, but be ſpread over 


a ſmall circular ſpace round theſe points: whence the confuſed image will be larger than 
the diſtinct image. pet 


Þ R O P. XXX. 
The object and the diſtinct image are ſimilar ſurfaces. 


Though the ſide of any object which is towards the lens be not a plane ſurface, yet 
the light is reflected from it in the ſame manner as if the figure of the object were drawn 
upon the plane ſurface of a piece of canvas, and differently ſhaded. Therefore the ſide 
of the object next to the lens may be conſidered as a plane figure. And ſince (by Prop. 
XXVIII.) the height of the object is to that of the picture, as the diſtance of the object 


| trom the lens, to the diſtance of the image from the lens, and alſo the breadth of the object 


in 
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in any part, to the breadth of the image in the correſponding part in the ratio of theſe 
diſtances; it follows (El. V. II.) that the height of the object is to the height of the 
image, as the breadth of the object in any part is to the breadth of the i image in its cor- 
reſponding part; "Wes is, the e and i image are SO ſurfaces. | 


7 R 0 P. XXXI. 


The deter of an image formed by rays paſling from a given 
object through a convex lens, increaſes as the object approaches the 
lens, and decreaſes as the object recedes from the lens. 

'The diameter of the image (by Prop. XXVII.) increaſes as its diſtance increaſes, and 
decreaſes as its diſtance decreaſes. And (by Prop. XXVII.) the diſtance of the image 
increaſes as the diſtance of the object decreaſes, and the reverſe. Whence the diameter of 


the image increaſes as the diſtance of the object decreaſes, and decreaſes as the diſtance of 
the object increaſes. 


1+ oor 5d: 10048-41053; 0 


When the diſtance of the object is given, the W N of the 


image is as the diameter of the object. 
If the object AC remains at the diſtance BH from the lens, the i image (by Prop. XXVII. ) 


will remain at the diſtance EH : whence the ratio of BH to EH, and conſequently (by 


Prop. XXVIII.) the ratio of the diameter AC to its correſpondent diameter DF, is given, 
or is invariable. Conſequently, if AC increaſes or decreaſes, DF muſt proportionally 
increaſe or decreaſe, that is, the diameter of the 1 —_ is directiy as the diameter of the 
_ | | 


P R O P. XXXIII. 


When the diameter and diſtance of the object are given, the diameter 
of the 1 image will be as its diſtance from the lens. 


If the diameter 5nd diftance- of the object are given, it is manifel that the diameter of 
the image cannot be varied without changing the lens. But if, inſtead of the lens GHK, 
one leſs convex, or more convex, be uſed, the rays will be brought to a focus, and the 
image (by Prop. XXIV.) will be formed at a greater or leſs diſtance from the lens, 
And ſince (by Prop. XXVIII.) the diſtance of the object is always to the diſtance of the 
image, as the diameter of the object to the diameter of the image; the firſt and third 
terms remaining invariable, the ſecond and fourth muſt be increaſed or diminiſhed pro- 
portionally, that is, the diameter of the image will be directly as its diſtance from the lens. 
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P R O P. XXXIV. 
When the diameter and diſtance of the object are given, the area 
of the image is as the ſquare of its diſtance from the lens. 


Becauſe the ſurface of the image (by Prop. XXX.) is ſimilar to the ſurface of the object, 
whilſt the ſurface of the object remains the ſame, the image, in every variation of its 
magnitude, muſt be ſimilar to itſelf, But the areas of ſimilar ſurfaces (El. VI. 20. Cor. 1.) 
are as the ſquares of their homologous diameters, that is, as the ſquares of their heights 
or breadths. Therefore the area of the image is always as the ſquare of its diameter, 
And the diameter of the image, when the diameter and diſtance of the object are given, 
is (by Prop. XXXIII.) as its diſtance from the lens: therefore the ſquare of its diameter, 
or its area, is as the ſquare of its diſtance from the lens. 


F N G F. © +40 


Though the diſtance of the object from the lens be varied, the 


image may be preſerved diſtin& without varying the diſtance of the 
plane ſurface which receives it. | Th 
This will be the caſe, if as much as the image is hovuths forwards by FO removal of the 
object, it is thrown backwards by diminithing the convexity of the lens, and the reverſe; 
or the image may be preſerved diſtin&t without changing the lens, by increaſing or 
diminiſhing the diſtance of the lens from the plane ſurface which receives the image, in 


the ſame ratio as the diſtance of the object from the lens 1s increaſed or diminiſhed ; which 
may be done either by moving the lens or the plane ſurface. 


P R O F. KXXXVI, 
The diſtances of the object and image, and the diameter of the 


object being given, the diameter of the image will not be altered by 
changing the area of the lens. 


The height of the image DF is the diſtance between the two extreme foci F and D; 


the former of which is always in the axis AHF of the cone which has A for its vertex, 


and the latter in the axis CHD of the cone whoſe vertex is C, which axes croſs each 
other in H. Since therefore DF, the height of the image, is the diſtance between theſe 
two lines AHF, CHD, where they meet the plane ſurface, the height of the image will 
be the ſame, whether the whole area GHK is open, or only a ſmall part of it at H. 


PROP. 
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P R O P. XXXVII. 


When the object is near the lens, but not ſo near as the principal 


focus, in order to make the image diſtinct, the area of the lens muſt 
be ſmall. 


If the object was as near to the lens as the principal focus, or nearer, no image (by 
Prop. XVII.) could be formed. But let the object A be at a diſtance from the lens NP, 
very little greater than that of the principal focus: then the extreme rays AN, AP, of the 
cone NAP, diverging more than the rays AD, AE, if the plane ſurface which is to 
receive the rays, is placed where theſe rays are collected to a focus, the extreme rays 
AN, Ap, diverging more, will not be collected, and the image on the plane ſurface 
will be confuſed. To prevent this, the extreme rays muſt be excluded by diminiſhing 
the area of the lens, or of the hole where it is placed. If the radiant A were at a greater 
diſtance, this would be unneceſſary. Suppoſing the lens at SR, the extreme rays AN, AP, 
would paſs above or below the lens, and only the middle rays, which are brought to a 
focus on the plane ſurface, would paſs through the lens. 


P R O P, XXXVIIL 


The brightneſs of an image, when its diſtance from the lens is 


given, is as the area of the lens. 


When the whole area GHK i is open, the entire cone of rays AGK paſſes through the 


lens from the point A, and is brought to a focus at F : but when the arca is diminiſhed to 
a ſmall ſurface at H, the greateſt part of the cone is excluded, and no rays, but the axis 
AH and thoſe which are near it, can paſs through the lens: whence it is manifeſt, that 
the focal point F muſt be more illuminated by the rays from A when the area of the lens 
is GHK, than when the area is diminiſhed. The ſame may be ſaid of every other cone 
of rays, and of every other point in the image. Therefore the whole image, although 


(by Prop. XXXVII.) made more diſtinct by — the area, will be made fainter 
or leſs bright. | | 


P R O P. XXXIX. 


The brightneſs of the image, when the area of the lens and the 


diſtance of the object are given, is inverſely. as the (quare of its 
diſtance from the lens. 
_ The 
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The area of the lens and diſtance of the object being given, the number of rays which 
paſs through the lens and form the image, is given. Now the ſame number of rays ſpread | 
over a larger ſurface will not illuminate it ſo ſtrongly as they would a fmaller ſurface : 
that is, the brightneſs. will be inverſely as the illuminated area: and the area of the 


image 1s (by Prop. XXXIV.) as the ſquare of i its diſtance from the lens: vhence its Frog” 
neſs is inverſely as the ſquare of its diſtance. 


„ 


The heat at the focus of a burning glaſs, when the area of the 


glaſs is given, is inverſely as the {quare of the focal diſtance. 


The diſtance of the vurning ſpot, that is the image of the ſun, from the lens, is the 
focal diſtance, becauſe the ſun's rays are parallel. And becauſe the heat and the bright- 
neſs at the focus are as the number of rays collected, the heat is as the brightneſs. But 
the brightneſs (by Prop. XXXIX. ) is inverſely as the ſquare of the diſtance of the image 
from the lens: therefore the heat is in the ſame ratio, that is, in this caſe, inverſely as 
the ſquare of the focal diſtance of the glaſs. 8 


P R 9 XII. 


The heat at the focus of a bande glaſs, when the focal diſtance 
is given, is as the area of the glaſs. 


The brightneſs is (by Pris XXXVIII.) as the area of the lens, and the heat is as the 
brightneſs : therefore the heat is alſo as the area of the lens. 


P O P. Ni I. 


The heat at the focus of a burning glaſs is to the common heat 
of the ſun, inverſely as the area of the focus to the area of the glaſs. 


The brightneſs, or the heat, muſt be inverſely as the ſpace or area over which the 
rays which cauſe them are ſpread, that is inverſely as the area of the focus to the area of 
the glaſs. | 

Scuol. This Propoſition ſuppoſes all the rays which fall upon the Jens to paſs 
through it ro the focus. 


Exp. 


Crap; II. OF.REFRACTION. 


Exp. Moſt of the preceding Propoſitions, from Prop. XIX. to XXXIX. may be con- 
firmed, in a room from which all external light is excluded, by placing a convex lens, fixed 
in a frame which moves perpendicularly upon an oblong bar of wood, at diſtances, ſuch 


as the Propoſitions require, from a lighted candle placed perpendicularly on the ſame 


bar of wood, and receiving the images upon white paper. Upon this bar of wood, on 
one ſide of a line over which the convex lens is placed, let a line perpendicular to the 
laſt mentioned line be divided into parts 1, 2, 3, 4, &c. each equal to the diſtance of the 
focus of parallel rays; and on the other ſide of the lens, let a line be divided in the ſame 
manner, and let the firſt diviſion which is farther from the lens than the focus be ſub- 
divided into parts reſpectively equal to 2, 4, +, &c. of the diſtance of the focus of parallel 
| rays: if a candle be placed over the diviſion 2, it will form a diſtinct i n. on a paper 


held over the diviſion +; if the candle be over 3, the image will be at 7» &c. whence 


it appears, that the diftances of the correſpondent foci vary reciprocally. Prop. XL, 


XLI, XLII, may be confirmed by holding a large double convex lens, or burning glaſs, 


in the ſun's rays, and receiving the image on white paper, or other ſubſtances. 


CHAP. 
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Of the Laws of REFLECTION. 


Dee. XIX. A Ray of Light, turned back into the ſame medium 
in which it moved before its return, is ſaid to be reflected. 


Dr. XX. The Angle of Reflection, is that which is contained 


' 

* — . o o 

| between the line deſcribed by a reflected ray and a line perpendicular 
| to the reflecting ſurface at the point of reflection. 
| Plates, Let AC be the incident ray falling upon the reflecting ſurface DE, CB will be the 


Fig. 25. reflected ray, OC the perpendicular, ACO the angle of incidence, and OC the angle 
| | of reflection. | 
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; The reflection of light from tranſparent bodies is either partial or 
total: the partial reflection happens either at the firſt or ſecond 
ſurface, the total, at the ſecond ſurface only. 


When a beam of light falls upon a thick piece of poliſhed glaſs, all the rays will not 
Pais through it; but ſome of them will be reflected from the firſt ſurface of the glaſs, 
where the beam enters. At the ſecond ſurface, ſome of the rays will alſo be reflected. 
Theſe partial reflections happen, whatever is the obliquity of the rays. The total re- 
flection happens when the angle of incidence, or the obliquity, is greater than 41 degrees. 
All the light which then comes to the ſecond ſurface will be reflected. 

SCHOL. 


Cray. III. OF REFLECTIO N. 
ScHoL. The rays of light are not reflected by ſtriking upon the ſolid parts of bodies. 


At leaſt as many rays are refleted from the ſecond ſurface when the light paſſes out of 


glaſs into air, as from the firſt when it paſſes out of air into glaſs : but if the reflection 
were cauſed by the ſtriking of the rays upon ſolid parts of bodies, fince glaſs is denſer 
than air, that 1s, has more ſolid parts in a given ſpace, a greater quantity of rays would 
be reflected from the firſt ſurface than from the ſecond. Beſides, it ſeems improbable 
that, at the ſecond ſurface, with one degree of obliquity, the rays ſhould meet with nothing 


but pores or interſtices in the air, and paſs freely into it, and that with a greater degree of 


obliquity, it ſhould meet with nothing but ſolid parts, and be totally reflected. Again, 
ſince water is denſer than air, if the reflection were owing to the ſtriking of the rays upon 
the ſolid body, it might be expected that the light would be more perfectly reflected in 


paſſing out of glaſs into water than into air; whereas it is found, that if water be placed 


behind the glaſs inſtead of air, rays will not be reflected at the ſecond ſurface, though their 

obliquity be greater than 41 degrees: from hence alſo it is manifeſt, that the reflection 

is not owing to the ſtriking of the rays upon the ſecond ſurface of the glaſs; for then it 
would be the ſame whatever were the medium beyond it. 


7 1 G * XLIV. 


Reflection is cauſed by the powers of attraction and repulſion in 


the reflecting bodies. 


| Suppoling that bodies attract thoſe rays which are very near them, and repel thoſe a 
little farther from them; and calling the ſpace contiguous to the ſurface of the glaſs, 
where the rays are attracted, the attracting ſurface; and the ſpace next to this, the repelling 


ſurface, the propoſition may be thus proved. 
Let GG, MM, be the repelling ſurface of a piece of glaſs, and Ra a ray falling upon it. 


This ray when it enters the ſurface will be retarded by the repulſion, and conſequently 


refracted from the perpendicular at a. And this repulſion increaſing till the ray gets into 
the ſurface of attraction, the ray will be conſtantly retarded, that is, turned out of its 
ſtraight courſe at b, c, d, &c. till it become parallel to MM at F the limit of the repelling 
ſurface. And in this ſituation of the ray, the repelling force, which had retarded, will 
now conſtantly accelerate it, and conſequently it will be continually refracted towards 
the perpendicular, at g, h, i, &c. till it emerge from the ſurface at /; when, the repelling 
force ceaſing to act, the ray will proceed in a right line, Thus the ray, by reflection, is 
made to deſcribe the curve /. 
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PK © EF. . 


The angle of reflection is equal to the angle of incidence, and alſo 
their complements. 


In all caſes of reflection, the rays (by Prop. XLIV. ) deſcribe ſuch a curve at 4 FL 
And fince they deſcribe one half of this curve by being retarded, and one half by being 
ſimilarly accelerated, one half will be ſimilar to the other ; whence one half will make the 
ſame angle with a perpendicular at F as the other half makes with it. And the bending 
of the rays is made within fo very ſmall a compafs, that is, the curve af is ſo ſmall that 
it may be neglected, as in fig. 25. where the angle ACO is equal to the angle BCO, 


and conſequently, the angle ACD equal to BCD. 


Exp. I. Having deſcribed a ſemicircle on a ſmooth board, and from the circumference 
let fall a perpendicular biſecting the diameter, on each fide of the perpendicular cut off 
equal parts of the circumference; draw lines from the points in which thoſe equal 


parts are cut off to the center; place three pins perpendicular to the board, one at 


each point of ſection in the circumference, and one at the center; and place the board 
perpendicular to a plane mirror. Then look along one of the pins in the circumference 
to that in the center, and the other pin in the circumference will appear in the ſame line 
produced with the firſt, which ſhews that the ray which comes from the ſecond pin, is 
reflected from the mirror at the center to the eye, in the ſame angle in Whick it fell on the 
mirror. | 

2. "Fa a ray of light paſſing through a ſmall hole into a dark room, be reflected from 
a plane mirror; at equal diſtances from the point of reflection, the incident, and the re- 
flected ray, will be at the ſame height from the ſurface. 


P R O FP. VI. 
All reflection is reciprocal. 


If the ray AC, after it has been reflected in the line CB, is turned back again in the 
direction CB, it will be reflected (by Prop. XLV.) into AC. Therefore if ACO is 


the angle of incidence, OCB will be the angle of reflection; and if OCB be the angle of 
incidence, ACO will be the angle of reflection. 


Scholl. Sir Ifaac Newton explains the cauſe of reflection by ſuppoſing, that light, in 
its paſſage from the luminous body, is diſpoſed to be alternately reflected by, and tranſ- 


mitted through any refracting ſurface it may meet with; that theſe diſpoſitions, which he 


calls Fits of eaſy reflection and eaſy tranſmiſſion, return ſucceſſively at equal intervals: 


and that they are communicated to it, at its firſt emiſſion out of the luminous body it pro- 
ceeds 


ChAP. III. OF REFLECTION. 


ceeds from, probably by ſome very ſubtle and elaſtic ſubſtance diffuſed through the univerſe, 
in the following manner. As bodies falling into water, or paſling through the air, cauſe 
undulations in each, ſo the rays of light may excite vibrations in this elaſtic ſubſtance. 


The quicknefs of theſe vibrations depending on the elaſticity of the medium (as the quick- 


neſs of the vibrations in the air, which propagate ſound, depend ſolely on the elaſticity 
of the air, and not upon the quickneſs of thoſe in the ſounding body) the motion of the 
particles of it may be quicker than that of the rays; and therefore when a ray, at the 
inſtant it impinges upon any ſurface, is in that part of a vibration of this elaſtic ſubſtance 
which conſpires with its motion, it may be eaſily tranſmitted, and when it is in that part 
of a vibration which is contrary to its motion, it may be reflected. He farther ſuppoſes, 
that when light falls upon the firſt ſurface of a body, none is reflected there, but all that 
happens to it there is, that every ray that is not in a fit of eaſy tranſmiſſion, is there put 
into one, ſo that when they come at the other fide (for this elaſtic ſubſtance eaſily pervading 
the pores of bodies, is capable of the ſame vibrations within the body as without it) the 
rays of one kind ſhall be in a fit of eaſy tranſmiſſion, and thoſe of another in a fit of eaſy 
reflection, according to the thickneſs of the body, the intervals of the fits being different 
in rays of a different kind. . 


P R OP. XLVII. 


Rays of light reflected from a plane ſurface, have the ſame degree 


of inclination to each other that their reſpective incident ones have. 


The angles of reflection of the rays AC, AI, AK, being equal to that of their 
reſpective incident ones, it is evident that each reflected ray will have the ſame degree 
of inclination to the ſurface DE, from whence it is reflected, that its incident one has; 
but it is here ſuppoſed that all thoſe portions of ſurface, from whence the rays are re- 
flected, are ſituated in the ſame plane; conſequently, the reflected rays FC, LI, MK, 
will have the ſame degree of inclination to each other that their incident ones have, 
from whatever part of the ſurface they are reflected. 


P R O P. XLVIII.. 
Parallel rays reflected from a concave ſurface are made converging. 


Let AF, CD, EB, repreſent three parallel rays falling upon the concave ſurface FB, 
whoſe center is C. To the points F and B draw the lines CF, CB; theſe being drawa 
from the center will be perpendicular to the ſurface at thoſe points. The incident ray 
CD alſo paſſing through the center will be perpendicular to the ſurface, and therefore 
will return after reflection in the ſame line; but the oblique rays AF and EB will be 
reflected into the lines FM, BM, ſituated on the contrary ſide of their reſpective perpen- 
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diculars CF and CB. They will therefore proceed converging after reflection towards 
ſome point, as M, in the line CD. | 


ER G E. 
Converging rays falling upon a concave ſurface are made to con- 
verge more. | 


Let GB, HF, be the incident rays. Now, becauſe theſe rays have larger angles of 


incidence than the parallel ones, AF, EB, in the foregoing caſe, their angles of re- 


flection will alſo be larger than theirs: they will therefore converge after reflection, 


ſuppoſe in the lines FN, and BN, having their point of concourſe N farther from C 


than the point M, to which the parallel rays AF and EB . w in the fore- 
going caſe. 


PR O F. L. 


Diverging rays, falling upon a concave ſurface, if they diverge 
from the focus of parallel rays, become parallel; if from a point 


nearer the ſurface than that focus, will diverge leſs than before re- 
flection; if from a point between that focus and the center, will 


converge after reflection to ſome point, on the contrary ſide of the 
center, and farther from the center than the point from which it 
diverged; if from a point beyond the center, the reflected rays will 
converge to a point on the contrary ſide, but nearer to it than the 


point from which they dn if from the center, they will be 
reflected thither again. 


Let the incident diverging rays be MF, MB, coil from M the focus of parallel 
rays; then as the parallel rays AF and EB were reflected into the lines FM and BM, 
theſe rays will now on the contrary be reflected into them. 

Let them diverge from N, a point nearer to the ſurface than the focus of parallel 
rays, they will then be reflected into the diverging lines HF and BG, which the incident 
rays GB and HF deſcribed, which were ſhewn to be reflected into them in the foregoing 
propoſition ; but the degree wherein they n, will be leſs than that wherein they 


diverged before reflection. 


Let them proceed diverging from X, a point between the focus of parallel rays and 
the center, they then make leſs angles of incidence than the rays MF and MB, which 
became 


Cay, III. OF REFLECTION. 


became parallel by reflection, they will conſequently have leſs angles of reflection, and 
proceed therefore converging towards ſome point, as Y ; which point will always fall on 
the contrary ſide the center, becauſe a reflected ray always falls on the contrary fide the 
perpendicular with reſpect to that on which its incident one falls; and therefore will 
be farther diſtant from the center than X. 

If the incident ones diverge from Y, they will after reflection converge to X, thoſe 
which were the incident rays in the former caſe being the reflected ones in this. 

Laſtly, if the incident rays proceed from the center, they fall in with their reſpective 
perpendiculars, and for that reaſon are reflected thither again. 


. Exe. Place a concave mirror at proper diſtances from an open orifice, or a convex, 
or a concave lens, through which a beam of ſolar rays paſſes, according to the three 
preceding propoſitions. | 


P-RO P, If 
Parallel rays reflected from a convex ſurface are made diverging. 


Let AB, GD, EF, be three parallel rays falling upon the convex ſurface BF, whoſe 
center of convexity is C, and let one of them, GD, be perpendicular to the ſurface. 


Through B, D, and F, the points of reflection, draw the lines CV, CG, and CT, which 


becauſe they paſs through the center will be perpendicular to the ſurface at thoſe points. 
The incident ray GD, being perpendicular to the ſurface, will return after reflection in the 
ſame line, but the oblique ones AB and EF in the lines BE and FL ſituated on the 
contrary ſide their reſpective perpendiculars BV and FT. They will therefore diverge 
after reflection, as from ſome point M in the line GD produced. 


P R O 1 


Diverging rays reflected from a convex ſurface are made more 


| diverging. 


Let GB, GF, be the incident rays. Theſe having larger angles of incidence than the 
parallel ones AB and EF in the preceding caſe, their angles of reflection will alſo be larger 
than theirs; they will therefore diverge after reflection, ſuppoſe in the lines BP and FO, 


as from ſome point N farther from C than the point M; and the degree wherein they 


will diverge, will exceed that wherein they diverged befoer reflection. 
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PR O F. III. 


Converging rays reflected from a convex ſurface, if they tend 
towards the focus of parallel rays, will become parallel; if to a point 
nearer the ſurface than that focus, will converge leſs than before 


reflection; if to a point between that focus and the center, will 


diverge as from a point on the contrary ſide of the center farther 
from it than the point towards which they converged; if to a point 
beyond the center, they will diverge as from a point on the contrary 


ſide of the center nearer to it than the point towards which they firſt 


converged; and if towards the center, they will proceed, on reflection, 
as from the center. 


Let the converging rays be KB, LF, tending towards M the focus of parallel rays; 
then, as the parallel rays AB, EF, were reflected into the lines BK and FL, thoſe rays 
will now on the contrary be reflected into them. 


Let them converge in the lines PB, OF, tending towards N, a point nearer the ſurface 


than the focus of parallel rays, they will then be reflected into the converging lines BG 


and FG, in which the rays GB, GF, proceeded, which were ſhewn to be reflected into 


them in the laſt propoſition immediately foregoing; but the degree wherein they will 


converge, will be leſs than that wherein they converged before reflection. 

Let them converge in the lines RB and SF proceeding towards X, a point between 
the focus of parallel rays and the center; their angles of incidence will then be leſs than 
thoſe of the rays KB and LF, which became parallel after reflection, their angles of 
reflection will therefore be leſs, on which account they muſt neceſſarily diverge, ſuppoſe _ 
in the lines BH and FI, from ſome point, as ; which point will fall on the Ry 
ſide the center with reſpe& to X, and will be farther from it than X. 

If the incident rays tend towards Y, the reflected ones will diverge as from X, thoſe 
which were the incident ones in one caſe, being the reflected ones in the other. 

And laſtly, if the incident rays converge towards the center, they fall in with their 


reſpective perpendiculars ; on which account they proceed after reflection, as from thence. 


Exp. IIluſtrate the three preceding propoſitions by receiving upon a convex mirror, 
a ſolar ray paſſing through an open orifice, or a concave or convex lens. 


OF REFLECTION. 


Crap, III. 


Pp R O P. IIV. 


When rays fall upon a plane ſurface, if they diverge, the focus of 
the reflected rays will be at the ſame diſtance behind the ſurface, that 
the radiant point is before it: if they converge, it will be at the 
ſame diſtance before the ſurface, that the imaginary focus of the 
incident rays is behind it. 


Caſe 1. Of diverging rays. Let AB, AC, be two diverging rays incident in the plane 
ſurface DE, the one perpendicularly, the other obliquely; the perpendicular one AB will 
be reflected to A proceeding as from ſome point in the line AB produced; the oblique 
one AC will be reflected into ſome line CF, ſuch that the point G, where the line FC 
produced interſects the line AB produced alſo, ſhall be at an equal diſtance from the 
ſurface DE with the radiant A. For the perpendicular CH being drawn, ACH and HCF 
will be the angles of incidence and reflection, which being equal, their complements ACB 
and FCE are fo too: but the angle BCG is equal (El. I. 15.) to FCE: therefore in the 
triangles ABC and GBC the angles at C are equal, the fide BC is common, and the angles 


at B are alſo equal to each other, as being right ones; therefore (El. I. 26.) the lines 


AB and BG, oppoſite to the equal angles at C, are alſo equal, and conſequently the point 
G, the focus of the incident rays AB, 8 is at the ſame diſtance behind the ſurface, 
that the point A is before it. 


Caſe 2. Of converging rays. Suppoſing FC and AB to be two converging incident 
rays, CA and BA will be the reflected ones (the angles of incidence in the former caſe 


being now the angles of reflection, and the reverſe) having the point A for their focus; 
but this, from what was demonſtrated above, is at an equal diſtance from the reflecting 
ſurface with the point G, which in this caſe is the imaginary focus of the incident rays 
FC and AB. What is here demonſtrated of the ray AC, holds * of any others 
as Al, AK, &c. 


Scholl. The caſe of parallel rays incident on a plane ſurface, is included in this 
propoſition ; for in that caſe we are to ſuppoſe the radiant to be at an infinite diſtance 
from the ſurface, and then by the propoſition, the focus of the reflected rays will be ſo too; 
that is, the rays will be parallel after reflection, as they were before. 


P R OP. LV. 
When parallel rays are incident upon a ſpherical furface, the focus 
of the reflected rays will be the middle point between the center of 


convexity and the ſurface. 
Caſe 
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Caſe 1. Of parallel rays falling upon a convex ſurface, Let AB, DH, repreſent two 
parallel rays incident on the convex ſurface BH, the one perpendicularly, the other 
obliquely; and let C be the center of convexity; ſuppoſe HE to be the reflected ray of 
the oblique incident one DH proceeding as from F, a point in the line AB produced, 
Through the point H draw the line CI, which will be perpendicular to the ſurface at that 
point, and the angles DHI and IHE, being the angles of incidence and reflection, will be 
equal. But HCF is equal (El. I. 29.) to DHI, and CHF (El. I. 15.) to IHE]; where- 
fore the triangle CFH is iſoſceles; and conſequently the fides CF and FH are equal: 


but ſuppoſing BH to vaniſh, FH is equal to FB, and therefore upon this ſuppoſition 


FC and FB are equal, that is, the focus of the reflected rays is the middle point between 
the center of convexity and the ſurface, 


Caſe 2. Of parallel rays falling upon a concave ſurface. Let AB, DH be two parallel 
rays incident, the one perpendicularly, the other obliquely, on the concave ſurface BH, 
whole center of concavity is C. Let BF and HF be the reflected rays meeting each 
other in F; this will be the middle point between B and C. For drawing through C 
the perpendicular CH, the angles DHC and FHC, being the angles of incidence and 
reflection, will be equal, to the former of which the angle HCF is equal, as alternate; 
and therefore the triangle CFH is iſoſceles. Wherefore CF and FH are equal: but if 
we ſuppoſe BH to vaniſh, FB and FH are alſo equal, and therefore CF is equal to FB; 


that is, the focal diſtance of the reflected rays is the middle point between the centre and 
the ſurface,* 


Scholl. The converſe of theſe two caſes may be demonſtrated in a ſimilar manner, by 
making the incident rays the reflected ones, 


* It is here obſervable, that the farther the line DH is taken from AB, the nearer the point F falls to the ſurface, 


For the farther the point H recedes from B, the larger the triangle CFH will become; and conſequently ſince it is 


always an iſoſceles one, and the baſe CH, being the radius, is every where of the ſame length, the equal legs CF 


and FH will lengthen; but CF cannot grow longer unleſs the point F approach towards the ſurface, And the 


farther H is removed from B, the faſter F approaches to it, This is the reaſon, that whenever parallel rays are 
conſidered, as reflected from a ſpherical ſurface, the diſtance of the oblique ray from the perpendicular ray is 
taken ſo ſmall with reſpect to the focal diſtance of that ſurface, that, without any phyſical error, it may be ſuppoſed 
to vaniſh, From hence it follows, that if a number of parallel rays, as AB, CD, EG, &c. fall upon a convex ſurface, 
and if BA, DK, the reflected rays of the incident ones AB, CD, proceed as from the point F, thoſe of the incident 
ones CD, EG, namely, DK, GL, will proceed as from N, thoſe of the incident ones EG, Hl, as from O, &c. becauſe 
the farther the incident ones CD, EG, &c. are from AB, the nearer to the ſurface are the points F, / /, in the 
line BF, from which they proceed after reflection; ſo that properly the foci of the reflected rays BA, DK, GL, &c. 
are not in the line AB produced, but in a curve line paſſing through the points F, N, O, &c, 

The fame is applicable to the caſe of parallel rays reflected from a concave ſurſace, as expreſſed by the dotted lines 
on the other half of the figure, where PQ, RS, TV, are the incident rays; QF, Sf, V/, the reflected ones interſecting 


each other in the points X, Y, and F; ſo that the foci of thoſe rays are not in the line FB, but in a curve paſſing 
through thoſe points. 


PROP. 
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When rays fall upon any ſpherical ſurface, if they diverge, the 
diſtance of the focus of the reflected rays from the ſurface is to the 
diſtance of the radiant point from the ſame (or, if they converge, 
to that of the imaginary focus of the incident rays) as the diſtance 
of the focus of the reflected rays from the center is to*the diſtance 
of the radiant point (or imaginary focus of the incident rays) from 
the ſame. 

Caſe 1. Of diverging rays falling upon a convex ſurface. Let RB, RD, repreſent 
two diverging rays flowing from the point R as from a radiant, and falling the one per- 
pendicularly, the other obliquely, on the convex ſurface BD, whoſe center is C. Let 
DE be the reflected ray of the incident ene RD; produce ED to F, and through R draw 


the line RH parallel to FE, till it meets CD produced in H. Then will the angle 
RHD be equal (El. I. 29.) to EDH the angle of reflection, and therefore equal alſo 


to RDH, which is the angle of incidence; wherefore the triangle DRH is iſoſceles, and 


conſequently DR is equal to RH. Now the lines FD and RH being parallel, (El. VI. 2.) 
FD is to RH, or its equal RD, as CF to CR; but BD vaniſhing, FD and RD differ 
not from FB and RB; wherefore FB is to RB alſo, as CF to CR; that is, the diſtance 
of the focus from the ſurface is to the diſtance of the radiant point from the ſame, as the 
diſtance of the focus from the center is to the diſtance of the radiant from thence. 


Caſe 2. Of converging rays falling upon a concave ſurface. Let KD and CB be the 
converging incident rays, having their imaginary focus in the point R, which was the 
radiant in the foregoing caſe. Then as RD was in that caſe reflected into DE, KD will 
in this be reflected into DF; for, ſince the angles of incidence in both caſes are (El. I. 15.) 
equal, the angles of reflection will be ſo too; ſo that F will be the focus of the reflected 
rays : but it was there demonſtrated, that FB is to RB as CF to CR, that is, the diſtance 
of the focus from the ſurface, is to the diſtance (in this caſe) of the imaginary focus of 


169 


Plate Te 
Fig, 4. 


Plate 7, 


Fig. 4. 


the incident rays, as the diſtance of the focus from the center is to the diſtance of the 


imaginary focus of the incident rays from the ſame. 


Caſe 3. Of converging rays falling upon a convex ſurface, and tending to a point 
between the focus of parallel rays and the center. Let BD repreſent a convex ſurface, 
whoſe center is C, and focus of parallel rays is P; and let AB, KD, be two converging 
_ rays incident upon it, and having their imaginary focus at R, a point between P and C. 
Now becauſe KD tends to a point between the focus of parallel rays and the center, 


the reflected ray DE will diverge from ſome point on the other fide the center, ſuppoſe F; 


as was ſhewn Prop. LIII. Through D draw the perpendicular CD, and produce it 
L to 
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to H, then will KDH and HDE be the angles of incidence and refle&ion, which being 
equal, their vertical ones RDC and CDF will be ſo too, and therefore the vertex of the 
triangle RDF is biſected by the line DC: whence (El. VI. 3.) FD and DR, or, 
BD vaniſhing, FB and BR are to each other as FC to CR ; that is, the diſtance of the 
focus of the refleted rays is to that of the imaginary focus of the incident ones, as the 
diſtance of the former from the center is to the diſtance of the latter from the ſame. 

Caſe 4. Of diverging rays falling upon a concave ſurface, and proceeding from a point 
between the focus of parallel rays and the center. Let RB, RD, be the diverging rays 
incident upon the concave furface BD, having their radiant in the point R, the imaginary 
focus of the incident rays in the foregoing caſe. Then as KD was in that caſe reflected 
into DE, RD will now be reflected into DF. But it was there demonſtrated that FB and 


RB are to each other as CF to CR; that is, the diſtance of the focus is to that of the 


radiant, as the diſtance of the former from the center is ta the diſtance of the latter from 
the ſame, * | | W 


ScnoL. 1. If the reflected ray be made the incident one, thoſe caſes which are re- 


ſpectively the converſe of the foregoing may be demonſtrated in the ſame manner. 


SCHOL. 2. Let it be required to find the focal diſtance of diverging rays incident upon 
a convex ſurface, whoſe radius of convexity is 5 parts, and the diſtance of the radiant 
from the ſurface is 20. | | 5 
Call the focal diſtance ſought x, then will the diſtance of the focus from the center 
be 5—x, and that of the radiant from the ſame 25; therefore (by Prop. LVI.) we have 


the following proportion, x: 20: : 5——x : 25, and, multiplying extreams together and 


Plate 7, 
Fig. 6. 


means together, we have 25 x,=100—20 x, which after due reduction gives x, g . 


If in any caſe it ſhould happen, that the value of x ſhould be a negative quantity, 
the focal point muſt then be taken on the contrary ſide of the ſurface, 


® In the caſe of diverging rays falling upon a convex ſurface, the farther the point D is taken from B, the nearer 
the point F, the focus of the reflected rays, approaches to B, while the radiant R remains the ſame, For it is 
evident from the curvature of a circle, that the point D may be taken ſo far from B, that the reflected ray DE 
ſhall proceed as from F, G, , or even from B, or from any point between B and R, and the farther it is taken 
from B, the faſter the point, from which it proceeds, approaches towards R, The like is applicable to any of the 
other caſes of diverging or converging rays incident upon a ſpherical ſurface. This is the reafon that, when rays 
are conſidered as reflected from a ſpherical ſurſace, the diſtance of the oblique rays from the perpendicular one is 
taken ſo ſmall, that it may be ſuppoſed to vaniſh, From hence it follows, that if a number of diverging rays are 
incident upon the convex ſurface BD at the ſeveral points B, D, D, &c. they ſhall not proceed after reflection as from 
any one point in the line RB produced, but as from a curve line paſſing through the ſeveral points F, f, f, &c. 
The ſame is applicable in all the other caſes, 


SECT. 


Crap. III. AQ FF KFRFLRB r 
e IM 
Of IMAGEs produced by REFLECTION. 


P R O P. LI. 
When any point of an object is ſeen by reflected light, it appears 


in the direction of that line which the ray deſcribes after its laſt 


reflection. 


Since reflection gives the ſame direction to the rays as if they had originally come from 
the place from which the reflected rays diverge, an object ſeen by reflection muſt appear 
in that place. The viſible image muſt therefore conſiſt of imaginary radiants diverging 
from thence. 


r * G F. iin 


In all mirrors, plane or ſpherical, the place of the imaginary 


radiant, when it is determined, is the interſection of the perpen- 
dicular from the radiant to the mirror, and any reflected ray. 


Loet D be a radiant in any object DE, and DF a ray from this radiant reflected in 


the line FC; draw DI the perpendicular from the radiant to the mirror, and produce 


CF, Dl, till they meet in L; this point will be the imaginary radiant. Becauſe the 
ray DI falls perpendicularly upon the mirror, it will be reflected back in the ſame line 
ID, and therefore will appear to come from ſome point in DI produced. And ſince (from 
Prop. LVII.) all rays which diverge from the ſame real radiant before reflection, muſt 
diverge from the ſame imaginary radiant after reflection, any other ray from D, as FC, 
muſt appear to diverge from the ſame imaginary radiant with the ray DI, that is, from 
ſome point in DI: but the ray FC (by Prop. LVII.) appears after reflection to proceed 
in the line FC: it muſt therefore appear to come from ſome point in FC, and alſo from 
ſome point in DI, that is, from the point L, in which DI interſects FC, The imaginary 
radiant of the rays DI, DF, after reflection is therefore L, the interſection of the per- 
pendicular and the reflected ray. | | 


Dr. XXI. The paſſage of reflection is the incident ray added 
to the reflected ray: as DF +FC. 
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In plane mirrors, the diſtance of the laſt image from the mirror 
is equal to the diſtance of the object from it, and the diſtance of 
any point in the laſt image from the eye is equal to the paſſage of 
reflection. 


The diſtances of the imaginary radiants L, M, behind the mirror are (by Prop. LIV.) 
reſpectively equal to the diſtances of the correſponding real radiants D, E, before the 
mirror: therefore the diſtance of the laſt image L, M, made up of imaginary radiants 
between L and M, correſponding to real radiants in the object DE, is equal to the 
diſtance of that object. The diſtance of L, the higheſt point of the image, from C, any 
given place of the eye, is CFL, equal to DFC the paſſage of reflection, becauſe (by 
Prop. LIV.) LF is equal to DF. The ſame may be ſhewn of M, or any other point 


in the image. 


P.'R O P. IX. 
In plane mirrors, the image is equal and ſimilar to the object. 


If D is the higheſt point of the object, the higheſt point of the image is (by Prop. LVII.) 


in the perpendicular DIL; and if E be the loweſt point of the object, the loweſt point 


of the image is in the perpendicular EZM. But DIL and EZM are parallel (El. XI. 6.) 
becauſe they are both perpendicular to the plane ſurface AB. Conſequently, the diſtance 
between theſe lines, that is, the heights of the object and image, DE, LM, are equal. 
In like manner it may be ſhewn, that any diameter of the object is equal to its cor- 


reſponding diameter in the image: whence the object and image are in all reſpects equal, 


and conſequently ſimilar, ſurfaces, 


CHAP. 


CAP. IV. O F e 
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6 
Of the Laws of VIS Iox. 


1 oF. nu 
When the rays which come from the ſeveral points in any object 
enter the eye, they will paint an inverted image upon the retina. 


Let ABA be a ſection of an eye. AB, BA, is the tunica ſclerotica, a white coat which 
encompaſſes the globe of the eye, except the fore-part between A and A. The fore-part 
AA is covered by a tranſparent coat, a little more protuberant than any other part of the 


eye, called the tunica cornea. In the cavity of the eye is placed a convex lens Ce, con- 
ſiſting of a hard tranſparent ſubſtance called the chry/lalline humour. This humour is 


kept in its place and fixed to the coats by certain ligaments all round it at ee, called 
ligamenta ciliaria. Under the tunica cornea, and at ſome little diſtance from it, is the iris 
0, o, which has in it a ſmall orifice, called the pupil of the eye. This iris is tinged 


with variety of colours, from which the eye is ſaid to be blue, hazel, black, &c. It con- 


ſiſts of muſcular fibres, which can contract or dilate the pupil. The remaining part 


between the cornea and the chryſtalline humour is filled with a thin tranſparent fluid, like 


water, called the aqueous humour. SeN, is a white coat which conſiſts of the fibres 
of the optic nerve woven together like a net: this coat is called the retina, Between 


the /clerotica and the retina is another coat which is called the choroides, The cavity of 
the eye, between the chryſtalline humour and the retina, is filled with a tran@arent 


ſubſtance, neither ſo fluid as the aqueous humour nor ſo hard as the chryſtalline, called the 
vitreous humour. The optic nerve MBB is inſerted at N. 

Through the pupil the rays which diverge from the ſeveral adding of any object ABC 
paſs into the cavity. The rays firſt paſs into the cornea IK, which is a meniſcus like a 
watch glaſs, and therefore has no conſiderable effect upon the rays. The fore-part of 
the aqueous humour under the cornea is convex ; and therefore, being denſer than the air, 
it will make the ſeveral diverging beams from ABC (by Prop. XVII.) diverge leſs. The 


rays 
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rays then paſs through the pupil; and next, through the chryſtalline humour, which, 
being a convex lens, will make them (by Prop. XVII.) converge to as many points 
upon the retina LDF. Conſequently at DEF, or ſomewhere upon the retina, as upon 
a piece of white paper in a dark room, an inverted image of the object (by Prop. XXV.) 
will be painted. 


Exp. Take off the ſclerotica from the back part of the eye of an ox, or other animal, 
and place the eye in the hole of the window ſhutter of a dark room, with its fore-part 
towards the external objects; a perſon in the room will, through the tranſparent coat, ſee 
the inverted image painted upon the retina. 


Dr. XXII. The optic axis, is the axis of the chryſtalline 
humour continued to the object at which we look. The axis PO 


of the chryſtalline humour GPH, continued to the point B, is the 


optic axis directed towards that point. 


Dr. XXIII. That point of the „ upon which the optic 
axis continued back would fall, is called the middle of the retina. 
If OP be continued back to E, the point E is the middle of the 
retina. 


PR OP, it 
The images upon the 7etina are the cauſe of viſion. 


It is found from experience, that when the image upon the retina is bright, the obje& 
is clearly ſeen; and when the image is faint, the object appears faint : alſo, that when the 


image is diſtinct, the object is ſeen diſtinctly; and when the image is confuſed, the object 


appears confuſed, Hence it may be concluded, that theſe images are the cauſe of viſion. 


PK OF. 1x. 


The point in any object towards which the optic axis is directed, 
is ſeen more diſtin&ly than the reſt, 


It is known from experience, that when the eye is turned directly towards any part of 
an object, that is, when the optic axis is directed towards that point, though the whole 
object, if it be not very large, will be ſeen, that part on which we look directly will 
appear moſt diſtinct, and the other portions of the object being drawn on parts of the retina, 
ſomewhat nearer to the chryſtalline humour than the middle point of the retina will 
appear a little confuſcd. 


PROP. 
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FP K 0 T. . 


Objects TOR” erect, although their images on the retina are 
inverted. 


This is known by experience, and is not inconſiſtent with the explanation above given 1 
of viſion. For it is not the image in the retina, but the object itſelf, which we ſee, and | 
we judge of its relative poſition, by moving the point of diſtin& viſion along the object, | | 
and determine that part to be the higheſt which requires the eye to be the moſt lifted up ö 
in order to ſee it diſtinctly. 1 


B 8 ö 
An object may appear ſingle, — it is ſeen vv oth eyes | 4 
at once. 


If both eyes are turned directly to the object C, that is, if the optic axes AC, AB, plate 7. 
meet in the object, it will appear ſingle. But if, whilſt one eye is turned towards C, the Fs. 42. 
corner of the other is prefled with the finger ſo as to alter the poſition of its optic axis, 
the object will then appear double. For when one eye is turned towards an object and 
the other turned a different way, the ſame object will be ſeen by each eye in a different 

direction, that is, one eye will ſee it in one place, and the other in another, from whence 
it muſt appear double. But, if both eyes are directed the ſame way, that is, to the place 
of the object, though two objects may be ſaid to be ſeen, yet as both of them are alike, 
and ſeen in the ſame place, they will appear but as one. If whilſt both eyes are directed 
towards C, another object D be placed at ſome conſiderable diſtance directly beyond it, 
the object D will appear double; for ſince the eyes ſee the object D without being turned 
directly towards it, the place of D is indeterminate z to the right eye it appears on the 
right hand of C, and to the left eye on the left of C, that is, being ſeen in two places, it 
muſt appear double. If the ſight be directed to the farther object D, the nearer object C 
will appear double. For, the object C is ſeen by the right eye in the direction of a line 
which paſſes on the left ſide of D, and by the left eye in the direction of a line which 

paſſes on the right of D. In both caſes, one of the objects appears double, when the 
eyes are not directly fixed upon it, that is, when the optic axes do not meet in it; and 
the other object appears ſingle, when the eyes are both directly fixed upon it, that is, 
when the optic axes meet in the object. | 


Exp. 1. View a nearer and a more diſtant object at the ſame time, according to the 
propoſition. 
2. Let a paſteboard, having a hole in it, be fixed between the eyes of a ſpectator 


and two — ſo placed, that when the right * is ſhut, the left eye . ſee only 
one 
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one candle, and when the left eye is ſhut, the right eye can ſee only the other, although 
both candles are viſible ; if both eyes be fixed TE upon the hole, they will appear 
as one candle placed at the hole. 


* 


There is one part of the retina where no perception of the object 
is conveyed to the mind by the image formed upon 1t. 


This is found by Experiment. Place two ſmall circles of white paper upon a dark 
coloured wall at the height of the eye, and at the diſtance of near two feet from each 
other. If the ſpectator, at a proper diſtance, ſhuts his right eye and looks with the left 
directly at the paper on his right hand, he will not ſee the left hand paper, although 
the objects round it are viſible. Hence it is to be inferred, that the rays from the left hand 
paper fall upon a part of the retina which is inſenſible. 


' SCHOL, It is ſuppoſed that this part of the retina is that where the optic nerve is 
inſerted : and becauſe the coat called the choroides touches the retina in all other parts 
but is diſcontinued here, it has been conjectured that the ſeat of viſion is not the optic 
nerve, but the choroides ; but this point remains undetermined. | 


P R O P. ILXVII. 


If the chryſtalline humour has either too much or too little con- 
vexity, the ſight will be defective. 


* 


In perſons who are ſhort- ſighted, the humours of the eye are too convex, and bring 
the rays to a focus before they reach the retina, unleſs the object be brought near to it; 
in which caſe (by Prop. XXVII.) the image is caſt farther back. In others, the humours 
of the eye have ſo little convexity, that the focal point lies behind the retina ; whence, 
unleſs the object is removed to a great diſtance from the eye, the vifion will be indiſtinct. 


Der. XXIV. The optic angle in viewing any object is the angle 
at the eye ſubtended by the diameter of the object. The angle AOC, 
ſubtended by AC the diameter of the cee is s the optic angle. 


F LXVIII. 


The apparent diameter of any object, is proportional to the di- 
ameter of the image of that object in the vetina. 
| | To 


CHAP. IV. O F „ v5. 0: - TT, 
To an eye placed at O, the apparent magnitude of the object ABC is that viſible 


extenſion which lies between A and C. If two lines AO, CO, are drawn from theſe 


points croſſing one another at the eye, they will be the axes of the pencils which come 
from A and C, and will contain between them the diameter AC; and the points A, C, 
will be repreſented on the retina (by Prop. LXI.) at F and D: conſequently, DF will 
be the diameter of the image ; and this diameter is contained between the two lines AO, 
CO, produced to the retina, Now it 1s manifeſt, that the viſible extenſion contained 
between AO and CO, that is the apparent diameter of the object, is as the angle AOC; 
and that the diameter of the image contained between DO and FO is as the angle DOF. 
But the angles DOF, AOC, (El. I. 15.) are equal. Therefore the apparent diameter of 
the object, and the diameter of the image, are each of them proportional to the ſame 
angle, and conſequently proportional to one another, 


Scuor. When we ſpeak of an optic angle, it is not meant that we ſee the point in 
which the optic axes meet; but, ſince by experience we learn to judge of ſuch diſtances 
as are not very great, by the ſenſations accompanying the different inclinations of the 
eye, which are analogous to the optic angle, we expreſs theſe different inclinations of 


the eye, by that angle. In like manner, although the eye does not ſee a pencil of rays, 


whilſt the breadth of the pupil bears a ſenſible proportion to the diſtance of the focus 
from which the rays diverge to the eye, we have ſenſations from which experience enables 


us to judge of the place of that focus. So, the magnitude of an image upon the retina 


being always proportional to that of the viſual angle of the object, though that angle 
is not actually meaſured by the eye, the difference of ſenſations accompanying different 
magnitudes of the image enable us to diſtinguiſh different viſual angles. Thus it appears, 
that the uſe of lines and angles in optics, has its foundation in nature. 


P R O FP. EXITS: 


When the diameter of an obj ect is given, its apparent diameter 
is inverſely as its diſtance from the eye. 


The apparent diameter of an object (Prop. LXVIII.) is as the diameter of its image 
upon the Kfina: and (Prop. XXXI.) the diameter of the image, when the object is 
given, is inverſely as the diſtance of the object. Therefore the apparent diameter of the 
object is alſo inverſely as the diſtance of the object. The ſame — be proved of any 
apparent length whatſoever. | 


Cor. 1. Hence the apparent diameter of an \ object may be magnified in any proportion : 
for the leſs the diſtance of the eye from the object, the greater will be its apparent 


diameter. But without the help of glaſſes, ay object brought nearer the eye than about 


| five inches, though it appears larger, will at the ſame time be ſeen confuſedly. 
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Cor. 2. Hence parallel lines, as ABC, DEF, ſeen obliquely, appear to converge more 
and more, as they are farther extended from the eye: for the apparent magnitude of their 
perpendicular intervals, as AD, BE, CF, &c. are perpetually diminiſhed, 


T KK UF; LXX. 

The apparent diameter of an object, whoſe diſtance is given, is 
directly as its real diameter. 

The apparent diameter of an object (by Prop. LXVIII.) is as the diameter of its image: 

and the diameter of the image (by Prop. XXXIII.) when the diſtance of the object is given, 


is as the diameter of the object. Therefore the en diameter of an object whoſe 
diſtance is given, is as its real diameter. 


FR OF. LXXI. 


The apparent diameters of different objects at different Annees 
from the eye will be equal, if their real diameters are as their 
diſtances. | 


For (by Prop. XXXIV.) the diameters of their reſpeCtive images upon the retina will 
be equal; and their e diameters (by Prop. LXVIII. ) are as the diameters of their 
images. 8 


P R O P. IXXII. 


The apparent length of an object een obliquely, is as the apparent 
length of a ſubtenſe of the optic angle perpendicular to the optic 


axis. 

If DF is an object ſeen obliquely, and DG an object ſeen directly, that is, if DF is 
oblique, and DG perpendicular to the optic axis OR, then ſuppoſing them to ſubtend 
the ſame angle DOF, their images upon the retina (Def. XXIV.) will be equal, whence 
(by Prop. LXVIII.) their apparent diameters will be equal. Conſequently, the greater 
the ſubtenſe DG is, the greater will be the apparent length of the object oy: and the 
reverſe, 


Cor. Hence an object appears ſhortened by ens ſeen obliquely. 


P R O P. LXXIII. 


When equal objects are ſeen bliquely, their apparent lengths are 


inverſely : as the ſquares of their diſtances from the eye. 
Let 


Cray. IV. OF: T £91:0:N. 


Let the eye be at O; and in the line BC at different diſtances from the eye take equal 
ſpaces DF, df. The apparent length of DF (by Prop. LXXII.) is proportional to the 
apparent length of GD, the ſubtenſe of the optic angle DOF, perpendicular to the optic 
axis OR. In like manner, the apparent length of df is proportional to that of ga, the 
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ſudtenſe of 4 O. Now GD, gad, are ſubtenſes alſo of the angles GFD, gfd : and as the 


ſide Of is to the fide OF, ſo is the fine of the angle OFF, that is, of its ſupplement OFB, 
to the ſine of the angle OfF, or OfB. Hence, fince ſmall angles are to one another 
nearly as their fines, if theſe are ſmall angles, Of will be to OF as the angle OFB to 
the angle OFB; that is, Of will be to OF, as the ſubtenſe GD to the ſubtenſe gd, 
or GD is to gd inverſely as OF to Of; that is, the ſubtenſes of the optic angles, and 
conſequently, from what has been ſhewn, the apparent diameters DF, af, are inverſely 
as their diſtances from the eye. This proportion ariſes from the different degrees of 
obliquity at which the eye ſees the equal ſpaces DF, df. But, if their obliquities with 
reſpe& to the eye were the ſame, the apparent length of DF (by Prop. LXIX.) would 
be to that of df inverſely as their diſtances. Since then the apparent lengths of DF, af, 


are inverſely as their diſtances on account of their different obliquities, and alſo inverſely 


as their diſtances on account of their different diſtances ; on both accounts taken together, 
they are in the ratio compounded of the inverſe ratio of their diſtances, and the ſame, 
that i is, inverſely as the ſquares of their diſtances. 


P R 0 P. LXXIV. 


The apparent diameter of an object is not changed by contracting 
or dilating the pupil. 


For, when the diſtance is given, the diamoter of the i image (by Prop. XXXVI. Schol. 2.) 
remains the ſame whatever be the area of the pupil, and conſequently (by Prop. 
XXXIII.) the apparent diameter of the Gp 


P R O P. LXXV. 


An object appears larger when it is ſeen Surly, than when i it 
is ſeen diſtinctly. 


For the confuſed image (by Prop. XXIX.) is larger than the diſtin image, and con- 
ſequently (by Prop. LXVIII.) the apparent magnitude of the object is greater when it is 
ſeen confuledly than when it is ſeen diſtinctly. 


Cox. Hence objects appear magnified when ſeen through a miſt; the drops of which 
refra the rays ſo differently, that they cannot be collected into one focus, 
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P R O F. LXXVI. 


A ſpectator in motion ſees an object at reſt, moving the contrary 
way. | 

If while an object at P is at reſt, the eye be carried parallel to PQ in the direction from 

Q towards P, its image on the retina will move from p to g the ſame effect will be pro- 


duced, if the object moves from P towards Q; and if the velocity of the object and the 
eye, in each caſe, be the ſame, the apparent velocity will be the ſame alſo. 


Cor. An object moving along a line PK will appear at reſt to a ſpectator moving 
along the line QG, parallel to PK: if the motion of the object be quicker or ſlower than 


that of the ſpectator, it will have an apparent motion direct or retrograde : if the two 


motions are in contrary directions, the apparent motion of the object will vary with the 
real motion of the ſpectator. | 


P R O Pp. ILXXVII. 


The ſame degree of velocity appears greateſt, when the motion is 
in a line perpendicular to the optic axis; and when the motion is in 


other directions, the apparent velocity will be as the coſine of the 


angle of inclination to the ſaid perpendicular. 


If two bodies ſet out at the ſame time from P, the one moving along the line PQ, 
perpendicular to the optic axis Q, and the other along the long PS, oblique to it, and 
if their velocities be ſuch, as to paſs over the lines PQ, PS, in the ſame time, it is manifeſt 
that their apparent velocities will be the ſame; for the images of each will paſs over the 
ſame ſpace pg, on the retina, in the ſame time. The real velocities being, in this caſe, 
as PQ to PS, it is manifeſt, that, when the velocities are equal, the apparent velocity of 
the body which moves in PQ is to that of the body moving in PS, as PS to PQ, that is, 
as radius to the coſine of the angle QPS : but PS is always greater than PQ: whence 
the propoſition is manifeſt, 


PR O P. LI. 


If objects at different diſtances from the eye, move in parallel lines, 
nearly at right angles to the optic axis, and if their velocities are 


proportional to theſe diſtances, their apparent velocities will be equal; 
and 


Cnar. IV. F 


and if their real velocities are equal, their apparent velocities will 
be reciprocally as their diſtances from the eye. 


Let an object move from Q to P, in the ſame time that another moves from G to H, 
their real velocities are as QP to GH, that is (El. VI. 2.) as QO to GO, the diſtances 
from the eye; and their apparent velocities will be equal, for the ſpace gp upon the retina 
will be paſſed over in the ſame time by the image of each. If the velocities of the objects 
G, Q, be equal, the object G will arrive at K, and its image deſcribe the ſpace 9 upon 
the retina, in the ſame time that the image of the object Q deſcribes the ſpace gp ; whence 
the apparent velocities of theſe two objects are as gk and gp, or as GK (or QP) and GH; 
that is (El. VI. 2.) the apparent velocity of the object G is to that of Q, as QO to OG. 


Schol. It is here ſuppoſed, that the ſpectator makes no allowance for the different 
diſtances. 


P R O P. LXXIX. \ 


The apparent velocities of bodies moving in parallel lines at dif- 


ferent diſtances from the eye, are directly as the real velocities, and 
reciprocally as the diſtances. | 


Let two bodies move from Q, G, in the parallel lines QP, GH; let the velocity of the 
object Q be called V, and that of G, v; and let their apparent velocities be called A, a. 


If the two objects be conceived to move in the ſame line GK, whatever be their velocities, 


V: v:: A: a; and ſuppoſing the velocity of the object Q, to be the ſame in QP as 


before in GK, A in QP: A in G:: GO : QO, by Prop. LXXVIII. and A in GK: 
a :: V: v; whence, compounding theſe ratios, A: a :: GOV: QO xy, that is, 
wt | | „ 
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Scholl. 1. We judge of the diſtance of any object by the viſible length of the plane which 


lies between the eye and the object. When this method fails us, we compare the known 
magnitude of the object, with its preſent apparent magnitude; or we compare the degrees 
of diſtinctneſs with which we ſee the ſeveral parts of an object; or we obſerve whether 
the change of the apparent place of an object when viewed from different ſtations, or its 
parallax, be great or ſmall, this change being always in proportion to the diſtance of the 
object. On this principle, we may judge of the diſtance of a near object by obſerving the 
change which is made in its apparent ſituation, upon viewing it ſucceſſively, with each 
eye ſingly. Or, fince it is the difference of the apparent place of an object, as viewed by 
each eye ſeparately, which makes an object to be ſeen double unleſs we turn both eyes 


directly 
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directly towards it, and ſince in doing this, where the diſtance is very ſmall, we turn the 
eyes very much towards each other, and leſs at a greater diſtance; the different ſenſations 
accompanying the different degrees in which the eyes are turned towards each other, afford, 
by habit, a rule for judging of the diſtance of objects. 


Scholl. 2. In objects placed at ſuch diſtances as we are uſed to, and can readily allow 
for, we know by experience how much an increaſe of diſtance will diminiſh their apparent 


magnitude, and therefore inſtantly conceive their real magnitude, and, neglecting the 


apparent, ſuppoſe them of the ſize they would appear if they were leſs remote; but this 
can only be done, where we are well acquainted with the real magnitude of the object; 
in all other caſes, we judge of magnitudes by the angle which the obje& ſubtends at the 
known, or ſuppoſed, diſtance, that is, we infer the real magnitude from the apparent 
magnitude in compariſon with the diſtance of the object, 


SF © W 


Of VISION as affected by REFRACTION. 


P R O P. LXXX. 
When any ſmall object is ſeen through a refracting medium, it 


appears in the direction of that line which the rays deſcribe after their 
laſt refraction. 


The ray DE from any ſmall object D, in paſſing through a glaſs priſm the end of 
which is ACB, will be refracted towards a perpendicular, and will deſcribe the line EF; 


and when it goes out of the priſm, it will be refracted from a perpendicular, into the line 


FG, which is its direction after its laſt refraction; and the object D will be ſeen in this 


direction at L inſtead of D. For the image in the retina will be in the place in which it 


would have been, if the naked eye had been looking at an object really placed at L, in 
the laſt direction of the rays. 


Cor, Hence an object ſeen through a glaſs cut into different ſurfaces inclined to 


one another, will appear at one view in many different places. The object A ſeen from 


the point F through the glaſs CE DB, will appear at H, A, G ; ; the laſt direction of the 
rays AC, AD, AB, after refraction. 


Exp, View any object through a multiplying glaſs. 


CAP. IV. FÄ 


Scholl. If a hair be placed acroſs a ſmall hole made in a thin board, and an eye 
ſituated in the dark look through the hole at a number of candles, the hair will appear 
multiplied: for a ſhadow of the hair is caſt upon the eye by each of the candles. 


P R O P. LXXXI. 
An object ſeen through a medium terminated by plain and parallel 
ſurfaces, appears nearer, brighter, and larger, than with the naked 
eye. 


Let AB repreſent the object, CDEF the medium, and GH the pupil of an eye. Let 
RK, RL, be two rays proceeding from the point R, and entering the denſer medium 
at K and L; theſe rays will here by refraction be made to diverge leſs (by Prop. XVII.) 
and to proceed afterwards, ſuppoſe in the lines Ka, Lb; at a and b, where they paſs out 
of the denſer medium, they will be as much refracted the contrary way, proceeding in the 
lines ac, bd, parallel to their firſt directions (by Prop. XI.) produce theſe lines back 
till they meet in e, this will be the apparent place of the point R, and it is evident from the 
figure, that it muſt be nearer the eye than that point; and becauſe the ſame is true of all 
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other pencils flowing from the object AB, the whole will be ſeen in the ſituation A. 


nearer to the eye than the line AB. As the rays RK, RL, would not have entered the 
eye, but have paſſed by it in the directions Kr, Lt, had they not been refracted in paſſing 
through the medium, the object appears brighter. The rays Ah, Bi, will be refracted 
at h and i into the leſs converging lines Y, il, and at the other ſurface into M, IM, 
parallel to Ah and Bi produced (by Prop. XI.) ſo that the extremities of the object 
will appear in the lines Mz, MJ, produced, namely, in F and g, and under as large an 
angle fMg, as the angle AgB, under which an eye at 9 would have ſeen it, had there 


been no medium interpoſed to refract the rays ; and therefore it appears larger to the eye 


at GH, being ſeen through the interpoſed medium, than otherwiſe it would have done. 
But it is here to be obſerved, that the nearer the point e appears to the eye on account of 
the refraction of the rays RK, RL, the ſhorter is the image fg, becauſe it is terminated 


by the lines MF and Mg, upon which account the object is made to appear leſs; and 
therefore the apparent magnitude of an object is not much augmented by dein ſeen 


through a medium of this form. 

Farther, it is apparent from the figure, that the effect of a 3 of this Corn depends 
wholly upon its thickneſs : for the diſtance between the lines Rr and ec, and conſequently 
the diſtance between the points e and R depends upon the length of the line Ka: again, 
the diſtance between the lines AM and FM, depends on the length of the line Y; but 
both Ka and Y depend on the diſtance between the ſurfaces CE and DF, and therefore 
the effect of this medium depends upon its thickneſs. 


PROP. 
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P KR O T. EXXXAH. 


In viewing objects through a convex or concave lens, the object 
itſelf is not ſeen, but. its laſt image, conſiſting of all the imaginary 
radiants from which the rays appear to diverge after the laſt refraction. 


If AC be an object nearer the convex lens GIL than its principal focus, the rays which 
diverge from any point B in this object, will, in paſſing through the lens (by Prop. 
XVII.) be made to diverge leſs, and the imaginary radiant (by Prop. VI.) will be 
more diſtant than the real one. Hence the rays BG, BL, after refraction, will appear to 
diverge from the radiant E, farther from the lens than the real radiant B. The ſame 
happening to the rays from every other point of the object, there will be in DEF as many 
imaginary radiants as there are real radiants in the object ABC, which, taken together, 
will compoſe the laſt image. And ſince all the rays fall upon the eye as if they had 
diverged from this laſt image, the eye will be affected by the object ABC in the ſame 
manner in which it would be affected without the lens, wy.» an object in all reſpects like 
DEF, that is, the eye perceives the laſt image. 


P R O P. IXXXII. 


An object ſeen through a convex or concave lens will appear erect, 
if the object and its image are on the ſame fide of the lens, but in- 


verted, if they are on contrary ſides. 


Tt appears from the Jaſt Prop. that all the rays which diverge from B before refraction, 
will appear to diverge from E after refraction: and the like may be ſaid of any other 
points, A and D, or C and F. Now AI is the axis of the beam which comes from A, and 


therefore, with the reſt of the rays of the beam, after refraction, will appear to diverge 
from the point D in the ſame right line with A. The ſame may be ſhewn of FCI. Now 


theſe right lines only croſs one another at the lens. Conſequently, the higheſt point both 
of the object and image is in DI the upper fide of the angle DIF, and the loweſt points of 
both in FI, the lower fide of the ſame angle; that is, the image, which is viſible, is 
ere, or in the ſame poſition with the object. 

If the object ABC is more remote than the principal focus of the convex hay E, there 
will be (by Prop. XXIV.) a diſtinct image formed on the other ſide of the lens. If 


the rays thus collected are not received upon a plane ſurface, they will proceed ſtraight 


forwards; thoſe which had converged diverging from the focus; whence an inverted 
image will be preſented to an eye placed beyond the focus. In the fame manner this, and 


the preceding, propoſition may be proved concerning an object ſeen through a concave lens. 


ExF. 


. LE. 2 


Exp. 1. Obſerve the image of a candle whoſe rays have paſſed through a convex lens, 
and are received at the focus on a white RT whilſt the object is on the ſame, or on 
the contrary ſide of the lens. 

2. An inverted image will be produced without a lens, by ſolar rays paſſing through 
a very ſmall hole into a darkened room; and if the edge of a knife be applied to one ſide of 
the hole, and moved ſlowly over it, the parts of the image ſituated oppoſite to the covered 
fide will be firſt concealed ; from whence it is manifeſt, that the rays croſs one another 
in paſling through the hole. 


R O P. 
The apparent magnitude of an object ſeen through a lens placed 


cloſe to the eye, or to the object, is equal to its apparent magnitude 


when ſeen without the lens. 


If the eye be placed cloſe to the lens at I, the diameter of the object of refracted viſion 
DF, is to the diameter of the object of plane viſion AC (by Prop. XXVIII.) as EI to IB, 
that is, as their reſpective diſtances from the vertex of the lens. Therefore (as ap- 
pears from Prop. LXIX.) their apparent diameters when ſeen from I, are equal. 

If the lens is placed cloſe to the object, the real radiants touching the lens, the imaginary 
radiants, that is, the laſt image, will alſo touch the lens: whence their diameters, or 
apparent magnitudes, will be equal. 


P R O F. U. 
If an object ſeen through a convex lens is nearer to the lens than 


its principal focus, it will appear brighter « than to the naked eye, 
_ diſtin, and in an erect poſition. 


In this caſe, the rays which come from any point (by Prop. XVII.) will be brought 
nearer by refraction, and conſequently a greater number will enter the eye than if there 
had been no refraction; whence it is manifeſt, that the object will appear brighter. Becauſe 
the rays of each pencil diverge after refraction, but leſs than before, they come to the 
eye, as they would if the object were at a moderate diſtance and no lens were uſed, and 
therefore will be ſeen diſtinctly. And becauſe the refracted rays (by Prop. XVII.) di- 
verge leſs than the incident rays, that is (by Prop. VI.) the imaginary radiants are 
more remote than the real ones, the laſt image,-as DEF, which is formed by theſe imaginary 
radiants, is farther from the lens than the object, and on the ſame fide of the lens; and 


conſequently, ſince the extreme axis DAI, FCI, only croſs one another at the lens, the 


image will be in the ſame poſition with the object, and appear erect, 
B b FNr. 
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p R O Pp. LXXXVI. 


If an object ſeen through a convex lens is farther from the lens 
than its principal focus, the object will appear brighter than to the 


naked eye, confuſed, and in an erect poſition. 


If the eye be placed between the lens and the diſtin image, whilſt the eye is nearer 


the lens than the place of the image, the rays being made convergent by the lens, 


will be cloſer together, and therefore a greater number of them will enter the eye, and 
the obje& will appear brighter, than if it had been ſeen without a lens : becauſe the rays 
come to the eye in a converging ſtate, which from one and the ſame point they do not 
in plane viſion, they will give a confuſed image. And becauſe no image is formed till 


the rays come to the retina, the object will appear erect, 


PR O. FP. EXXXVIE 


If an object ſeen through a convex lens is in the principal focus, 
it will appear brighter than to the naked eye, and erect. 

The rays of each particular beam becoming in this caſe (by Prop. XVII.) parallel 
after refraction, are brought nearer together than if there had been no lens; conſequently, 


more rays will enter the eye from every point, and the object will appear brighter: and 
no image being formed before the rays come to the retina, the object will appear erect. 


P R O P. LXXXVIII. 

When an object, ſeen through a convex lens, is nearer than the 
principal focus, it is magnified, unlefs the eye or the lens touches 
the object; and as the eye departs from the lens, its apparent 
magnitude will decreaſe. 


If the object ABC continues in the ſame place, or does not change its diſtance BI 
from the lens, the laſt image DF will (by Prop. XXVIL.) remain at the ſame diſtance 


EI: therefore the real diameter of DF (by Prop. XX XIII.) will be invariable, wherever 


the eye is placed. If the eye be at the vertex of the lens I, the apparent diameters of the 
laſt image DEF, ſeen through the lens, and that of the object. en with the naked eye, 
are manifeſtly the ſame. Both thoſe apparent diameters decreaſe as the eye recedes from 
the lens towards O; but the apparent diameter of the laſt image decreaſes in the inverſe 
ratio of OE to IE, and that of the object in the inverſe ratio of OB to IB. But OE has a 


leſs 
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leſs ratio to IE than OB to IB; for IE and IB are unequal quantities, of which IF the 


diſtance of the image, is always (by Prop, XVII. and VI.) the greater, which are equally 
increaſed, but not proportionally : therefore the apparent diameter of the image decreaſes 
ſlower than that of the object, as the eye recedes from the lens. Conſequently, when 
the eye is at any diſtance from the lens, the. laſt image, or the object of refracted viſion, 
will appear greater than the object ſeen by the naked eye. As the eye departs from the 


lens, the apparent magnitude of the object, from what has been ſaid, muſt continually 
decreaſe, till at an infinite diſtance i it vaniſhes. 


Þ N G P. Hr. 
If an object ſeen through a convex lens is more remote than the 
principal focus, and the eye on the other ſide of the lens is nearer 
than the place of the image, the object appears magnified, and its 


apparent magnitude will be inverſely as t the diſtance of the eye from 
the 1 image. 7 


| Suppoſe the eye at the ſide of the lens GL ; it . ſucceſſively ſee both the object 
and the image without looking through the lens; and in this ſituation (by Prop. XXVIII.) 
the real diameter of the object is to that of the image, as their reſpective diſtances from 


the lens or the eye; conſequently (by Prop. XXXIV. ) their apparent diameters will be 


equal. Next, ſuppoſe the eye cloſe to the image at F, E, or D, the apparent diameter 
of the image would manifeſtly be infinite. Alſo in this fituation of the eye, the apparent 
diameter of · the object would be infinite; for, if the eye be at F, the rays from the 


point C are the only rays collected into the eye, which appear diffuſed over the whole 


ſurface, and would do ſo if the lens were ever ſo large: and the ſame would be true of 
the points B or A, if the eye was at E or D; that is, the apparent diameter of the object 


ſeen through the lens is infinite. Since then the object and the image appear equal when 


the eye is cloſe to the lens, and that both appear infinite when the eye is cloſe to the 
image; they muſt have increaſed equally as the eye was moving from the lens to the 
image, and their apparent diameters muſt always have been equal. Hence, the object in 
every ſtation of the eye when it does not touch the lens is magnified. And becauſe the 
apparent diameter of the object ſeen through the lens is every where equal to that of the 
image, and that of the image (by Prop. XXXI.) inverſely as the diſtance of the eye from 


the picture, the apparent diameter of the object ſeen through the lens, is inverſely as the 
diſtance of the eye from the image. 
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If an object ſeen through a convex lens is placed in the principal 
focus, its apparent magnitude will not be altered by withdrawing 
the eye from the lens. 


Since in this caſe the rays from the object come parallel to the eye, both the imaginary 
radiants and the image (by Prop. XVII.) are infinitely diſtant. Therefore the apparent 
magnitude of the object cannot be diminiſhed by receding from the imaginary radiants, 
nor increaſed by approaching to the image, but will always remain the ſame. 


PR OP. x0. 
If a convex lens is moved whilſt the eye and object remain fixed, 
the apparent magnitude of the object will increaſe, till the lens is 
at the middle point between them, after which it will decreaſe till 


the lens reaches the object; provided the eye is never farther from 
the lens than the place of the image. 


When the lens is at either extreme (by Prop. LXXXIV.) the object is not magnified; 
but between the extremes (by Prop. LXXXVIII. and LXXXIX. ) it is magnified ; there- 
fore when it is equally diſtant from the two extremes, it is moſt magnified, and muſt 
increaſe in its apparent magnitude as the lens moves from the eye towards the middle 
ſtation, and decreaſe, as it moves from that middle ſtation towards the object. | 


PR O FP. Nen. 


The apparent magnitude of an object, ſeen through a concave lens, 


decreaſes as the eye, or the object, departs from the lens. 


If the eye touches the vertex, of the lens I, the apparent diameters of the object and 
the laſt image are equal. As the eye recedes from the lens, its diſtance both from the 
object ABC and laſt image DEF increaſes, and conſequently, the apparent magnitude of 
both decreaſes. But the diſtance IE from the laſt image increaſes faſter than the diſtance 
IB from the object, as was ſhewn in Prop. LXXXVIII. Therefore (by Prop. LXIX.) 


the apparent diameter of the laſt image, or the object of refracted viſion, is diminiſhed 


as the eye recedes from the lens, more than that of the object ſeen by the naked eye. — 
Again, as the object departs from the lens, the image departs with it; whence its viſible 
diameter decreaſes. 


PROP. 


—— — u —— öZ nüỹ 


nA. IV. FP VIS 1 0 N. 


2 * 


P R O Pp. XCIIL 


When the eye and object are fixed, if a concave lens be moved 


from the eye, the apparent magnitude of the object will decreaſe 


till it reaches the middle point between them, and increaſe as it 
moves on towards the object. 


When the lens is at each extreme, the apparent magnitude of che object ſeen through 
the lens (by Prop. LX XXIV.) is the ſame as when ſeen with the naked eye. In all other 
ſtations of the lens, the object appears diminiſhed: therefore it muſt appear moſt of all 
diminiſhed when the lens is in the middle ſtation, and it muſt decreaſe whilſt it is ap- 


proaching to that ſtation, and increaſe whilſt it is departing from thence towards the 
object. 


Exp. View a candle through a convex or concave lens, in the manner deſcribed Prop. 
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XLII. varying the poſition of the object, or lens, according to the preceding Propoſitions, 


from Prop. LXXXIV. 


ER OF. XCIV. 
Convex lenſes aſſiſt the fight of thoſe perſons whoſe eyes are not 


ſufficiently convex, and concave lenſes, that of thoſe whoſe eyes 


are too CONVEX. Oy 


For convex lenſes enable the former to bring the rays from objects to a focus nearer 
to the chryſtalline than can be done by their eyes; and concave lenſes enable the latter 
to bring the rays to a focus at a greater I and thus to produce a diſtinct image 
upon the retina. 


3 CT, ML 
Of VIS ION as affefted by REFLECTION. 


P Rt O-Þ; - HCY. 


If a plane mirror and the object ſeen in it are both On 


to the horizon, the object appears erect. 


The object DE, and the mirror AB, being both perpendicular to the horizon, the 
lines DT, EZ, in which (by Prop. LVII.) the higheſt and the loweſt points of the 
object 
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object appear, being both perpendicular to the ſurface AB, are parallel to each other, and 


do not meet. Therefore the line DI, which is higheſt at the object, is alſo higheſt at the 
image, and EZ will be loweſt at both; therefore the image is not inverted with reſpect 
to the object; and each point of the image LM (by Prop. LIV.) is equally diſtant 
from the ſurface of the mirror with its correſponding point in the object DE: therefore 
LM, DE, are parallel, (El. I. 30.) and fince the object is erect, the image will be ſo too, 


PRO. . en 


When the object is parallel to a plane mirror, the length or breadth 
of that part of the mirror upon which the image appears, is to the 


length or breadth of the — as any reflected ray is to the 


paſſage of reflection. 


If the object DE is parallel to the mirror AB, and the image LM is ſeen by the eye at 
C, then FN, the length of that part of the mirror which is taken up by the image, ſub- 
tends the angle LCM, under which the image appears. For ſince all the viſible length 
of the image is manifeſtly included within the angle LCM, there cannot be more of 
the mirror taken up by that viſible length, that is included within the ſame angle. 
Now the length of the image LM is equal (by Prop. LX.) to the length of the object 
DE. And (El. VI. 2.) FN is to LM, as FC to CL, or (by Prop. LIX.) CFD; 


that is, the length of that part of the mirror which is taken up by the image is to 


the length of the image, or (by Prop. LX.) the length of the object, as any reflected 
ray is to the paſſage of reflection of that ray. In the ſame manner it may be ſhewn, 


that the breadth of that part of the mirror taken up by the i image, is to the breadth of the 


object in the ſame ratio. 


Cor. Hence, in plane mirrors the object, and the part of the ſurface on which it 
appears, are ſimilar. p 


P R © P; Neun. 

If, at a certain diſtance from the mirror, the whole obje& cannot 
be ſeen by reflection, the whole will become viſible either by bring- 
ing the eye nearer to the mirror, or removing the object farther 
from it. 

For (by Prop. XCVI.) the leſs the ratio of the reflected ray is to the paſlage of re- 


flection, ſo much the leſs will be the ratio of the length of that part of the mirror on 
which the whole object will appear, to the length of the object. If therefore the reflected 


ray 
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ray CF decreaſes by bringing the eye nearer to the mirror, ſince it is diminiſhed faſter 
than the greater quantity DFC, the paſſage of reflection, when equal parts are taken from 
each, the ratio of the reflected ray CF to the paſſage of reflection DFC (El. V. 8.) 
diminiſhing, the ratio of the length of that part of the mirror on which the whole object 
will be En to the object, is diminiſhed; that is (the object being given) the length of the 


part of the mirror on which the whole object is ſeen, will be Aiminiſbed: conſequently, 


the whole object, which at a certain diſtance of the eye from the mirror was not viſible, 
on a nearer approach of the eye may become viſible. 

If the object DE be removed farther from the glaſs, the ratio of the reflected ray FC to 
the paſſage of reflection DFC will alſo be diminiſhed, becauſe DFC will be increaſed 
whilft FC remains the ſame; and conſequently the length of the part of the mirror on 


which the whole image is ſeen, is diminiſhed, and a leſs ſurface of glaſs is required in 
order to ſee the whole image. 


P R O P. XCVIII. 


If a ſpectator ſees himſelf entirely in a plane mirror placed parallel 


to him, the mirror muſt be half as long as himſelf. 


When a ſpectator is looking at himſelf, the incident ray is his diſtance from the mirror, 
and the reflected ray is equal to it, and is the diſtance of the mirror from him. The 


paſſage of reflection is therefore equal to twice his diſtance from the mirror; and conſe- 
quently the reflected ray is to the paſſage of reflection as 1 to 2: whence (by Prop. 
XCVI.) the length of the glaſs, in which he can ſee himſelf entirely, muſt be to his 
own length as 1 to 2, or the length of the glaſs muſt be half his own length. 

If the mirror be at all ſhorter than this, the ſpectator will not be able to ſee himſelf, 
whether he is nearer to the glaſs, or farther from it. If he approaches towards the glaſs, 
the object, being himſelf, approaches as faſt as the eye, ſo that though (by Prop. XCVII.) 
he might ſee more of himſelf by the approach of the eye, he will ſee juſt as much leſs 
of himſelf on account of the approach of the object. In the ſame manner it may be 
ſhewn, that if he recedes from the mirror, he will not be able to ſee himſelf entirely. 


PROP, ten 


Objects perpendicular to the horizon, ſeen in a plane mirror 
parallel to the horizon, appear inverted. | 


By Prop. LIV. each imaginary radiant is at the FOR difance behind the mirror, 
that the real radiant is before it : hence, if the mirror be below the object and the eye, 


the object will have its loweſt part neareſt the ſurface of the mirror, and its higheſt part 
fartheſt 
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fartheſt from it, and therefore will in this ſituation appear inverted : if the mirror be 
above the object and the eye, the object will have its higheſt part neareſt the ſurface, 
and its loweſt part fartheſt from it, and therefore will, in this ſituation alſo, appear in- 


verted. 


e 
If a plane mirror is inclined to the horizon at an angle of forty-five 
degrees, an object parallel to the horizon will appear ere& in the 


mirror, and an object perpendicular to the horizon will appear 
parallel to it. 


Let the object CD parallel to the horizon be ſeen in AB, a mirror ſo placed as to 
incline to the horizon in an angle of forty-five degrees. At whatever diſtance any radiant 
C is from the mirror, at the ſame diſtance (by Prop. LIV.) is the eorreſponding radiant 
C in the image, or CE will be equal to E. In like manner, DB will be equal to 4B. 
Thus every radiant in the image is at the ſame diſtance behind the mirror, as the object 
is before it; whence the image cd makes half a right angle cBA with the mirror on one 
fide, whilſt the object makes with it half a right angle CBA on the other: whence cBC_ 
is a right angle, that is, the image is perpendicular to the ts or horizon, and appears 
erect in the mirror. 

By making cd the object, and CD the image, it may be ſhewn in like manner that 
when the object is erect, it will appear 2 in the mirror parallel to the horizon. 


F 


If an object is placed between two plane mirrors inclined to one 
another at any angle, ſeveral images may be ſeen. 


Let the object F be placed between the two plane mirrors CB, CA, making with 
one another the angle BCA. From the object F, draw FD perpendicular to the mirror 
CA, meeting CA in K, and make KD equal to FK. The image of F will (by Prop. 
LIV.) appear at D. In like manner, if FG be drawn perpendicular to CB, the 
object will be ſeen in G, as far behind the mirror as F is before it. Thus two images 


of the ſame object, but of different ſides or ſurfaces of it, will be ſeen. 


Again, ſince ſome of the reflected rays, which diverge from the image D in all directions 
fall upon the oppoſite mirror CB, the image D may be conſidered as an object placed 
before the mirror CB: and conſequently, when the rays which diverge from D are 
reflected from CB, if DHE be drawn perpendicular to CB, and if EH is taken equal 
to HD, theſe reflected rays will (by Prop. LVIII.) repreſent the image of D at E, 


AC 


Cray. IV. . 


as far behind the mirror as D is before it. In like manner, ſome of the rays from this 
ſecond image E will fall upon the mirror CA, and the i image of E, or a third image of 
the object, will appear. And thus, as long as the image repreſented in one mirror 
is before the other, ſo long a new image of the laſt image will be produced. And all 
theſe images, beginning from CA, and being ſucceſſive repreſentations of D, will be 


images of the fide of the object F towards CA. Beſides theſe, there will be another ſet 


of images beginning from CB, which will be formed in the ſame manner and repreſent 
the ſide of the object towards 'CB, the firſt of which will be G, and the ſecond L. 


PROP. 


The images which appear in two plane mirrors inclined to one 
another, are in the circumference of a circle, the radius of which 


is the diſtance of the object from the vertex of the * contained 
between the mirrors. 


Since FK is equal to KD, KC common, and the angles at K right angles, CF, the 


diſtance of the object from the vertex of the angle made by the inclination of the mirrors 
to one another, is (El. I. 4.) equal to CD. In like manner it may be proved that CE 
is equal to CD. Therefore CF and CE are equal to one another. Thus all the ſtraight 
lines drawn from C to G, L, or any other image in the mirrors, may be proved to 
be equal to CF. Conſequently, if C be made the center of a circle, and CF its radius, 
the circumference will paſs through the points D, E, G, L, and every other image 
which appears in the mirrors, that is, all the images, are in the circumference of a circle, 


whoſe radius is the diſtance of the object from the vertex of the angle made by the 
inclination of the mirrors to one another. | 


PN OP el. 


If two plane mirrors are parallel to one another, and an object is 
placed between them, innumerable images of that object may be ſeen 
in each, ſtanding 1 in a right line. 


If the two mirrors CA, CB, were ſeparated at c, ſo as to be leſs inclined, or nearer 
parallel to one another, the angle of inclination being diminiſhed, it is manifeſt from 
Prop. CII. that the number of images will be increaſed. At the ſame time the circum- 
ference of the circle in which the images are placed will be enlarged, becauſe the vertex 
C is ſarther removed from F, or FC is increaſed. Conſequently, if the mirrors CA, CB, 
are ſo far ſeparated, that the vertex is infinitely diſtant, the images become innumerable, 
and they are placed in a ſtraight line, 
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In ſpherical mirrors, concave or convex, when the place of the 
image is determinate, the object and the image are in the ſame 
ſituation, if they are both on the ſame ſide of the center, and in 
contrary ſituations if they are on oppoſite ſides. 


Let AFB be an object placed nearer the concave mirror SG V than i its principal Bens; 
and let C be the center of concavity. The rays from A, F, B, being reflected, will (by 
Prop. LII.) diverge, and the diſtances of the correſponding imaginary radiants I, E, M, 
may be determined by Prop. LVI. The real and the imaginary ' radiants are, in 
this caſe, on the ſame ſide of C the center of concavity. Now, the imaginary radiant 


which correſponds to the real one A is (by Prop. LVIII.) in CAI the perpendicular 


drawn from A to the ſurface; and the ſame with reſpe& to B, and all the other radiants. 
And theſe perpendiculars, and all the reſt, being drawn from the center, do not croſs each 
other but at the center; conſequently they are in the ſame poſition with reſpect to each 
other at the object and the image, and that which is the higheſt at the object will be the 


higheſt at the image, and the reverſe. Since therefore (by Prop. LVIII.) every point 
ol the object appears in its perpendicular at the image, the higheſt point in the object 


will appear the higheſt in the image, and the reverſe; that is, the object and image will 


be in the ſame ſituation, In like manner it may be ſhewn, that if the object AFB is 


placed before a convex mirror, and its image IM is on the ſame fide of the center, they 
will be both in the ſame ſituation. If the object AFB is farther from the concave mirror 
SGV than its principal focus, and if M, E, I, be the places of the ſeveral foci, to which 
the rays from A, F, B, (by Prop. L.) will converge, a diſtinct image of the object 
will appear upon a paper placed at M, E, I: and if the paper is taken away, and the eye is 
more remote from the mirror than MEI, the rays will diverge from theſe foci, and 
become the laſt image. But, becauſe the extreme perpendiculars ICH, MCK, in whick 
(by Prop. LVIII.) the points A and B will appear, croſs each other at the center C, be- 
tween the object and image, A the higheſt point of the object will appear at I the loweſt 


point of the image, and the reverſe ; that is, the image with reſpe& to the object will 


be inverted, or they will be in contrary ſituations. The ſame may be ſhewn in like 
manner with reſpect to the convex mirror. 


P'R OP er. 


In ſpherical mirrors, concave or convex, the diameter of the object 
is to the diameter of the image, as the diſtance of the obje& from 
the center to the diſtance of the image from the center, and alſo as 


the 


CHAP. IV. QF. 0. Þ $5610: 


the diſtance of the object from the ſurface to the diſtance of the 
image from the ſurface. 


If the eye is any where in the line FG, or that line produced, FG is the optic axis ; 
whence the viſible length of the object AB, and alſo of the image IM, is proportional 
(as appears from Prop. LXVIII.) to a ſubtenſe of the optic angle perpendicular to FG. 
The viſible extenſions, or lengths of the object and of the image being then perpendicular 
to the ſame line FG, are parallel to one another. Hence in all the caſes, the angles 
ACB, ICM, are equal, and alſo the angles CAB, CIM. Therefore (El. VI. 4.) AB 
the viſible length of the object is to MI that of the image, as AC the diſtance of the 
object from the center is to IC the diſtance of the image. 

Again, ſince the object AFB conſiſts of real radiants, and the image MEI of imaginary 
radiants when the rays diverge, and of foci when they converge, after reflection; and ſince 
when they diverge, FG the diſtance of the object from the ſurface is (by Prop. LVI.) 


to EG the diſtance of the image from the ſurface, as FC, the diſtance of the object from 


the center is to EC the diſtance of the image from the center; but (by El. VI. 2.) AB 
is to MI, as FC to EC: therefore AB is likewiſe to MI as FG to EG, that is, the 


diameter of the object is to that of the image, as the diſtance of the object. from the ſurface 
9 that of the image from the ſurface, 


. 
If the eye is cloſe to a concave or convex mirror, the apparent 
diameter of the object is equal to the apparent diameter of the image. 


If the eye is at G, the real diameters of the object AFB and image MEI are (by Prop. 
CV.) as their reſpective diſtances from the eye. Therefore (by Prop. LXXI.) their 
apparent diameters will ſubtend the equal angles AIC, DIF, and will be equal. 


P R O P. cvn. 


II the eye is placed in the center of a concave mirror, it can ſee 
nothing in the mirror but its own image. 


For the eye, in this ſituation, is in the place of its own image, and therefore rays will 


be reflected to it from every point of the ſurface, 
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If an object is nearer to a concave mirror than its principal focus, 
the image appears behind the mirror, farther from the mirror and 
larger than the ohje&, erect, and diſtinct. 


Plate 7, The object AFB being nearer to the concave mirror than the principal focus, the rays 

Fig. 23. which diverge from each point in the object before the mirror will diverge after reflec- 
tion (by Prop. L.) leſs than before from the imaginary radiants M, E, I; whence the 
image formed by them will (Prop. VI.) be farther from the mirror than the object; and 
conſequently (by Prop. CV.) it will be larger than the object. Becauſe the object is 
nearer the mirror than its principal focus, it is likewiſe nearer than the center; whence 
(by Prop. CIV.) the image will be ere. Laſtly, the image will be ſeen diſtinctly, 
becauſe the rays from it diverge as from objects at a moderate diſtance. 


R G N e. 


| If an object touches a concave mirror, the image will touch it 
likewiſe, and they will be equal. 


For the real radiants being cloſe to the mirror, the i imaginary radiants are ſo too; whence 
(by Prop. CV.) their diameters will be equal. - 
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[ If an object is placed in the focus of a concave mirror, the image 
is at an infinite diſtance behind the mirror, larger than the object, 
erect, and diſtinct. 


When the object AFB is in the principal focus of the concave mirror SG V, the 
image is at an infinite diſtance. It will (by Prop. CV.) be larger than the object, on 
account of its remoteneſs. It will be ſeen ere&t (by Prop. CIV.) becauſe it is on the 
ſame ſide of the center with the object. And ſince the rays of each beam are parallel, 
it will be ſeen as diſtinctly as the naked eye ſees very remote objects. 


PROP. 
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P R O p. CXI, 


If the object is farther from a concave mirror than its focus, and 
the eye is nearer than the place of the image, the object will appear 
confuſed, behind the mirror, erect, and magnified. 


The rays which diverge from A, F, B, in an object more remote from the concave 
mirror SGV than its focus, will (by Prop. L.) be collected, and on a ſurface of 
White paper form an inverted image. If the eye is any where between B and G, 
the rays from every radiant are converging when they come from the mirror to the eye, 
| whence it will appear confuſed, becauſe the eye is not accuſtomed to ſee rays in this ſtate. 
The rays AH, AG, diverging from A, will, after reflection, converge towards I: but 
if the eye is nearer to the mirror than I, the reflected ray Gl will not croſs its perpen- 
dicular HI in any place before the eye, ſince they are in a tate of convergency ; conſe- 
quently, the apparent place of this, or any other point of the image, will be indeter- 
minate. It will be ſeen ereA, becauſe MEI, the inverted image of the object, will 
be drawn inverted on the retina, Laſtly, becauſe the rays of each beam converge after 
reflection, as HI, GI, they will appear to come, not from points, but from circular ſpots 


larger than the points of the object, the image will appear confuſed, and be larger than 
the object. 


'ÞR G F. Cx 
If an object is farther from a concave mirror than its principal 
focus, and the eye is farther from the mirror than the place of the 
image, the image appears before the mirror, inverted, and diſtinct. 


Rays coming from M, E, I, an object at a greater diſtance than the principal focus 
from the mirror SGV, will (by Prop. L.) converge to AFB, and would paint an inverted 
image upon a ſurface of white paper placed there. From thence they will diverge, 
(the paper being taken away); whence, to the eye placed any where beyond AFB, the 
image will appear inverted, And it will be ſeen diſtinctly, becauſe the rays come to 
the eye diverging, as from an object at a moderate diſtance. 


SCHOL. 1. The inverted images of objects may be repreſented in a dark room by 
a concave mirror, which receives rays paſſing from external objects through a hole in a 
window-ſhutter, and collects them into a focus on a ſurſace of white paper. 


ScnoL. 2. A concave mirror, collecting the parallel rays of the ſun into a focus, 
will 12 as a burning glaſs. 
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When an object is placed before a convex mirror, its image appears 
behind the mirror, nearer the mirror, and leſs than the object, 


_ diſtin, and ere. 


If AFB is an obje& placed before the convex mirror SGV, the rays which before 
reflection diverge from A, F, B, will (by Prop. LVIII.) after reflection diverge from as 
many radiants I, E, M, behind the mirror, forming the image. And becauſe the reflected 
rays (by Prop. LII.) diverge more than the incident ones, the image IM (by Prop. VI.) 
will be nearer the mirror than the real radiants, or object AFB: whence (by Prop. CV.) 
the image will be leſs than the object. And becauſe the reflected rays come to the eye 
in a ſtate of divergency, the image will be ſeen as diſtinctly as any viſible object, ſeen by 
ſuch diverging rays, at the ſame diſtance. Laſtly, if the object AFB were at an infinfte 
diſtance from the mirror, the rays proceeding from any point in it would fall parallel 


upon the mirror, and therefore would upon reflection form the image in the principal 


focus, that is, in the middle point between G and C, or on the ſame fide of C with the 
object; whence (by Prop. CIV.) it would be ere. At any finite diſtance of the object, 
the image, being ſtill nearer the ſurface, muſt therefore be ere. 


FR ‚ © SALY, 


When either the eye or the object departs from a convex mirror, 
the apparent diameter of the image decreaſes. 


If the object AFB continues in its place, the image IM will (by Prop. LVI.) be 


always at the ſame diſtance from the mirror; and (by Prop. CV.) the real diameter will 


be invariable: conſequently (by Prop. LXIX.) the apparent diameter of the image will be 
inverſely as the diſtance of the eye. 


If the object AFB departs from the mirror, the ratio of FG, the diſtance of the object, 


to GE, that of the image, (El. V. 8.) will increaſe : whence (by Prop. CV.) the ratio 


of the diameter of the object to that of the image will likewiſe increaſe, that is, the image 
will become leſs with reſpect to the object: but, the eye remaining in the ſame place, 


the apparent diameter of the image will (by Prop. LXX. ) be as its real diameter: conſe- 


quently, the apparent diameter will decreaſe. 


Exr. The Propoſitions in this ſection may be confirmed, by placing an object before 
a Plane, Concave, or Convex Mirror, according to the terms of the reſpective Propoſitions. 
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Of the different REFRANGIBILITY of LicuT. 
DEF. XXV. Rays of light are differently refrangible, when at the 
ſame or equal angles of incidence, ſome are more turned out of the 
way than others. 


Dex .XXVI. Rays are di e reflexible, when ſome are more 
eaſily reflected than others. Es 
Der. XXVII. Light is called homogeneous, when all the rays a are 


equally refrangible ; ; and beterogencous, when ſome raye- are more 
refrangible than others. 5 


Dxxr. XXVIII. The Colours of homogeneous rays, are called 
primary or ſimple colours; thoſe of heterogeneous, ſecondary or mixed. 


P R O P. EA. 


The rays of the ſun are not all equally refrangible; and thoſe rays 
which have a different degree of . have likewiſe a l 
different colour. | | [i 


If a beam of light SF from the ſun paſſes into a dark room through F a round hole in Plate 7. | 

a window-ſhutter EG, and is received upon a white ſurface, a white round image will * [| 
| be ſeen, If a glaſs priſm ABC is ſo placed as to receive the beam of light, the rays of ms | 
this beam, from their refraction in paring through the priſm, will be turned upwards, and 1 


the | | | 
| 
| 


200 


Plate 7, 
Fig. 27. 


Plate 7. 
Fig. 2 Go 


Plate 9. 


Fig. 26. 


are equal, and the angle at A a right angle; when the obliquity of theſe rays, as they are 
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the refracted image PT will be oblong, having its breadth equal to the diameter of the 
circular picture O. If all the rays were equally refracted upwards, it is manifeſt that ſuch 
a refraction would not change the form of the picture. Since therefore the refracted 
image is oblong, it muſt be formed by rays differently refrangible, which fall with equal 
angles of obliquity upon BC the firſt ſide of the priſm, but are ſome of them, in refraction, 


turned more out of the way than others; thoſe rays which go to P, the upper part of the 


image, being moſt refrangible, and thoſe which go to T', the lower part, being leaſt 
refrangible. 


This oblong image is of different colours in different parts; the whole image being 
made up of rays of ſeven different colours, in the following order, beginning with thoſe 


which are moſt refrangible; violet, indigo, blue, green, yellow, orange, red. This 


refracted picture conſiſts of ſeveral round pictures ſo near each other, that each higher circle 
mixes in part with that below it, whence the colours near the upper and lower edge of 


each circle are blended. The ſides of theſe circles being very near to each other appear 
like right lines. 


Exp. 1. Obſerve the priſmatic i image formed by the refraction of the rays in "png 
through a ſingle priſm. 


2. To ſeparate the ſeveral colours as much as -oſkble, make the hole F in the 
window-ſhutter very ſmall, and collect the rays which paſs through it, into a focus L, 
by a convex lens MN. Let the rays which have paſſed through the lens be now re- 


ceived upon a priſm placed near the lens; the m will be refracted upwards into an 
oblong image. 


3. To prove that the priſmatic image is produced by the different refrangibility of the 
rays, and by no other cauſe, let a ſecond priſm DH be placed beyond the firſt abc, at 
right angles to it. The rays paſſing through this ſecond priſm are refracted ſideways ; 
thoſe which were moſt refracted upwards by the firſt priſm, are moſt refracted fideways 
by the ſecond; but, the rays not being ſpread in breadth, the 1mage remains of the 


ſame form. 
n F. CXVIL. 


Thoſe rays of light which are moſt refrengible, are alſo moſt 
reflexible. 


If the beam of light paſſing through F falls upon a priſm ABC, whoſe ſides AC, AB, 


to 
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to paſs out of the priſm at its baſe BC, is leſs than 40 degrees, the greateſt part of the 
beam will paſs through, but ſome rays will be reflected at the ſurface BC. Thoſe rays 
which paſs through the baſe (by Prop. CXV.) form an oblong coloured image at HG, 
between the moſt refrangible ray MH, and the leaſt refrangible ray MG. If the rays 
which are reflected from M are made to paſs through another priſm XYV, they will 
alſo form a faint oblong coloured image pt. Now, if the priſm ACB is turned ſlowly 
round upon its axis in the direction ACB, the obliquity of the rays FM to the baſe BC, 
will continually increaſe, till all the rays will be reflected at M. Conſequently, the 


image pt will become much brighter than before. And this total reflection will not be 


produced at once, but the moſt refrangible rays MH will be firſt entirely reflected; 


for the violet colour in HG will firſt diſappear, and the ſame colour at p will firſt becne 


brighter. In like manner, as the priſm ABC is turned round, each different ſort of 
ray will be reflected ſooner, as it has a greater degree of refrangibility. Hence it appears, 
that the rays of the ſun have different degrees of SURF, and that thoſe which are 
moſt refrangible are alſo molt reflexible. 


P R Oo P. CXVIL 
Homogeneous light is refrafted regularly without any dilatation 
of the rays. 


Exp, When the rays of any colour in the oblong image, as green, are ſeparated from 
the reſt, in the manner deſcribed in Prop, CXV. if ſome of theſe rays are tranſmitted 


through a ſmall hole in a thin board, and refracted by a priſm placed in the other fide, 


the image formed by theſe rays after refraction will not be oblong, but circular, 


N G -cxviit. 


The confuſed appearance of objects ſeen through refracting bodies, 


is owing to the different refrangibility of light. 


Exr. Small objects placed in a ſun beam and viewed through a priſm, will be ſeen con- 
fuſedly; but if they are placed in a beam of homogeneous light ſeparated by a priſm, 
they will appear as diſtinct through a priſm, as when viewed * the naked eye. 


SCHOL. I. Although the 13th Propoſition (in which it was ſhewn that when a ray 
of the ſun is paſſing out of one medium into another, the ratio of the ſine of incidence to 
the refracted ſine will not be changed by changing the obliquity of the incident ray) 
proceeds upon the ſuppoſition that all rays are equally refrangible, and therefore is not 
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exactly true; the demonſtration is ſtrictly applicable to any one ſort of rays, as the red 
ones, which are equally refrangible. 


School. 2. Since, all other circumſtances being equal, the ſame cauſe, namely, the 
paſſing of the rays out of one given medium into another, will turn the violet rays more 
out of the way than the red rays; the attracting force which acts upon both being the 
fame, it is probable that any ſingle ray of the leaſt refrangible ſort contains a greater 
quantity of matter than any ſingle ray of the moſt refrangible ſort. 


P R F. CAL 


The colours of homogeneous light can neither be changed by 
refraction nor reflection. 


Exp. 1. Let a beam of homogeneous light paſs through a round hole in a paſteboard, 
and then be refracted by a priſm on the other ſide, the colour of the rays will remain the 


ſame. 


2. Ned lead, viewed in homogeneous red light, will be red, but if placed in green, or 
any other homogeneous light, it will take the colour of the rays which fall upon it. 


PROP Os. 3 
The whiteneſs of the ſun's light ariſes from a due mixture of all 
the primary colours. 


Exp. If the oblong picture PT fall upon the convex lens MN, the rays, which were 
ſeparated at PT, will, by paſſing through the lens, be collected into a focus at G, and form 
a round image of the ſun upon a piece of paper DE. This image formed of all the pri- 
mary ſorts of rays, is white. That the whiteneſs of the image is owing to the due mixture 
of all the ſorts of rays, appears from hence, that, if any of the colours be intercepted at 
the lens, the image loſes its whiteneſs. The paper being removed from DE to de, the rays, 


having croſſed at G, will form the priſmatic image tp, inverted, but diſtin; from whence 


it appears, that the colours are not changed by being mixed at the focus. 


P R O P. CXXL 


The colours of all bodies are either the ſimple colours of homo- 
geneous light, or ſuch compound colours as ariſe from a mixture 


of homogeneous light. 


Each 


CAP. V. F 


Each ſort of light having a peculiar colour of its own, which no refraction or reflection 
can alter, ſince bodies appear coloured only by reflected light, their colours can be no 
other than the colour of ſome ſingle homogeneous light, or of a mixture of different 
ſorts of light, 


3 0 P. CXXII. 


Water, air, glaſs, or any other tranſparent ſubſtance, when drawn 
into thin plates, become coloured. 


Exp, 1. If a ſoap-bubble be blown up, and ſet under a glaſs that the motion of the 
air may not affect it, as the water glides down the ſides and the top grows thinner, 
ſeveral colours will ſucceſſively appear at the top, and ſpread themſelves from thence in 
rings down the ſide of the bubble, till they vaniſh in the ſame order in which they ap- 
peared. At laſt a black ſpot appears at the top, and ſpreads till the bubble burſts. 

2. If a piece of plane poliſhed glaſs is placed upon the object glaſs of a long teleſcope, 
and the interval between them is filled up with water, as the glaſſes are preſſed together 
the ſame colours ariſe at the point of contact, and ſpread themſelves in circular rings 
round that point in the ſame order as in the ſoap-bubble. 


Scuor. The opacity of bodies is owing to the numerous reflections and refractions 
which rays of light ſuffer within the bodies. 5 

Almoſt all natural bodies are tranſparent, if made exceedingly thin, or reduced to 
very ſmall particles. Hence it appears, that every ſingle particle tranſmits light, or is 
tranſparent ; and conſequently, that the whole would tranſmit light, unleſs the rays, 
when they are to paſs through all the particles which make up the whole, were ſo turned 
out of the way by innumerable refractions and reflections, as to be ſtopped in their 
paſſage. | 

The medium with which the pores of opaque bodies are filled, is not of the ſame 
denſity with the particles of thoſe bodies. For the light would, in that caſe, be neither 
refracted nor reflected in paſſing out of the particles into the interſtices, and the body 
would be. tranſparent, 


Exp. Paper wetted with water or oil is more tranſparent than who dry, becauſe the 
pores are then filled with a fluid nearly of the ſame denſity with the paper. 
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Of the RAINBOW. 


PR O FP. . 

When the rays of the ſun fall upon a drop of rain and enter into 
it, ſome of them, after one reflection and two refractions, may come 
to the eye of a ſpectator, whoſe back is towards the ſun, and his face 
towards the drop. 0 

If the ſun ſhines upon XY, a drop of rain, in any lines SF, SD, SA, &c. the greateſt 
part of the rays will enter the drop, and paſſing on to the ſecond ſurface, will be tranſ- 
mitted through the drop. But at PG in the ſecond ſurface ſome few rays will be 


reflected, and proceed in ſome ſuch lines as NR, NQ; and coming out of the drop in 
the lines RV, QT, they may fall upon the eye of a ſpectator, placed in thoſe lines with 


his face towards the drop. Theſe rays are refracted when they enter the drop, reflected 


from the ſecond ſurface, and again refracted when they come out of the drop. 


Dr. XXIX. When rays of light reflected from a drop of rain 
come to the eye, thoſe rays which excite a perception of light, are 
called Fectual. 

P R O P. cxxiv. 
When rays of light come out of a drop of rain, they will not be 


effectual, unleſs they are parallel and contiguous. 


Moſt of the rays, which enter the drop between X and A, paſſing out of the hinder 
ſurface between P and G, only a few rays are refſected, and come out of the drop through 
the nearer ſurface between A and V. Now of theſe, only the rays which are parallel to 
one another will be effectual, becauſe if they diverge they will be fo far aſunder when 
they come to the eye, that only a very few of them can enter the pupil, and no perception 
of colours will be excited. Alſo, unleſs ſeveral parallel rays be very near each other, the 
rays will be too few to create any perception. 


PROP, 
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PR OP. . 


When rays of light come out of a drop of rain after one reflection, 
thoſe will be effectual which are reflected from the ſame point, and 
entered the drop near one another. 


Any rays AB, CD, when they have paſſed out of the air into a drop of water, will be 
refracted towards the perpendiculars BL, DL, by Prop. XI. And as the ray AB falls 
farther from the axis than the ray CD, AB will be more refracted than CD: ſo that 
theſe rays, though parallel to one another at their incidence, may deſcribe the lines BE, 
DE, after refraction, and be both of them reflected from one and the ſame point E. Now 
all rays, which are thus reflected from one and the ſame point, when they have deſcribed 


the lines EF, EG, and after reflection emerge at Fand G, will be ſo refracted, when they 


paſs out of the drop into the air, as to deſcribe the lines FH, Gl, parallel to one another. 
If theſe rays were to return from E in the lines EB, ED, and were to emerge at B and D, 
they would be refracted into the lines of their incidence BA, DC, (by Prop. XII.) But 
if theſe rays, inſtead of being returned in the lines EB, ED, are reflected from the ſame 
point E in the lines EG, EF, the lines of reflection EG and EF will be inclined both 
to one another and to the ſurface of the drop, juſt as much as the lines EB and ED 
are. Firſt, EB and EG make juſt the ſame angle with the ſurface of the drop; for the 
angle BEX, which EB makes with the ſurface of the drop, is the complement of inci- 
dence, and the angle GEV, which EG makes with the ſurface, is the complement of 
reflection; and theſe two are equal to one another, by Prop. XLV. In the ſame manner 
we might prove that ED and EF make equal angles with the ſurface of the drop. 
Secondly, the angle BED is equal to the angle FEG, or the reflected rays EG, EF, 
and the incident rays BE, DE, are equally inclined to each other. For the angle of 
incidence BEL is equal to the angle of reflection GEL, and the angle of incidence DEL 
is equal to the angle of reflection FEL, by Prop. XII. Conſequently, the difference 
between the angles of incidence is equal to the difference between the angles of reflection, 


or BEL—DEL is equal to GEL —FEL, or BED to GEF. Since therefore either the lines 


EG, EF, or the lines EB, ED, are equally inclined both to one another and to the 
ſurface of the drop, the rays will be refracted in the ſame manner, whether they were 


to return in the lines EB, ED, or are reflected in the lines EG, EF. But if they were 
to return in the lines EB, ED, the refraction, when they emerge at B and D, would 
make them parallel. Therefore if they are reflected from one and the ſame point E in 
the lines EG, EF, the refraction, when they emerge at G and F, will likewiſe make them 
parallel]. 


Farther, in order to render the rays which emerge at F and G effectual, they muſt not 
only emerge in a direction parallel to each other, but muſt enter the drop nearly at the 
ſame place. 


Let 
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Let XY be a drop of rain, AG the axis or diameter of the drop, and SA a ray of light, 
that comes from the ſun and enters the drop at the point A, This ray SA, becauſe it is 
perpendicular to both the ſurfaces, will paſs ſtraight through the drop in the line AGH 
without being refracted, by Prop. XIV. But any collateral rays that fall about SB, as 
they paſs through the drop, will be made to converge to their axis, and paſling out at N 


will meet the axis at H, by Prop. XI. Rays which fall farther from the axis than SB, 


ſuch as thoſe which fall about SC, will likewiſe be made to converge; but then their focus 


will be nearer to the drop than H, by Prop. XI. Suppoſe therefore I to be the focus 


to which the rays that fall about SC will converge; any ray SC, when it has deſcribed the 
line CO within the drop, and is tending to the focus I, will paſs out of the drop at the 


point O. The rays, that fall upon the drop about SD more remote ſtill from the axis, will 


converge to a focus ſtill nearer than I, ſuppoſe at K, by Prop. XXI. note. Theſe rays 


therefore go out of the drop at P. The rays, that fall ſtill more remote from the axis, as 


SE, will converge to a focus nearer than K, as ſuppoſe at L; and the ray SE, when it has 
deſcribed the line EO within the drop, and is tending to L, will paſs out at the point O. 
The rays, that fall ſtill more remote from the axis, will converge to a focus ſtill nearer, 
Thus the ray SF will, after refraction, converge to a focus at M, which is nearer than L, 
and having deſcribed the line FN within the drop, it will paſs out at the point N. Now 
here we may obſerve, that as any rays SB or SC fall farther above the axis SA, the points 


Nor O, where they paſs out behind the drop, will be farther above G, or, that as the in- 
cident ray riſes from the axis SA, the are GNO increaſes, till we come to ſome ray SD, 
which paſſes out of the drop at P, and this is the higheſt point where any ray, that falls 

upon the ſide AX, can paſs out: for any rays SE, or SF, that fall higher than SD, 


will not paſs out in any point above P, but at the points O, or N, which are below it. 
Conſequently, though the are GNOP increaſes, whilſt the diſtance of the incident ray 


from the axis SA increaſed, till we came to the ray SD ; yet afterwards the *. the 


ray falls above the axis SA, this are PONG will decreaſe. 


As there are many rays which paſs out of the drop between G and P, ſo, by Prop. 
XLIII. ſome few rays will be reflected from thence ; and conſequently the ſeveral points 
between G and P, which are the points where ſome of the rays paſs out of the drop, are 


likewiſe the points of reflection for the reſt, which do not paſs out. Therefore in reſpect 


of thoſe rays which are reflected, we may call GP the arc of reflection, and may ſay that 
this arc of reflection increaſes, as the diſtance of the incident ray from the axis SA increaſes, 


till we come to the ray SD; the arc of reflection is GN for the ray SB, it is GO for the 


ray SC, and GP for the ray SD. But after this, as the diſtance of the incident ray from 
the axis SA increaſes, the arc of reflection decreaſes; for OG, leſs than PG, is the arc of 
reflection for the ray SE, and NG is the arc of reflection for the ray SF. 

From hence it is obvious, that ſome one ray, which falls above SD, may be reflected 
from the ſame point with ſome other ray, which falls below SD. Thus, for inſtance, the 
ray SB will be reflected from the point N, and the ray SF will be reflected from the ſame 
point; and conſequently, when the reflected rays NR, NQ, are reftacted as they paſs out 


of 
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of the drop at Rand Q, they will be parallel, by what has been ſhewn in the former part 
of this Prop. But fince the intermediate rays, which enter the drop between SF and SB, 
are not reflected from the ſame point N, theſe two rays alone will be parallel to one another 
when they come out of the drop, and the intermediate rays will not be parallel to them, 
And conſequently theſe rays RV, QT, though they are parallel, after they emerge at R 
and Q, will not be contiguous, and for that reaſon will not be effectual, by Prop. CXXIV, 
The ray SD is reflected from P, which has been ſhewn to be the limit of the arc of re- 
flection; ſuch rays, as fall juſt above SD and juſt below SD, will be reflected from nearly 
the ſame point P, as appears from what has been already ſhewn. Theſe rays therefore will 
be parallel, becauſe they are reflected from the ſame point P; and they will likewiſe be 
contiguous, becauſe all of them enter the drop at one and the ſame place, very near to 
D. Conſequently ſuch rays, as enter the drop at D and are reflected from P the limit of 
the arc of reflection, will be effectual, by Prop. CXXIV. ſince when they emerge at the 
part of the drop between A and Y, they will be both parallel and contiguous. 


P R O F. CXXVI 


When rays which are effectual emerge from a drop of rain after 
one reflection and two refractions, thoſe which are moſt refrangible 
will, at their emerſion, make a leſs angle with the incident rays 
than thoſe do which are leaſt refrangible; by which means, the rays 
of different colours will be ſeparated from one another. 


Let FH, Gl, be effectual violet rays emerging from the drop at F, H; and FN, GP, 
effectual red rays emerging from the ſame drop at the ſame points. The violet rays 
(by Prop. C XXIV.) are parallel among themſelves, becauſe they are effectual: for the 
ſame reaſon the red rays are paralle] among themſelves : but on account of the difference | 
of refrangibility of the violet and red rays, the violet ray Gl is not parallel to the red ray 
GP, but they diverge from the point G; and ſo of the reſt. Both the violet ray GI 
and the red ray GP are refracted from the perpendicular LO, but (by Prop. CXV.) 
GI more than GP; whence the angle IGO is greater than the angle PGO. If the 
incident ray AB be continued in the direction ABK, and if IG and PG be continued 
backward till they meet AB in K and W, the angle IKA is that which the violet or 
moſt refrangible ray makes at its emerſion with the incident ray, and PWA that which 
the red or leaſt refrangible ray makes with the ſame. And the angle IKA (El. I. 16.) is 
leſs than the exterior angle PWA. The ſame may be proved concerning the rays FH, 
FN, or any other rays which emerge reſpectively parallel to GI and GP. But (by 
Prop. CXXIV.) all the effectual violet rays are parallel to GI, and all the effectual red 
rays are parallel to GP. Therefore the effectual violet rays at their emerſion make a 
leſs angle with the incident rays than the effeCtual red rays. And univerſally the more 
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refrangible rays, at their emerſion, make a leſs angle with the incident rays than thoſe 
which are leſs refrangible. And ſince the effectual rays GI, GP, of different colours make 
different angles with the incident ray SK at their emerſion, they will be ſeparated from 
one another: ſo that if the eye was placed in the beam FGHTI, it would receive only 
rays of one colour from the drop XY, and in FGNP only rays of another colour. 


Scholl. The angle which the effeCtual red rays make with the incident rays is found 


Ul f 


to be 42%. 20'. that of the violet rays 40*. 17 


Exe. Let a glaſs globe filled with water be expoſed to the rays of the ſun : let the 
eye of the ſpectator be ſo ſituated, that the leaſt refracted ray from the drop, coming to 
the eye, ſhall make an angle of about 42". with the line paſſing through the eye and 
the ſun, the red rays only will be ſeen: if the place of the eye be changed, ſo as to 


enlarge this angle, the red will diſappear ; but if the angle be leſſened, the colours of 


the more refrangible rays will appear, 


Pp R O P. Xun. 


If a line is' ſuppoſed to be drawn from the center of the ſun 
through the eye of the ſpectator, the angle which any effectual ray 
after two refractions and one reflection makes with the incident ray, 
will be equal to the angle which it makes with that line. 


Let I be the place of the eye of the ſpedator ; QT a line drawn from the center of 
the ſun through the eye; and AB a ray coming from the center of the ſun. Theſe 
two lines AB, QT, on account of the great diſtance of the ſun, may be looked upon as 
parallel. Therefore (El. I. 29.) the alternate angles AKI, KIT, or GIT, are equal. 


p R O P. Cm. 


When the ſun ſhines upon the drops of rain as they are falling, 
the rays which come from thoſe drops to the eye of the ſpectator, 
after one reflection and two refractions, produce the innermoſt or 
primary rainbow. 


Let TFY be the innermoſt or primary rainbow, the outer part of which TF is red, 
the inner part VDX violet, and the intermediate parts reckoning from the red to the violet, 
orange, yellow, green, blue, indigo. Suppoſe the ſpeQator's eye at A; and let AT be 
an imaginary line from the center of the ſun to the eye of the ſpectator. If a beam of 
light S coming from the ſun falls upon any drop F, and the effectual rays which emerge 

at 
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at F make an angle FAI of 429. 2“. with the line AI, theſe rays (by Prop. CXXVII.) 
make the fame angle with the incident rays, and conſequently are red. Hence the drop 
F will appear red; for all the other rays which emerge from F, and would be effectual if 


they fell upon the eye, being refracted more than the red rays, will paſs above the eye. 


If another beam of light S _ upon the drop D, and the effectual rays emerging at H 
make an angle of 409. 17.“ with the incident rays, the drop D will be of a violet colour : 

for all the other rays which emerge from H, and would be effectual if they came to the 
eye, being refracted leſs than the violet rays, will paſs below the eye. The intermediate 
drops between F and D will for the ſame reaſons be of the intermediate colours. And 
that which has been proved concerning the drops in the line FD, may be ſhewn of any 
other ſet of drops in which the angles made by the emerging and incident rays are equal. 
Thus, wherever a drop of rain is placed, if the angle which the effectual rays make 
with AI is equal to the angle FAI, or is 42”. 2'. any ſuch drop will appear red. If 
FAI was turned round upon the line Al, ſo that one end of this line ſhould always be 
at the eye, and the other at I oppoſite to the ſun, in this revolution the drop F would 
deſcribe a circle, of which I would be the center, and TFY an arc. And ſince in this 
revolution the angle FAI continues the ſame, if the ſun was to ſhine upon this drop as it re- 


volves, the effectual rays (by Prop. CX XVII.) would make the ſame angle with the incident 


rays in whatever part of the arc TFY the drop may happen to be; and conſequently in 
whatever part of the arc the drop F is, it will appear red. Now as innumerable drops are 
falling at once in right lines from the cloud, whilſt one drop is at F, there will be others 
at T, Y, and every other part of the arc, which will appear red in the ſame manner 
that F would have done in the ſuppoſed circular revolution. "Therefore when the ſun 
ſhines upon the rain, there will be a red are AFB produced oppoſite to the ſun. In like 
manner a violet arc VDX will be produced; and other intermediate arcs of the ſeveral 


intermediate colours, which will together make up the primary rainbow. 


p R O . wn. 
The primary rainbow is never a greater arc than a ſemicircle. 


Since the line Al is drawn from the ſun through the eye of the ſpectator, and through 
I the center of the rainbow, this center is always oppolite to the ſun. And ſince the 
angle FAI is an angle of 42*. 2. F the higheſt part of the bow is 42*. 2'. from I its 
center. If therefore the ſun is more than 425. 2'. above the horizon, I, which is oppoſite 
to it, muſt be more than 42%. 2. below the horizon, and no primary rainbow will be 
ſeen. As much as the altitude of the ſun is leſs than 42". 2'. ſo much will the higheſt 
point F of the rainbow be above the horizon: and when the ſun is in the horizon, 
I the center of the bow will alſo be in the horizon on the oppoſite ſide, and half the 
circle will be viſible; but when the ſun is ſet, no bow can be ſeen. 
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When the rays of the ſun fall upon a drop of rain, ſome of them 


after two reflections and two refractions may come to the eye of a 


ſpectator who has his back towards the ſun and his face towards 
the drop. 


If parallel rays from the fun, ZV, VW, fall upon the lower part of the drop of rain 
BGW, they will be refracted towards the perpendiculars VL, WL, in entering the drop, 
and proceed in the direction VH, WI. At HI ſome part of theſe rays will (by Prop. XLIII.) 
be reflected into the directions HF, IG. And ſome of theſe rays will be again reflected 
at F, G, into the directions FD, GB; which rays, when they emerge out of the drop at 
B and D, will be refracted from the perpendiculars, and may come to the eye of a ſpectator 
whoſe back is towards the ſun and his face towards the drop. 


PR . 


Thoſe rays which are parallel to one another after they have been 
once refracted and once reflected in a drop of rain, will be effectual 
when they emerge after two refractions and two reflections. 


The contiguous rays ZV, VW, being refracted towards the perpendiculars VL, WL, 
when they enter the drop, will (by Prop. XVIII.) become convergent ; and becauſe 


theſe rays fall upon the drop very obliquely, their focus will not be far from the ſurface 


VW. If this focus is at K, the rays after they have paſſed the focus, will diverge 
from thence in the directions KH, KI: and, if KI is the focal diſtance of the con- 
cave reflecting ſurface HI, the reflected rays HF, IG, (by Prop. L.) will be parallel. 
Theſe rays are reflected again from the concave ſurface FG, and will meet in a 

focus at E, ſo that GE will be the focal diſtance of this reflecting ſurface : and becauſe 
HI, FG, are parts of the ſame ſphere, the focal diſtances GE, KI, are equal. When 
the rays have paſſed the focus E, they will diverge in the lines EB, ED. Now, 
if the rays VK, WK, when they have met at K, were to be turned back in the 
directions KV, KW, on emerging at V and W, they would (by Prop. XX.) be refracted 
into the lines of incidence, and become parallel. But ſince GE is equal to IK, the 
rays ED, EB, which diverge from E, fall in the ſame manner upon the drop at D and 
B, as the rays KV, KW, would fall upon it at V and W, and ED, EB, have the 
ſame inclination to the refracting ſurface DB, as KV, KW, would have to VW: whence 
the rays ED, EB, emerging at D and B, will be refracted in the ſame manner, and will 
have the ſame ſituation with —_— to one another, as KV, KW, would have, that is, 


Will 
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will be parallel to one another; having been contiguous before their entrance into the 
drop, they will therefore (by Prop. CXXIV.) be effectual. 


Pp R O P. CxxXII. 


| When effectual rays emerge from a drop of rain after two reflections 

and two refractions, thoſe which are moſt refrangible will at their 
emerſion make a greater angle with the incident rays than the leaſt 
refrangible will make with them; by which means the rays of 
different colours will be ſeparated. 


Let BM, BA, a violet and a red ray, emerge from B; the angle which the violet ray 
BM makes with the incident ray VW is YrM; and that which the red ray BA makes 
with the ſame is YSA. And ſince BS, the external angle of the triangle By, is 
(El. I. 16.) greater than the internal angle BrS or BrY; YrM, the complement of BrS, 
is greater than YSA the complement of BSV. Conſequently, ſince the emerging rays 
make different angles with the ſame incident ray, the refraction which they ſuffer at 

emerſion will ſeparate them from one another. 


Scholl. The angle which the violet aſs make with the incident ones is found to be 


8 and that of the red rays 50% 57. 


Pp R OG P. CXXXUT 


If a line is ſuppoſed to be drawn from the center of the ſun through 
the eye of the ſpectator, the angle which, after two refractions and 
two reflections, any effectual ray makes with the incident ray, will 
be equal to the angle which it makes with that line. 


If YW be an incident ray, and BA an effectual ray, and AO a line drawn from the 
center of the ſun through A the eye of the ſpectator, YW and AO may be conſidered as 
parallel; whence the alternate angles YSA, SAO, (El. I. 29.) will be equal. 


Þ R . CXXXIV. 


When the ſun ſhines upon the drops of rain as they are falling, 
the rays which come from thoſe drops to the eye of the ſpectator 


after two reflections and two refractions, produce the outermoſt or 
enden rainbow. . 
$04 When 
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re laid; 


When the ſun ſhines upon a drop of rain E in the outer edge of the ſecondary rainbow 
CBD, the effectual violet ray EA (by Prop. CXXXII. Schol.) makes an angle EAI of 
545. 7. with Al a line drawn from the ſun through the eye of the ſpectator, and there ſore (by 
Prop. CXXXIII.) make the ſame angle with the incident ray SB. Therefore if the ſpec- 
tator's eye is at A, all the rays except the violet, will (by Prop. X.) make a leſs angle with 
Al than EA, and fall above the ſpectator's eye. In like manner it may be ſhewn, that 
from the drop F only red rays will come to the ſpectator's eye, the reſt falling below it; 
and that the rays emerging from the intermediate drops between E and F, and coming to 
A, will emerge at intermediate angles, and preſent to the eye the intermediate colours. 
If EAI be conceived to turn round upon the line Al, in ſuch a revolution of the drop 
E, the angle EAI would remain the ſame, and conſequently the emerging rays would 
make the ſame angle with the incident rays. But in ſuch a revolution the drop E would 
deſcribe a circle, of which I would be the center, and CBD an arc. Conſequently, ſince 
the emerging rays make the ſame angle with the incident ones when the drop is at any 
other part of the arc as at E, the colour of the drop will be violet to an eye placed 
at A, in whatever part of the arc the drop is placed. Now, fince there are innumerable 
drops of rain falling at once, whilſt one drop is at E, there will be others in all parts 
of the arc, which will all appear violet-coloured, for the ſame reaſon that E would have 
appeared of this colour in any other part of the arc. In like manner, as the drop F 
appears red at F, and at any part of the arc FD, fo will any other falling drop when it 
comes to any part of that arc. The intermediate arcs are formed in the ſame manner 


with the violet arc CBD, and the red arc FD; and thus the whole ſecondary rainbow 
is produced, 


P R O P. CXXXV. 


The colours of the ſecondary rainbow are fainter than thoſe of the 
primary, and are ranged in the contrary order. 


At every reflection many rays paſs out of the drop without being reflected; conſequently, 
the ſecondary rainbow which is produced after two reflections, is formed by fewer rays 


than the firſt, which is produced after one reflection. 


Again, in the primary bow, the violet rays, when they emerge effectually, make a lefs 
angle with the incident rays (by Prop. CXXVI.) and therefore (by Prop. CXXVII.) with 


the line Al, than the red rays. But the rays are here only once reflected, and the angle 
which the effetual rays make with Al is the diſtance of the coloured drop from I the 


center of the bow. Therefore the violet arc in the primary bow will be nearer to the 
center of the bow than the red arc, that is, the innermoſt colour will be violet, and the 
outermoſt red. But in the ſecondary rainbow, the rays are twice reflected; and (by 

. Prop. 


Cap. V. OF THE RAINBOW. Ds 


Prop. CXXXII.) the violet rays, which emerge ſo as to be effectual after two reflections, 
make a greater angle with the incident rays, that is, with the line Al, than the red ones; 
which angle is the diſtance of the violet arc from I the center of the bow. Therefore 


the violet arc in the ſecondary bow will be farther from the center of the bow than the 
red arc; that is, the outermoſt colour is violet, and the innermoſt red, 


PR 0-3... CAMETL 
The ſecondary rainbow is never a greater arc than a ſemicircle. 


This is proved in the ſame manner as Prop, CXXIX. with this difference, that, ſince 
the rays of the higheſt colour in the ſecondary bow make an angle of 54*. 7'. with AI, 
this bow will begin to appear when the altitude of the ſun is leſs than 54%. 7'. and when 
the ſun is in the horizon on one fide, this bow will have its center in the horizon on 
the other fide at the diſtance of 54*. 7'. from its higheſt point. 


CHAP. 
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E 

Or OPTICAL INSTRUMENTS. 
8 * 1 
Of TELESCOPES. 


Dep. XXX. An Aſtronomical Teleſcope conſiſts of two convex 
lenſes, whoſe diſtance from each other is equal to the ſum of their 
principal foci: that lens which is towards the object, is called the 


object- glaſß; that which is next the eye, is called the eye-gl/aſs. 


If NL is one convex lens, whoſe focal diſtance is MF, and BD another, whoſe focal 
diſtance is CF; and if theſe are ſo placed that the diſtance between them is * to 
MF added to : that is, MC, they form an aſtronomical teleſcope. 


1 CXXXVII, 


Very remote objects, ſeen through an aſtronomical teleſcope, 
appear diſtinct and inverted. 


Let PM, PL, be rays coming (by Prop. VIII.) parallel from the middle point in 
a very diſtant object: let AN, AM, AL, come from the higheſt point, and QN, QM, 
QL, come from the loweſt point. Theſe parallel rays will (by Def. XVIII.) be 
collected into the focus, and there form an image of the object, which (by Prop. 
LXXXII.) forms the object of refracted viſion. But, by the conſtruction of the teleſcope, 
GFE is the focus of the eye-glaſs. Conſequently, the rays which diverge from any 
point G in this image will (by Prop. XX.) after they have paſſed through the eye- 


glaſs, become parallel. Therefore if the eye is at any point on the other fide of the 


eye-glaſs, the object of refracted viſion may be ſeen as diſtinctly as any very remote object 


can be ſeen by the naked eye; and becauſe the image is the object of viſion (by r. 


XXV.) it will be ſcen inverted. 
PROP. 
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N - ©. © CXXXVIII. 


The apparent Abber of an object ſeen through an aſtronomical 
teleſcope, is to the apparent diameter of the ſame object ſeen by the 
naked eye at the ſtation of the object-glaſs, as the diſtance of the 

image from the object-glaſs is to its diſtence from the eye-glaſs. 


If the image, formed by the object-glaſs NL, were received upon a paper at EFG, the Plate 8. 
apparent diameter of the object ſeen by the naked eye at M the ſtation of the object-glaſs, * 
would be (by Prop. LXXXIV. ) equal to the apparent diameter of the image ſeen from the 
ſame ſtation, Now the real diameter of the image is given, becauſe its diſtance MF from the 
lens is given. Conſequently, the apparent diameter of the image (by Prop. LXIX.) will be 
inverſely as the diſtance of the eye from it. If the eye is placed at C the ſtation of the eye- 
glaſs, and conſequently its diſtance from the image is FC, the image will appear to the eye 
in that ſtation bigger than at the ſtation M (by Prop. LXXXIX.) in the inverſe ratio of 
the diſtances FC, MF, that is, the apparent-magnitude of the image at C will be to that at 
M, as MF to FC. But the apparent magnitude of the image ſeen from M is equal to 
that of the object ſeen by the naked eye. Therefore the image ſeen from C appears bigger 
than the object, in the ratio of MF to FC. This would ftill be the caſe (by Prop, LXXXIV.) 
if the eye-glaſs were placed between the eye and the image, touching the eye. And fince 
the image is in the focus of the eye-glaſs, the apparent magnitude (by Prop, XC.) is 
the ſame, whether the eye is cloſe to the lens, or at any diſtance from it, Therefore 
wherever the eye is, the apparent diameter of the object ſeen with the teleſcope, is to the 
apparent diameter of the ſame object ſeen by the naked eye at the ſtation of the object- 
glaſs, as MF to FC, or as the diſtance of the diſtinct image from the ga, to its 
diſtance from the eye-glaſs. 


p NR O P. 


A teleſcope will not magnify an object, unleſs the focal diſtance 
of the object- glaſs is greater than the focal diſtance of the eye-glaſs. 


The rays which come from diſtant objects being nearly parallel, the image GFE (by plate e. 
Def. XVIII.) will be in the focus of the object-glaſs, which, by the conſtruction of the Fig. 7. 
teleſcope, is alſo the focus of the eye-glaſs. But the apparent diameter of an object ſeen 
through a teleſcope, is to its apparent diameter when ſeen by the naked eye (by Prop. 
CXXXVIII.) as the diſtance of the image from the object-glaſs, to its diſtance from the 

eye- 
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eye-glaſs; that is, by what has been juſt proved, as the focal diſtance of the object-glaſs, to 
the focal diſtance of the eye-glaſs. Conſequently, if MF the focal diſtance of the obje&- 
glaſs, is greater than FC the focal diſtance of the eye-glaſs, the object will be magnified : 
if MF be equal to FC, the object will appear as to the naked eye; if MF be leſs than 
FC, the object will appear diminiſhed. 


Cor. 1. Hence the object-glaſs of a teleſcope ſhould be leſs convex than the eye-glaſs. 


Cor. 2. An object will be equally magnified by two teleſcopes of very different 
lengths, if the ratio of the focal diſtances of the object-glaſs and eye-glaſs be the ſame in 
each, | 


CoR. 3. If a teleſcope is inverted, objects ſeen through it will be timinithed : for the 
object-glaſs which has the greater focal diſtance then becomes the eye-glaſs. 


PN G P COKE; 


The viſible area, or ſpace which may be ſeen at one view through 
a teleſcope, is as the area of the eye-glaſs. 

If GFE is any image, its diſtance from the object⸗-glaſs being equal to the focal diſ- 
tance of the lens, the area of the image (by Prop. XX XVI.) is given; but the quantity 
of this image which can be ſeen at one view muſt be greater or leſs according to the 


magnitude of the hole through which it is ſeen, that is, muſt be as the area of the 
eye-glaſs. 


„„ „„ 


The brightneſs of an object ſeen through a teleſcope depends upon 
the area of the obje&-glaſs, but not the viſible area. 


The brightneſs of the image, that is, of the object of refracted viſion, is (by Prop. 
XXXVIII.) as the area of the lens which forms it, that is, of the object-glaſs. But 
(by Prop. VI. Schol. 2.) the magnitude of the image is the ſame, whether the area 
of the object i is great or ſmall; and conſequently, if we look at it through an eye-glaſs 


of a given area, the quantity to be ſeen at once will not be altered by any change in the 
arca of the object-glaſs. 


FR ‚ MY Lb. 


The diſtance of the eye from the eye-glaſs, ſhould be equal to the 
principal focal diſtance of the eye-glaſs. 


Since 
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Since the image GFE is in the focus of the lens DCB, wherever the eye is 
placed on the other fide of the glaſs, the image will appear equally magnified. But when 
the eye is juſt as far from the eye-glaſs as its focal diſtance, the viſible area will be the 
greateſt : for, in that caſe (by Def. XVIII.) none but rays parallel, before the refraction, 
to MC the axis of the teleſcope, and therefore to the ſides of the cylindrical tube in which 
the lenſes are placed, can reach the eye, and conſequently, no rays can come from the 


inner ſurface of this tube to the eye to make it viſible : whereas in any other ſtation of 


the eye, oblique rays from that ſurface would make the ſides of the tube viſible; whence 
the area of viſion, which remains the ſame, being (by Prop. CXL.) always as the area 
of the eye-glaſs, will be in part occupied by the ſides of the tube, and the object will be 
ſeen only through the remaining part. 


Dzy. XXXI. A teleſcope conſiſting of four convex lenſes is 4 


double Aftronomical Teleſcope. 


Let the two lenſes NML, and B, placed at the diſtance MB, equal to the ſum of 
their focal diſtances, form one teleſcope, and the two lenſes C, D, placed at the 
diſtance CD, equal to the ſum of their focal diſtances, form another. If theſe two 
teteſcopes are fixed at the diſtance CB from each other, ſo as to be both uſed together, 
they form a double teleſcope : the lens next to the object LMN is called the object-glaſs, 


and the lens B next the object-glaſs is called the firſt Te gn, C the ſecond, and D 
next to the eye the third. ets 


P R O p. CXLIII. 


An object cen through. a double teleſcope appears diſtin and 


erect. 


The parallel rays which fall upon the objet-glaſs NML (by Prop. CXXXVII.) form 


a diſtin& inverted image at GFE the focus of the object-glaſs. This image being alſo in 


the focus of the firſt eye-glaſs B, the rays of each beam from the ſeveral points of this 
image will become parallel by paſſing through B: whence, falling parallel on the ſecond 
eye-glaſs C, they will form a diſtin inverted image at KIH the focus of this ſecond 
eye-glaſs: and becauſe KIH is alſo the focus of the third eye-glaſs D, the rays from this 
image, after paſſing through this third eye-glaſs, will come to the eye parallel to each 
other. Conſequently, the object will be ſeen diſtinctly: and becauſe the ſecond image is 


inverted with reſpe& to the firſt, which is inverted with reſpect to the object, the ſecond 


image, or object of refracted viſion, is in the ſame ſituation as the object itſelf. 


FT PROP. 
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P R O P. -CXLIV. 


A double teleſcope magnifies an object in the ratio of the focal 
diſtance of the object⸗ -glaſs, to the focal diſtance of the firſt eye- 
glaſs. N 


The firſt teleſcope MB magnifies the object in the ratio of MF to FB: and the ſecond 
teleſcope CD is commonly made up of two lenſes of equal convexities, which will not 
alter the apparent magnitude of the objects. Therefore, when both are uſed together, 
the object is only magnified by the firſt in the ratio of MF the focal diſtance of the object- 
glaſs, to FB the focal diſtance of the firſt eye-glaſs. 


SCHOL, 1. The different refrangibility of the rays of light makes refracting teleſcopes 
imperfect: for thoſe rays which are moſt refracted by paſſing through the lens, will be 
brought to a focus, and form an image nearer to the object-glaſs than thoſe which are 
teſs refracted ; and conſequently the ſeveral ſorts of rays are not properly collected in 
one focus to produce a perfectly white image, but each has its own focus, producing a 
confuſed and coloured image. | | 

Of two refracting teleſcopes which magnify equally, the frorter will give a more im- 
perfect image than the longer. For the image appearing equal in both, but being farther 


from the object-glaſs in the longer than the ſhorter, muſt be in reality larger or more 


magnified : whence the defect ariſing from the different refrangibility of the rays will be 
more viſible in the longer than in the ſhorter teleſcope. Hence, reflecting teleſcopes are 


more perfect than refracting ones; for when all the rays are reflected, their angles of 
incidence and reflection being equal, they will all meet in a focus at the ſame diſtance. 


Schol. 2. To remedy the defect of refracting teleſcopes, ariſing from the different 
refrangibility of rays of light, a compound object-glaſs is made uſe of, conſiſting partly 
of white flint glaſs, and partly of crown glaſs, which have different refracting powers. 
Theſe refract contrary ways; and the exceſs of refraction in the crown glaſs is made ſuch, 
as to deſtroy the colour cauſed by the flint glaſs. A teleſcope thus formed is called 
achromatic. 


FRO... 
Several kinds of 
Teleſcopes. 


To explain the conſtruction and uſe of 


I. Of GaLILEO's Teleſcope. 


Galileo's teleſcope conſiſts of a convex object- glaſs and a concave eren, ſo placed 
that the diſtance between them is the difference of their focal diſtances. 


In 
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In this teleſcope Z VX, a convex lens, is placed at the diſtance from BA a concave 
lens of YC, the difference between YF the focal diſtance of ZX, and CF the focal 
diſtance of BA. | 

From a diſtant object let rays fall upon the convex lens YZ, from which they will 
proceed towards the focus of this lens at FG. But the concave lens AB, the focus of 
which is at FG, renders the converging rays parallel when they reach the eye ; whence 
an image will be formed upon the retina. And the pencils of rays being made more 
diverging by paſſing through the concave lens, the viſible image is ſeen under a larger 
angle than the object, and appears magnified. Alſo; becauſe the pencils which form the 
image only croſs one another once, the image appears erect. 


II. Of Sis Isaac NtwrTon's Teleſcope. 
In a tube ABCD, towards the end BC, let the concave mirror GH be placed perpen- 


dicular to DC the lower fide of the tube. If an object, which is at ſuch a diſtance that 


rays coming from the ſame point may be conſidered as parallel to one another, be placed 
before the open end of the tube AD, theſe parallel rays will be reflected from the concave 
mirror GH, and becoming convergent, would (by Prop. CXII.) form an inverted picture 
of the object upon a paper held at the focus of the mirror. But if the converging 
rays, before they reach the focus, fall upon a plane mirror, K, placed at an angle of 
45 degrees with DC the fide of the tube, or with the axis of the teleſcope, they will be 
reflected from thence, and meet before it at L, forming an image perpendicular to the 
objec, or paralle] to the axis of the teleſcope. If this image be placed in the focus of 
a convex lens L, fixed in the fide of the teleſcope, the eye will ſee it diſtinctly through 
the lens. 

The image ſeen from the ſtation of the eye-glaſs £ either with or without the glaſs, 
will (as in the refrating teleſcope, ſee Prop. CXXXVIII.) appear as much larger than 
when ſeen from the concave mirror, that is, as much larger than to the naked eye, as the 
diſtance of the image from the eye-glaſs, is leſs than its diſtance from the mirror, or as 
its diſtance from the mirror is os than its diſtance from the lens. 


III. Of GrEGoRY's Teleſcope. 


In the tube TTV let a concave mirror EN be placed. Any parallel rays OO, PP, 
from an object A, falling upon this mirror, will, after reflection, (by Prop. CXl.) 
form an inverted image at C its focus. Let C be more remote from a ſecond ſmaller 
concave mirror PO (placed parallel and oppoſite to the firſt mirror EA in ſuch manner 
that their axes ſhall be in the ſame ſtraight line) than its focus. The rays which 


diverge from the ſeveral points of the image at C, and fall upon the mirror PO, 


will (by Prop. L.) converge after reflection; and conſequently, if they paſs through 
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a hole NM in the firſt mirror EA, they will form a ſecond image which will be inverted 
in reſpect of the firſt, and in the ſame poſition with the object. If, whilſt theſe rays are 
converging, they paſs through a plano-convex lens Spo (placed in a ſmaller tube joined 
to the larger) they will be brought to a focus, ſooner than they would otherwiſe have been, 
forming the ſecond image F. This ere& image is ſeen by the eye at O, — a 
meniſcal eye-glaſs LL, whoſe convexity is greater than its concavity. 


S 1 © T.- I. 
Of MicRosCOPES. 


Der. XXXII. A fngle Microſcope is one convex lens placed be- 


tween a ſmall object and the eye. 


Dr. XXXIII. A double Microſcope conſiſts of two convex lenſes, 
of which the object-glaſs is more convex than the eye-glaſs ; and the 
diſtance between them is equal to the diſtance of the image from 


the object-glaſs, added to the focal diſtance of the eye-glaſs. 


Let AB, a convex lens, be the object-glaſs, and EF, another convex lens, be the eye- 
glaſs. Let the ſmall object KL be nearer the object glaſs than its focus; an image 
MDN of the object will (by Prop. XXIV.) be formed behind the glaſs; let the diſtance 
of this image from the object-glaſs be ID, and let its diſtance from the eye-glaſs be equal 
to the focal diſtance of the eye-glaſs : the diſtance of the two glaſſes from each other will 
be ID+DX, or IX, that is, the diſtance of the image from the object-glaſs, added 
to the focal diſtance of the eye-glaſs. 

Some compound microſcopes are made with three glaſſes, ſo that the rays after paſſing 
through AB the object-glaſs, and EF the eye-glaſs, are again made converging by a 
ſecond eye-glaſs, and therefore brought ſooner to a focus, than by the firſt. 


Cor. Hence it appears, that the difference between the microſcope and teleſcope is, 
that in the teleſcope the rays of each pencil fall upon the object-glaſs nearly parallel, 


and are united in its focus ; but in the microſcope they fall upon it very much diverging 


from one another, and therefore form the Image in a place beyond the focus, and con- 
ſequently larger than the object. 


P R O P. CxLVI. 


An object ſeen through a double — appears diſtinct and 
inverted. 


The 
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The pencils of rays iſſuing from the objects KL, being tranſmitted through the object- 
lens AB, their foci will be in MN; where there will be an inverted image of the object, 
which is viewed through another lens, or eye-glaſs EF, the focus of which is at MN: 
hence a diſtinct and direct image is formed upon the retina, and it is ſeen inverted. 


P R OP. CXLVI. 


The apparent diameter of an object ſeen through a double microſ- 
cope is to that of the ſame object ſeen by the naked eye from the 
ſtation of the object-glaſs, in the compound ratio of the diſtance of 
the image from the object-glaſs, to its diſtance from the eye-glaſs, 
and of the limit of diſtinct viſion to the diſtance of the object-glaſs 
from the object. 


The firſt part of this Propoſition is demonſtrated as Prop. CXXXVIII. And 
it is manifeſt, from Prop. LXIX. that if AB the diſtance of the object-glaſs from 


the object is leſs than the limit of diſtinct viſion, the apparent diameter of the object 


will be as much greater than that of the object at the diſtance at which the naked eye 
can ſee it diſtinctly, as IC is leſs than that diſtance. Therefore the object is magnified, 


| becauſe the diſtance of the image from the object-glaſs is greater than its diſtance from 


the eye-glaſs, and alſo becauſe the diſtance from the object is leſs than the limit of diſtinct 
viſion. The magnifying power of the microſcope is then in the ratio compounded of 
theſe two ratios. 8 nw. | 


P R OP. CXLVII. 

When the ſame eye-glaſs is uſed, the magnifying power of the 
microſcope will be increaſed by increaſing the convexity of the 
obje&t-glaſs. 1 i 
For in order to keep the image in the focus of the eye-glaſs, when the convexity of the 


object-glaſs is increaſed, the objeQ-glaſs muſt be brought nearer to the object: the 
conſequence of which will be that the ratio of the limit of diſtin& viſion to the diſtance 


of the object-glaſs from the object will (El. V. 8.) be increaſed : whence (by Prop. 


CXLVII.) the ratio of the apparent diameter of the object of refracted viſion to that of 
the object ſeen by the naked eye will alſo be increaſed, | 


Scyol. The aperture of the object-glaſs in a microſcope muſt be ſmall, elſe the 
outermoſt rays, diverging too much, will hinder the diſtinétneſs of viſion; but, on 


account 
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account of the ſmallneſs of the aperture the object will appear faint, and it will be 


O F %% Book IV. 
neceſſary, in order to remedy this, to illuminate the object as much as poſſible. 


PR OT. AI. 


To deſcribe the conſtruction and uſe of the Solar Microſcope. 


In a dark room, let a round hole be made in a window-ſhutter about three inches in 


diameter, through which the ſun may caſt a cylinder of rays into the room. In this hole 


let a tube be fixed, containing, a convex lens of about two inches in diameter, and three 
inches focal diſtance; the object, placed between two concave glaſſes, at the diſtance of 
about two inches and a half from the firſt convex lens; and a ſecond convex lens, whoſe 
focal diſtance is a quarter of an inch, placed at this diſtance from the object. Let 
a plane mirror, connected with the tube, and moveable by means of a wheel, receive the 
ſun's rays on the outſide of the ſhutter, and convey them into the tube. The rays, paſſing 
through the firſt Jens, will ſtrongly illuminate the object, from which they will paſs 


through the ſecond lens, and form an inverted image of the object, magnified in the ratio 


of the diſtance of the object from the lens to that of the image from the lens. 


„ n S T. m 
Of the Macic LANTERN. 


FN Ch 
To deſcribe the conſtruction and uſe of the Magic Lantern. 


In the fide of a lantern, let a tube be inſerted, conſiſting of two parts, one moveable 
upon the other. In the moveable part let a convex lens GG be fixed ; in the immoveable 
part let an object EE, painted with tranſparent colours upon a piece of thin glaſs, be 
placed; and in the fixed part of the tube, a convex lens, DD. This lens will caſt 
a ſtrong light from the candle upon the object EE. And when the rays which diverge 
from the ſeveral points of the object are, by the lens GG, made to converge, they 
will (by Prop. XXV.) form an inverted image of the object at KL, upon any white 
ſurface ; provided that the object is farther from the lens than its focus, and that the 
whole apparatus is placed in a dark room. The image KL will be larger than the 

object 
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object EE, in proportion as the diſtance of the image from the lens is greater than the 
object. A concave reflector AB may be placed within the lantern, behind the candle, 


to increaſe the illumination of the picture EE. If the object be placed in an inverted 
poſition, its image will appear erect. 


3 E C T. IV. 


Of the CAMERA OBSCURA. 


P k-0-F. ll. 
To deſcribe the conſtruction and uſe of the Camera Obſcura. 


Let CD be a convex lens, and HK a plane mirror inclined at an angle of 45 degrees. An 
inverted image of the object AB would be formed at EG, where the foci of the rays from 
the object are found after refraction: but the rays being intercepted by the plane mirror 


HK, are reflected (by Prop. C.) to NM, the focal diſtance before it, making an angle 3 


with the mirror of 45 degrees; whence the image will be in a poſition perpendicular 
to the object, at the top of the box, where, if the rays be received on a ſheet of oiled 
paper, or a plate of glaſs unpoliſhed on one ſide, it will be diſtinctly viſible. 


Exe. Let the ſeveral Optical Inſtruments, explained in the preceding Propoſition, be 
exhibited, and their reſpective uſes ſhewn. Y 
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Or ru MOTIONS os Tus HEAVENLY BODIES. 


CH AF 1 


Of the SOLAR SYSTEM #n General. 


Dey. I. 


planets, Mercury, Venus, the Earth, Mars, Jupiter, 
Saturn; ten ſecondary planets, the Earth's Moon, Jupiter's four 
Satellites, and Saturn's five; and an uncertain number of comets. 


SCHOL, In this ſyſtem, according to the doctrine of Copernicus, the ſix primary planets 
move round their own axes, and alſo move round the ſun, from weſt to eaſt ; and the 
ſecondary planets move round their reſpective primaries from weſt to eaſt, at different 
diſtances, and in different periodical times. 

According to this doctrine, the Sun S is the center of the ſyſtem; Mercury a, Venus 5, 
the Earth t, Mars e, Jupiter f, and Saturn h, revolve in elliptical orbits round the ſun ; 
the moon d revolves about the earth, and the ſatellites of Jupiter and Saturn revolve 
about their primaries; and the planes of their orbits are inclined to one another. 


This doctrine, being admitted as true, will account for the apparent motions, and other 
phznomena, of the heavenly bodies, as will be ſeen in the following chapters. 


Gg CHAP. 


HE Solar Syſtem conſiſts of the Sun; fix primary 


Plate 9. 


Fig. 1. 


| 
| 
| 
| 
| 
| 


226 OF ASTRONOMY. Book v. Paxr I. 


CH A . 
Or Tur E A R T H. 


8 K C T. 1. 


Of the GTOBUTLAR FoRM of the EARTH, and its DIURNAL 
MoT1oN about its Axis, and of the Appearances which ariſe from theſe. 


PROPOSITION I. 
The earth is of a globular form. 


For, 1. The ſhadow of the earth projected on the moon in an eclipſe is always circular; 
which appearance could only be produced by a ſpherical body. 2. The convexity of the 
ſurface of the ſea is viſible; the maſt of an approaching ſhip being ſeen before its hull. 
3- The north pole becomes more elevated by travelling northward, in proportion to the 
ſpace paſſed over. 4. Navigators have ſailed round the earth. 


Exp. Let the ſhadow of a circle and of a ſphere fall on a plane ſurface, 


Dep. II. The Axis of the earth is an imaginary line paſſing 
through the center, about which its diurnal revolution 1s performed. 
Dee. III. The Poles of the earth are the extremities of this axis. 


Der. IV. The Equator is the circumference of an imaginary 
great circle paſſing through the center of the earth, perpendicular to 
the axis, and at equal diſtances from the poles. 


| Exy. The axis, poles, and equator of the earth, are repreſented on the terreſtrial globe. 


Dey. V. If the axis of the earth be produced both ways, as far 


as the concave ſurface of the heavens, in which all the heavenly 
bodies 
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bodies appear to be placed, it is then called the Avis of the Heavens ; ; 
its extremities are called the Poles of the Heavens ; and the circum- 
ference produced by extending the plane of the equator to the ſame 
concave ſurface, is called the Equator in the Heavens. 


Exp. Theſe are repreſented on the celeſtial globe. 


Dex. VI. Circles drawn through the poles of the earth or 
| heavens perpendicular to the plane of the equator, are called Secondaries 
of the equator. 


Exp, Obſerve theſe repreſented on the globes. 


Dr. VII. The /enfble Horizon is an imaginary circle, which, 
touching the ſurface of the earth, ſeparates the viſible part of the 
heavens from the inviſible. The rational Horizon is a circle parallel 
to the former, the plane of which paſſes through the center of the 
earth. 


Scuot. Since (by Book IV. Prop. LXIX.) the apparent diameter of an object is in- 


verſely as its diſtance, if the diſtance be increaſed in ſuch manner that it may be looked 


upon as infinite, the apparent magnitude becomes a point. Hence AF, the ſemidiameter 


of the earth, viewed at the different diſtances o, O, R, diminiſhes, till at the diſtance of 
O, a fixed ſtar, it becomes a point, and the ſtar appears in the ſame place in the heavens, 


whether viewed from the viſible horizon SET), or the rational horizon HBR. 


Dr. VIII. The Poles of the Horizon are two points, the one of 


which, over the head of the ſpectator, is called the Zenith ; the 
other, which is under his feet, is called the Nadir. 


Dr. IX. Circles drawn through the zenith and nadir of any 
place, cutting the horizon at right angles, are called Vertical Circles. 


Dr. X. A vertical circle paſſing through the poles of the 
heavens, is a Meridian, and is ſaid to be the meridian of any place 
through which it paſſes. 
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Dr. XI. The meridian of any place paſſing through the poles, 
and falling perpendicularly upon the horizon, cuts it in two oppoſite 
cardinal points, called North and South. 


Dr. XII. A Meridian Line, is the common interſection of the 
plane of the meridian and the plane of the horizon. 


Cor. Hence any line which lies due north and ſouth in an horizontal plane may be 
conſidered as part of the meridian line, 


SCHOL. 1. To draw a meridian line, perpendicular to an horizontal plane, erect a wire 
ſeven or eight inches long, having its upper end broad, that the termination of the ſhadow 
may be diſtinctly perceived: mark, at ſeveral different times before noon, the points in 
which the ſhadow terminates ; through theſe points draw concentric circles about the 


middle point of the wire's ſtation; obſerve in the afternoon when the extremity of the 
ſhadow again touches theſe circles; and find the middle point of each arc between the 
points already taken: a line drawn through theſe middle points, and the common center, 


will be the meridian line; for, ſince at equal diſtances from noon the ſun is at the ſame 
height, or in verticals equally diſtant from the meridian, the circle drawn through the 
zenith at equal diſtances from theſe verticals is the meridian. 


ScHoL 2. To obſerve the tranſit of any. heavenly body over the plane of the meridian 
place, a teleſcope, having two croſs hairs before its object-glaſs, one vertical, the other 
horizontal, and obſerve when the vertical hair paſſes through the center of the heavenly 
body: or, hanging two plumb-lines exactly over the meridian line, place your eye cloſe 
to one of the threads in ſuch manner, as that it ſhall cover the other thread, and obſerve 
when the body is behind the threads. 


Dzr. XIII. The Altitude or Depreſſion of any heavenly body above 


or below the horizon, is the arc of a vertical circle intercepted 


between the body and the horizon, or the angle at the center 
meaſured by that arc. 


Scholl. The altitude of any heavenly body is found by the help of a quadrant thus : 


bring the quadrant into ſuch a ſituation that the ſtar may be feen through the ſights; 
then the angle, contained between the ſtring of the plummet and the ide of the quadrant 


on which the fights are not placed, is the altitude of the 8 
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Dey. XIV. The Prime Vertical, is that which croſſes the meridian 
at right angles in zenith and nadir, outing the horizon in the 
cardinal points Eaft and Weſt. | 


Der. XV. The Azimuth of a heavenly body, is the arc of the 
horizon intercepted between the meridian and a vertical circle paſſing 
through that body ; it is eaſtern or weſtern as the body 1 1s eaſt or weſt 


of the meridian. 


Scholl. The azimuth of any ſtar may be thus found. Let AC be a given meridian 
line. Above any point A in this line, let a cord with a plummet be hung : let another 
cord with a plummet be hung at E, ſo that the ſtar and the two cords ſhall lie in one 
and the ſame right line. Let the perpendiculars AD, BE, repreſent the cords, and draw 
AB. From the point B, to any point C, in the meridian line AC, taken at pleaſure, 
draw the right line BC; then with a ſcale of equal parts meaſure the three dines AB, 
AC, BC. In the triangle, therefore, ABC, there will be given all the ſides, from 
whence-will be found the angle BAC, equal to the azimuth required. 

For if the meridian line be ſuppoſed to be continued to F, and the line BA to G, the 
angle FAG will be the azimuth of the ſtar; but the angle FAG will be equal to the 
angle at the vertex BAC ; therefore the angle BAC will be equal to the azimuth. 


Dr. XVI. The Amplitude of a heavenly body at its riſing, is the 
arc of the horizon intercepted between the point where the body 
riſes, and the eaſt; its amplitude at ſetting, is the arc of the _— 
intercepted between the point where the body ſets, and the weſt : i 
is northern, or ſouthern, as the body riſes, or ſets, to the 80 
or ſouth of eaſt or weſt. 


Dxr. XVII. If an heavenly body riſes, or ſets, when the ſun riſes, 
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it is ſaid to riſe or ſet coſmically ; if it riſes, or ſets, when the ſun ſets, 


it is ſaid to riſe or ſet .achronically ; it is ſaid to ſet or riſe be/racally, 
when it approaches ſo near the ſun as to become inviſible, or recedes 
ſo far from him as to become viſible. 


o Des. 
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Dr. XVIII. The Latitude of a place upon the ſurface of the 
earth, 1s its diſtance from the earth's equator ; it is meaſured by the 
arc of the geographical meridian of the place intercepted between 
the place and the equator : latitude 1s either northern or ſouthern. 

Dee. XIX. Parallels of Latitude, are circles on the ſurface of the 
earth drawn parallel to the equator. 


N . II. 


A degree in the equator is to a degree in any parallel of latitude, 
as radius to the coſine of latitude. 


plate 9. Let EP be a geographical meridian, EQ the equator, and FB a parallel of latitude. 
Tig. 3. The circumference EQ is to the circumference FB, and any part of EQ, to any ſimilar 


part of FB, as CO, or CB, the radius of EQ, to AB the radius of FB; and AB is the 
coſine of the arc BQ, which is the latitude of the parallel FB. Therefore a degree in 
EQiis to a degree in FB, as radius. to the coſine of latitude, | 


Dep. XX. The Longitude of a place, is the diſtance between the 
meridian of that place, and the meridian of ſome other place, taken 
at pleaſure, and called the firſt meridian ; it is meaſured by the arc 
in the equator intercepted between theſe two meridians. Longitude 
is either eaſtern or weſtern, and is meaſured 180 degrees each way. 


PR 0Þ mm 


T he altitude of one pole, and the depreſſion of the other, at any 
place on the earth's ſurface, 1s equal to the latitude of that place. 


plate 9. Let R be a place upon the earth's ſurface; Z, N, its zenith and nadir; P, 8, 
Fig. 8. the poles of the heavens, and F, 5, the poles of the earth; EE, the celeſtial equator, 
ze, the terreſtrial, and HO the horizon. The latitude of the place is R, or the equal 
arc EZ; and PO is the elevation of one pole, and HS the depreſſion of the other. 
Becauſe ZO is the diſtance of the zenith from the horizon, it is an arc of go degrees; 
and becauſe EP is the diſtance of the pole from the EQUALOTs.. it is alſo an arc of go degrees : 


ZO 
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ZO and EP are therefore equal. Take from each of theſe the common arc ZP, and the 
remajnders EZ and PO are equal. But HS and PO are equal, becauſe they ſubtend the 
equal angles HTS, PTO : therefore the elevation of one pole PO, and the depreſſion of 
the other HS, are equal to the latitude of the place EZ. 


Cor. Hence the circumference of the earth may be meaſured, by meaſuring the length 


on the ſurface of the earth paſſed over in a line which lies north and ſouth, while the 
pole gains one degree of elevation, and multiplying this length by 360. A degree of 
latitude contains 694 Engliſh miles, whence 24930 miles is the meaſure of the circum- 
ference of the earth, 


P R O P. IV. 


The elevation of the equator at any place is equal to the com- 
plement of its latitude. 

Becauſe ZO is equal to EP (each being an arc of go 8 EZ is ; caval to PO, 
that is, (by Prop. III.) to the latitude of the place. But EH, the elevation of the 


equator, is the complement of EZ, it is s therefore equal to the complement of the latitude 
of the place. 


P,R OP. V. 


The earth revolving daily round its axis from weſt to eaſt, the 


| heavenly bodies will appear to a ſpectator on the earth to revolve in 
the ſame time from eaſt to > welt. 


Let RCBF be the earth, T its center, HTO the rational horizon to a Haier; at R whoſe 
zenith is Z; let a ſtar appear in the horizon at H. The earth revolving from weſt to ea ſt, 
that is, in the order of the letters R, C, B, F, in a fourth part of one revolution, the 


ſpeQator will be carried from R to C: conſequently, his horizon will become ZN, and 


the ſtar which appeared in his horizon at H when he was at R, will now appear nearly in 
the zenith. When another fourth part of the revolution is completed, the ſpeCtator 


will be at B, and N being now his zenith, and HO his horizon, the ſtar will be ſet with 


reſpe& to him, and will not riſe till he is again in the ſtation R, that is, till the earth 
has completed one revolution. Thus whilſt the earth has turned once round upon its 
axis from welt to eaſt, all the heavenly bodies in the concave ſphere of the heavens will 
appear to have turned round from eaſt to weſt, | 


PROP. 


231 


OF ASTRONOMY. Book V. PART I. 


P R O F. VI. 


The alternate ſucceſſion of day and night is the effect of the 
revolution of the earth round its axis. 


For, all the heavenly bodies appearing (Prop. V.) to move from eaſt to weſt, while 
the earth revolves from weſt to eaſt, the ſun will appear, in each revolution, to riſe above 
the horizon in the eaſt, and after deſcribing a portion of a circle, to ſet in the weſt, and 
will continue below the horizon, till by the revolution of the earth it again appears in the 
eaſt: and thus day and night will be alternately produced. 


Scholl. The time of noon is found, by obſerving the inſtant when the center of the 


ſun is cut by the perpendicular hair in a meridian teleſcope, as deſcribed Def. XII. 
Schol. 2. or by a ſun-dial, 


C 
Of the ANNUAL MOTION of the EARTH round the Su. 


FR 0 FP. YH 


The earth revolving round the fun in 365 days, 6 hours, 56 minutes, 


4 ſeconds, the ſun appears to revolve round the earth in the ſame 
time, but in the contrary direction. 


Let S repreſent the ſun, BAC the orbit of the earth, and FGHE the ſtarry concave. 
Whilſt the earth is moving from A through B to C, it is manifeſt that, to a ſpectator on 
the earth, the ſun muſt appear to move in the contrary direction from E through F to 
G, in the great circle of the heavens formed by the plane of the earth's orbit. In like 


manner, while the earth is paſſing from C to A, the ſun will appear to paſs from G 
to E. 


SCHOL. It is manifeſt that the circle in which the ſun appears to move, is the ſame 
in which the earth would appear to move to a ſpectator in the ſun. Hence the W 
place of the ſun being found, the true place of the earth in its orbit is known. 


Dey. XXI. The circle which the ſun appears to dnforibe annually 
in the concave ſphere of the heavens, is called the Ecliptic. 
DeF. 
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DEF. XXII. A portion of the heavens, about 16 degrees in breadth, 
through the middle of which paſſes the ecliptic, is called the Zodiac. 


Scholl. Within this zone le the orbits of all the planets. 


Der. XXIII. The ſtars in the zodiac are divided into 12 Signs, 
Aries, Taurus, Gemini, Cancer, Leo, Virgo, Libra, Scorpio, Sagit- 
tarius, Capricorn, Aquarius, Piſces. Figures, repreſenting theſe 
ſigns, are drawn upon the celeſtial globe, in that portion of its ſphe- 
rical ſurface, which correfponds to the portion of the cancave ſphere 


of the heavens, in which the ſtars * to each ſign are re- 
ſpectively W 


PR S „ vil; 


The axis of the earth in every part of the earth's revolution about 


the ſun, makes, with the plane of its orbit, that is, of the 


an angle of 66: degrees. 


Let BA repreſent the plane of the ecliptic or earth's orbit, ſeen edgeways; S the ſun ; 
and Pp produced the axis of the equator. If the earth be at 8, its axis is not perpendicular 
to the plane of the ecliptic, but makes an angle with it, PSA, about 669. 30“. In any other 


part of its orbit, as at M, or X, the axis of the earth PR is ſtill inclined to the plane of 


the ecliptic in the ſame angle. 


Cor. 1. The axis, in any one part of the orbit, is in a poſition parallel to that in 


which it was at any other part of the orbit. Suppoſing the line FG to repreſent the 


ſituation of the axis of the earth when at DFG, and to be parallel to the line HI; then 


when the earth is at /g, or any other part of its orbit, its axis fg will Kill be parallel to 
the ſame line HI. 


Cor. 2. The planes of the equator and activate; make with each other an angle of 
232 degrees. | a | 


Des. XXIV. The ecliptic * divided into twelve cad parts, 


each of theſe parts is called a Srgn ; ; and the names of the figns in 


the ecliptic are the ſame with thoſe in the zodiac, but do not exactly 


correſpond with them. 


H h Dee. 
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Dr. XXV. The two points in which the ecliptic cuts the 
equator, are called the Eguinoctial Points : the vernal equinox is at 
the firſt degree of Aries in the ecliptic ; the autumnal, at the firſt 
of Libra. 


ScHoL, The moment of time in which the ſun enters the equator, may be found by 
obſervation, the latitude of the place of the obſerver being known. For in the equinoctial 
day, or near it, with an inſtrument exactly divided into degrees, minutes, and parts of 
minutes, take the meridian altitude of the ſun: if it be equal to the altitude of the 
equator, or to the complement of the latitude, the ſun is then in the equator; but if 


it is not equal, mark the difference, which will be the declination of the ſun. The 


next day, again obſerve the meridian altitude of the ſun, and gather from thence his 


declination. If theſe two declinations be of different kinds, as the one ſouth and the 


other_north, the equinox happens ſome time between the two obſervations; if they be 
both of the ſame ſort, the ſun has either not entered the equinoctial, or has paſt it. And 
from theſe two obſervations of the ſun's declination, the moment of the equinox is thus 
inveſtigated. | . 

Let CAB be a portion of the ecliptic, EAQ an arc of the equator, and let their 
interſection be in A. Let CE be the declination of the ſun at the time of the firſt obſer- 
vation, OD his declination in the ſecond obſervation; the are CO will be the motion 


of the ſun in the ecliptic for one day. In the ſpherical triangle AEC, right-angled at E, 


we have the angle A which the equator and the ecliptic make, as alfo CE the declination 
of the ſun, known by obſervation, by which may be found the are CA. And in the ſame 
manner in the triangle AOD the ſide AO is found; and thence the arc CO, which is 
the ſum or difference of the arcs CA, AO. Therefore as CO is to CA, ſo is 24 hours 


to the time between the firſt obſervation, and the moment of the ingreſs of the ſun to 


the equinox, 


Deep. XXVI. The points of the ecliptic which are at the greateſt 


diſtance from the equator, are called the So/ftices ; and the circles 
which paſs through theſe points parallel to the equator, are called 


the Tropics : the ſummer ſolſtice is at the firſt of Cancer, the winter 
ſolſtice at the firſt of Capricorn : the northern tropic is called the 
tropic of Cancer, the ſouthern, of Capricorn. 


Cor. The ſun is once in the year at each of the tropics, and twice at the equator. 


Der. XXVII. Circles which paſs through the poles at right 


angles to the equator, or any other great circle, are called Secondaries 
: | | to 


Crap. II. OF THE EARTH. 


to that circle : the ſecondary which paſſes through the equinoctial 
points, is called the Equino&ial Colure. 

Dee. XXVIII. That pole which is neareſt the tropic of Pans; 4 is 
called the North Pole, that which is neareſt the tropic of Capricorn, 
is called the South Pole. 

Dep. XXIX. An imaginary line ti through the center _—_ 
the ecliptic, and perpendicular to the plane of it, is the Axis of the 

Ecliptic its extremities are the Poles of the Ecliptic, and all circles, 
paſſing through theſe poles and | Tome: ca to the ecliptic, are its 
ſecondaries. 


Cor. The axis of the ecliptic makes an n angle of 237 2 degrees with that of the equator. 
Compare Prop, V. Cor. 2. 


Dr. XXX. The Polar Circles are deſcribed by the revolution 
of the poles of the ecliptic about the poles of the equator; that which 
is next to the north pole, is ie the Arctio circle ; the oppolite, 
the Antarctic circle. 

Dr. XXXI. The Declination of any heavenly body, is its diſtance 


from the equator; this is either northern, or ſouthern. The degrees 


of declination of any body are reckoned upon a ſecondary of the 
equator paſſing through that body. 

Dey. XXXII. The Right Aſcenſion of any heavenly body is 
its diſtance from the firſt of Aries reckoned upon the equator : this 
is meaſured, by obſerving the arc which is intercepted between Aries 
and a ſecondary to the equator paſſing through the ſun or ſtar. 

Dr. XXXIII. The Latitude of any heavenly body, is its diſtance 
from the ecliptic; and the degrees of latitude are reckoned on a 
ſecondary of the ecliptic paſſing through the body. 


Dee. XXXIV. The Longitude of any heavenly body, is its diſtance 
from the firſt of Aries; and is meaſured on the ecliptic by the arc 


intercepted between the firſt of Aries and the ſecondary of the ecliptic 


which paſſes through the body : the longitude increaſes, as the body 
H h 2 recedes 
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recedes from Aries, through the whole revolution, till it reaches 
360. or comes again to Aries. 


Dr. XXXV. Two bodies are ſaid to be in Confunction with each 
other, when they have the ſame longitude, or are in the ſame 
ſecondary of the ecliptic on the ſame fide of the heavens, though their 
latitude be different: they are ſaid to be in Oppoſition, when their 


longitudes differ half a CEL or they are on oppoſite ſides of the 
heavens. 


P R O . 


The axis of the heavens is perpendicular to the planes of all the 


circles which the heavenly bodies deſcribe in their apparent diurnal 


motions. 


For the hats bodies, from the revolution of the earth round its axis, appear to move 


from eaſt to weſt in circles perpendicular to the axis. 


Con. 1. The planes of all theſe circles are parallel to the equator. 
Cor. 2. The axis paſſes through the centers of the circles. 


Drr. XXXVI. The celeſtial ſphere is called right, oblique, or 


parallel, as the celeſtial equator is at right angles, oblique, or parallel 


to the horizon. 


PROP, X. 


In all places on the equator, the poles lie in the horizon, and all 
the circles of daily motion make right angles with the horizon. 


For theſe places (by Def. XVIII.) having no latitude, the poles (by Prop. III.) 


are neither elevated above nor deprefled below the horizon: and fince the equator is 


9o degrees from the poles, it is at right angles to the horizon, and alſo all circles 
parallel to it. 


PR. 0 r xt 


Thoſe who live at the equator are in a right ſphere ; and, con- 


ſequently, their days and nights are always equal. 
The 


CHAp. II. | OF THE EARTH. 


The great circle of the celeſtial equator and its parallels (by laſt Prop.) make right 
angles with the horizons of all places in the earth's equator ; therefore (by Def, XXXVI.) 
the inhabitants of thoſe places live in a right ſphere. Hence, becauſe the celeſtial 
axis PTS is in the plane of their horizon, and that this axis is at right angles to the 
plane of the equator, and (by Prop. X.) paſles through its center and through that of 
all circles parallel to the equator, the plane of the horizon alſo paſſes through the centers 
of theſe circles; and conſequently divides the equator and its parallels into two equal 
parts. One half of theſe circles will therefore always be above the horizon, and the other 


half below it. But each of the heavenly bodies in their daily motion deſcribes ſome one 


of thoſe circles, and the diurnal motion of the earth is uniform; therefore any heavenly 
body will, in this ſituation, be juſt as long above the horizon as below it. And becauſe 
this will be the caſe with reſpe& to the ſun, as well as any other body, in whatever part 


of the heavens he 1s | ſeen, the days and nights at the equator will always be of equal 
_ 


PR OF... il 
At the poles of the earth, one celeſtial pole is in the zenith, and 
the other in the nadir; the equator coincides with the horizon, 
and all the circles of daily motion are parallel to the horizon. 


For the Mitte of the poles is 90 degrees from the equator, and the dieler of daily 
motion are parallel to the equator. 


PR. OP. XIII. 


Thoſe who live at either pole are in a parallel ſphere; they 6 


the heavenly bodies carried round them in circles parallel to the 
horizon; and their day, and their night, continues each half a year. 


An inhabitant at P has the equator EQ in the horizon, and all its parallel circles alſo 
paralle] to the horizon. Therefore each of the heavenly bodies, in its apparent daily 
motion, being in ſome one of theſe circles, muſt deſcribe a path parallel to the horizon: 
fo that thoſe which are above the horizon will never ſet by this motion, and thoſe which 
are below it will never riſe. The ſun therefore, in this ſituation, will not rife or ſet by 
the diurnal motion of the earth. But from the annual motion of the earth, the ſun daily 
changes its apparent place in the heavens, till it has deſcribed: the circle of the ecliptic 
CL; one half of which is above the horizon, and the other half below it, becauſe theſe 
circles have a common center T, the center of the earth. "Therefore, for one half of 
the year the ſun will be in ſome part of CT, that half of the ecliptic which is above the 


horizon, 


— — — 
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horizon, and will daily revolve in cireles above the horizon; and for the other half, it 


will be in ſome part of TL, and will perform its — revolutions in circles below the 
horizon. 


PR O T. M. 


In any place between the poles and the equator, one celeſtial pole 
will be elevated, and the other depreſſed, at an angle leſs than a right 


angle; and the celeſtial equator will make an angle leſs than a right 
angle with the horizon. 


For, ſince the place is not in the equator, it has ſome latitude; and ſince it is not at 


either of the poles, its latitude is leſs than 9o degrees: whence (by Prop. III.) the 


poles are elevated, or depreſſed, in an angle leſs than a right angle; and conſequently 


| the equator, which is perpendicular to the axis, makes an angle leſs than go degrees with 


the horizon. 


PR O FP. XV. 


Thoſe who live on any part of the ſurface of the earth between 


the equator and either pole, are in an oblique ſphere, and have all 


the circles of daily motion oblique to their horizon. 


Let HO be the horizon of a place which lies between the earth's equator and 


either of its poles, the celeſtial equator EQ, and all its parallel circles, will be oblique 
to the horizon, and therefore each of the heavenly bodies, being in ſome one of theſe 
circles, will appear to move in a path oblique to the e. 


Pp Rk DO ꝗ³² â O 


When the ſun, in his annual apparent courſe, is in the points in 


which the ecliptic cuts the equator, the day and night will be of the 


ſame length at all places on the ſurſace of the earth: but, when the 
ſun is in any other part of the ecliptic, the days will be longer as 
the ſun's declination towards the elevated pole increaſes, and ſhorter 
as its declination towards the depreſſed pole increaſes. 


The plane of the horizon HO, of any place, paſſing through T, the center of the 
ſphere, and alſo through the center of the equator, divides the equator CL into two 


equal 


Cray. II. OF THE EARTH. 


equal parts, one half above and the other half below the horizon. When therefore the 
ſun has no declination, or is in the equator, it will appear in its daily revolution to de- 
ſcribe the equator CL, and therefore, during one half of the revolution, it will be above 
the horizon, and, during the other half, below it. 

But ſuppoſe the ſun to have its declination towards P, the elevated pole, equal to Em : 


its diurnal apparent revolution will be in the circle mm, the center of which is in a part 


of the axis above the horizon ; whence the plane of the horizon does not paſs through the 
center, and conſequently the circle mm is divided into two unequal parts, the greater 
above the horizon, and the leſs below it. Therefore the ſun, deſcribing the circle mm, 


with an uniform velocity, in its apparent diurnal revolution, will be longer in deſcribing 


the part above the horizon than the part below it. And this difference manifeſtly in- 
creaſes, as the circle of the ſun's apparent diurnal motion recedes from the equator, that 
is, as the ſun's declination towards P increaſes. In like manner, it may be ſhewn, that 
the days will be ſhorter, as the ſun's declination towards the depreſſed pole increaſes. | 

Or thus: Let AB repreſent the plane of the ecliptic ſeen edgeways; S the ſun in the focus 
of the orbit; MO, KL, XY, the earth in different parts of its orbit. If FI, the axis of the 
ecliptic BA, were alſo the axis of the earth, that is, if the planes of the equator and ecliptic 


were coincident, it is manifeſt that the ſun, the apparent annual motion of which is in the 


plane of the ecliptic, would at all times of the year appear to move in the circle of the 
equator, and to be equally diſtant from the poles, and conſequently could produce, by 
its apparent motion, no varieties in the length of days and nights. But the earth's axis 
being inclined to the plane of its orbit, as Pp, when the earth is at MO, the pole P will 


be towards the ſun, and the pole p turned from it, and the reverſe when the earth is 


arrived at XY. When the earth is in the middle ſtation between B and A, in either pare 


of its orbit, both the poles will be in the circle illuminated as at KL. 
In the poſition MO, fince the ſun muſt always illuminate one half of the etibs, the 


light will paſs beyond the pole P as far as F, and will extend towards the pole p no 


farther than I. Conſequently, in the diurnal revolution of the earth round its axis, while 
the earth remains in this poſition, all the parts of the globe between F and G will be 
illuminated, and all the parts between I and H will be dark. Farther, in this poſition 
greater portions of thoſe parallels which lie between the equator and the circle FG, will 
at any inſtant be in the illuminated, than in the dark, hemiſphere ; and, on the contrary, 
greater portions of thoſe which lie between the circle HI and the equator, will at any 


inſtant be in the dark, than in the enlightened, hemiſphere. Conſequently, any given 


place on the ſide of the equator towards P, will, in one diurnal revolution, be longer in 
the light than in the dark, and the reverſe on the fide towards p. The difference between 
the length of day-light and night, will decreaſe on either fide of the equator, as we 
approach towards it; and at the equator, the illuminated and dark portions of the circle 
being always equal, the days and nights will be of equal length. The contrary to all this 
will take place in the ſituation XY. Continual variations will take place, while the earth 
paſſes from MO to KL, and from 888 to XY. But in the ſituation KL, the illumination 


extending 
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extending exactly to both poles, all the parallel circles are half illuminated, and half dark: 
conſequently, any place upon the globe will, in a diurnal revolution, have equal portions 


of light and darkneſs; that is, day and night will be every where of equal ME” This 
muſt happen twice in every annual revolution. | 


Scholl. 1. When the ſun is very near either of the tropics, the days do not appear of 


different lengths, for the circles of apparent diurnal motion are ſo near to each other, 
that they cannot be ſenſibly diſtinguiſhed. 


ScHoL. 2. The different degrees of heat at different ſeaſons of the year are owing partly 


to the different lengths of the days, and partly to the different degrees of obliquity with 
which the rays fall upon the —— at different altitudes of the ſun. 


'P R G F. VI. 


When the ſun, or any other heavenly body, is in the equator, it 
riſes in the eaſt, and ſets in the weſt. 


For it then riſes and ſets in e in which the equator cuts the horizon; that is, 


becauſe the equator is at right angles to the meridian, which paſſes OY the north and 
ſouth points, in the points of eaſt and weſt, 


P R O P. XVIIL 


When the declination of the ſun is towards the elevated pole, its 
meridian altitude is equal to its declination added to the elevation 
of the celeſtial equator : when its declination is towards the depreſſed 


pole, its meridian altitude is equal to its declination ſubtracted from 
the elevation of the equator. 


Let HO be the horizon, T the earth, P and S the celeſtial poles, D the zenith, N 
the nadir, EQ the equator. If the ſun be at C, having its declination towards the 
elevated pole P, when it arrives at the meridian PS, its meridian altitude CH is equal to 


the ſum of CE its declination, and EH the elevation of the equator. If the ſun be at I, 


having its declination towards the depreſſed pole 8; when it arrives at the meridan, its 


altitude DH is equal to the difference of EH the elevation of the equator, and EI the 


ſun's declination, as appears from the figure. 


PROP. 


Cuae. II. o F THE EAR T H. 


P R © P Nt 


When the declination of a heavenly body towards the elevated 
pole, is equal to the latitude of any place, the body will paſs through 
the zenith of that place: and when its declination towards the de- 
preſſed pole is equal to the latitude, it will paſs through the nadir. 


Any ſtar or planet which paſſes through D, the zenith, in its apparent diurnal re- 
volution muſt deſcribe the circle DO; whence its diſtance from the equator or declination 
will be ED. But ED is the diſtance of the zenith from the equator, which, becauſe 
the elevation of the equator is equal to the complement of latitude (Prop. IV.) is equal 
to the latitude. In like manner the reverſe may be proved. 


p R O P. . 


A heavenly badly ſeen from any place, will never ſet from the 


diurnal motion of the earth, if the complement of its declination 


towards the elevated pole be equal to, or leſs than, the latitude of the 


place: and it will never riſe, if the complement of its declination 


towards the depreſſed pole be equal to, or leſs than, the latitude. 


Let PD, which is the complement of declination of a body at D, and alſo the diſtance 


of the body at D from the pole, be equal to PO, the elevation of the pole, or (by Prop. 


III.) the latitude ; it is manifeſt, that the body at its loweſt depreſſion will be no farther 
from the pole than the horizon is, that is, will never be below it. In-like manner the 
reverſe 7 be ſhewn. 


-CHOL, T be latitude of a place may be found, by obſerving the greateſt and leaſt 
altitude of a fixed ſtar that never ſets, 

Let A be a ſtar near the north pole, which in its daily motion deſcribes the circle AB 
without ſetting. A quadrant being placed in the plane of the meridian, or along 
the meridian line, obſerve its altitude when it is at A, and afterwards when at B; the 


difference of theſe altitudes is AB. And fince the ſtar, in its revolution about the pole, 


is always at equal diſtances from it, if AB be biſected in P, this point will be the pole, 
and conſequently PO will be the elevation of the pole. But, ſince the lengths of the 
arcs AO, BO, have been found by obſervations, their difference AB, and the half of 
this difference, AP, or BP, is known : and PO is equal to BP+BO, or to AO—PA, 

11 Whence 
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Whence the elevation of the pole, that is, the latitude, is equal to the ſum of the leaſt 
altitude added to half the difference of the greateſt and leaſt altitude, or it is equal to the 
remainder ariſing from ſubtracting half the difference of the greateſt and leaſt altitudes 
from the greateſt altitude. 

Or, the latitude may be found from the ſun's meridian altitude and declination, 
If the ſun's meridian altitude, found by a quadrant, be CH, this altitude is equal to the 
fun's declination CE, added to the elevation of the equator EH. Therefore, if CE, the 
declination towards the elevated pole, be taken from the meridian altitude, the remainder 
EH will be the elevation of the equator. But ſince the elevation of the equator is the 
complement of latitude, the latitude is the complement of the elevation of the equator, 
This elevation therefore being found, the latitude of the place is known. 


Dzy. XXXVII. The two tropics and two polar circles upon the 
ſurface of the earth, divide it into five parts called Zones : the torrid 


zone lies between the two tropics; the temperate zones between 


the tropics and polar circles; and the frigid zones between the Foe 


circles and the poles. 


P R O P. XXI. 


At any place in the torrid zone the ſun is vertical twice every 
year. 


The ſun, in paſſing from the equator to the tropic of Cancer, 23+ degrees from the 
equator, has every northern declination from o to 23: and every place between the 
equator and the tropic of Cancer has ſome northern latitude between o and 23: therefore, 
in ſome part of its courſe from the equator to the tropic of Cancer, the ſun muſt have 
a declination-equal to the latitude of every place between the equator and the tropic : 
whence it muſt be once in the zenith of every ſuch place in its courſe towards the tropic 
of Cancer. For the ſame reafon it muſt be once in the zenith of every ſuch place in 


its courſe from the tropic to the equator. The like may be ſhewn on the ſouthern ſide 
of the equator, 


P R O P. XXII. 


The ſun is vertical once r year at the places which lie in 
the tropics. 


For the ſun's declination is then 23 degrees, equal to the latitude of the tropics, 


PROP. 


l o THEREARTH 


. XXIII. 


At the polar circles, the longeſt day, and the longeſt night, 18 
24 hours. 


When the ſun is in the tropic of Cancer, the complement of its declination towards 


the elevated pole is 665 degrees, equal to the latitude of the arctic polar circle : on this 
day therefore (by Prop. XX.) the ſun will not ſet. When the ſun is in the tropie of 
Capricorn, the complement of its declination towards the depreſſed pole will be 66 de- 
grees, equal to the latitude of the arctic pole; whence the ſun will not riſe during that 
day. The ſame may be ſhewn with reſpect to the antarctic circle. 


p R O P. XXIV. 


The longeſt day, and the longeſt night, are each of thin more 
than 24 hours within the frigid zone. 


For, while the ſun's complement of declination towards the elevated pole is leſs than 


the latitude of the place, the ſun will not ſet; while the complement of declination towards 
the depreſſed pole is leſs than the latitude of the place, it will not riſe : but this muſt 


be the caſe with reſpeCt to every place within the irigie Rowen, in ſome part of the ſun' 8 


courſe towards the — 
8 p. XXV. 
The ſun is never vertical to any place in either of the temperate 


ZONES. 


For the latitude of all places in the temperate Zone, is greater than the complement of 
any declination of the ſun. 


P R O P. XXVI. 


The longeſt day, and the longeſt night, in any part of the tem- 
perate zones, are leſs than 24 hours; and the days and nights will 
be longer, the nearer the place is to the polar circles. 


For the complement of the ſun's declination can never be leſs than, or equal to, the 
latitude of any place in the temperate zones; whence the ſun will riſe and ſet every day 


within theſe zones. But the farther any place is removed from the equator, the nearer 


the latitude approaches to an equality with the complement of the ſun's greateſt declina- 
tion, when the day | is 24 hours ; ; that is, at the polar circles. 


112 PROP. 
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P R O P. XXVII. 


At different places, the hour of the day differs in proportion to 
the difference of longitude; 15 degrees of longitude making the 


difference of one hour in time; 15/, one minute of time, 15%, one 


ſecond of time: and it is ſeen at any given place ſooner than at places 
which lie to the weſt of it, and later than at places which lie to 
the eaſt of it. 


The ſun in its daily apparent motion, which is from eaſt to weſt, muſt arrive at the 
meridian of any given place, as London, ſooner than it will arrive at the meridian of any 
place which lies to the weſt of London, and later than at the meridian of any place to 
the eaſt of London: that is, ſince it is noon at any place when the ſun is in its meridian, 
it will be noon at London ſooner than at places weſt, and later than at places eaſt, of it. 

For example, if any place lies 15 degrees eaſt of London, that is, has 15 degrees of eaſtern 


| longitude from London taken as the firſt meridian, the ſun will be one hour ſooner at 


its meridian than at the meridian of London; for, ſince the ſun every day appears to 
make a complete revolution from any meridian to the ſame, in 24 hours, it will in every 
hour deſcribe a 24th part of the circle, that is, 15%. And ſince a minute of a circle is 
a both part of a degree, and a ſecond of a circle a 6oth part of a minute, and 15' the 
both part of 15*, and 15“ the Goth yer of 15', the ſun will move at the rate of 15' in 
every both part of an hour, and 15“ in every Goth part of a minute, that is, in every 


minute or. ſecond of time. Conſequently, it will be noon one minute or one ſecond 
ſooner at a place which is 1 5 or 15 eaſt of London, than at London. 


P R O P. XXVIIL 
The difference of longitude at two places may be found by ob- 
ſerving, at the ſame time from both places, ſome inſtantaneous ap- 


pearance in the heavens. 


If the eclipſe of Jupiter's innermoſt ſatellite, on the inſtant of its immerſion into the 
ſhadow of Jupiter, be obſerved by two perſons at different places, it will be ſeen by both 


at the fame inſtant. But if this inſtant be half an hour, for example, ſooner at one 


place, than zt the other, becauſe the places differ half an hour in their reckoning of 
time, their difference of longitude (by Prop, XXVII.) is 7*. 30'. ” 


SCHOL. 


Cray. II. OF THE EARTH. 


ScHoL. From tables of eclipſes correctly calculated for any place, the longitude of any 
place may be found by one obſerver. But ſuch obſervations can only be made with 
certainty by land, on account of the motion of a ſhip at ſea. In order to determine 


accurately the longitude at ſea, it is neceſſary to have a clock which ſhall not be ſenſibly | 


affected by difference of climate, difference of gravity at different places, or the motion 
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of the ſhip. Such a clock ſet for the meridian of London would conſtantly ſhew the 


hour of the day at London, which it is eaſy to compare with the hour of the day where 
the ſhip is, found by obſervations on the ſun or ſtars. 


R O P. xXx. 
Thoſe who live in oppoſite ſemicircles of the ſame meridian, but 


in the ſame circle of latitude, have PER hours of the day, but the 
ſame ſeaſons. 


Being both on the ſame fide of the equator and at the ſame diſtance from it, when the 
ſun's declination makes it ſummer or winter in one of the places, it will be the ſame at 
the other: but becauſe they are diſtant from each 180 degrees of longitude, when it is 
noon at one place it will be midnight at the other : theſe a are called Periæci. 


P.-R G JK 


Thoſe who live in oppoſite circles of latitude, but in the ſame 


ſemicircle of the meridian, have oppoſite ſeaſons of the year, but the 
ſame hour of the day. 

When the ſun has declination towards the north pole, it will be ſummer to thoſe 
| who live in the northern circle of latitude, and winter to thoſe who live in the ſouthern 


circle of latitude. But, having the ſame longitude, their hours of the day will be the 
ſame : theſe are called Antec. 


P R 0 P. X22). 1 
Thoſe who live in oppoſite circles of latitude and oppoſite ſemi- 
circles of the meridian, have both oppoſite ſeaſons of the year, and 
oppoſite hours of the day. 
Becauſe they are in oppoſite latitudes, they will have oppoſite ſeaſons ; and becauſe. 


they are in oppoſite ſemicircles of the meridjan, they will have noon. when it is midnight 
at the other : Theſes are called Antipodes, 
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Der. XXXVIII. Twelve ſecondaries to the celeſtial equator being 
conceived to be drawn at equal diſtances from each other, that is, 
dividing the equator into 24 equal parts, and the meridian of any 
place being made one of theſe ſecondaries, they are called Hour- 


Circles of that place. Compare Prop. XXVII. 


PR GO FR. . 


If the celeſtial ſphere had an opake axis, the ſhadow of the axis 
would always be oppoſite to the ſun; and when the ſun was on one 


fide of any hour- circle, the ſhadow of the axis would fall upon the 
oppoſite ſide of the fame hour-circle. 


For all the hour-circles being ſecondaries to the equator, paſs through the poles, and 
the celeſtial axis is in the plane of every hour- circle. And the ſhadow of any opake body, 
being oppoſite to the ſun, is in the ſame plane with the ſun. Therefore in whatever 


hour- circle the ſun is, the ſhadow of the ſuppoſed opake axis would be in the plane of 


that circle and oppoſite to the ſun, that is, while the ſun is in one ſemicircle of any hour- 
circle, the ſhadow of the axis would fall upon the oppoſite ſemicircle. 


Cor. Hence as the ſun performs its apparent courſe from eaſt to weſt, the ſhadow of 


the ſuppoſed axis would move from weſt to eaſt. 


| Scyor. The gnomon of a ſun-dial repreſents the ſuppoſed axis, and hence its ſhadow 


is a meaſure of time. 


P R OP. XXXIlIL 
The orbit in which the earth revolves about the ſun, is elliptical. 


It is known from obſervation, that the apparent motion of the fm: that is, the real 
motion of the earth, in the ecliptic, is not uniform. But by the univerſal law of bodies 
revolving about a center, if its orbit were circular, its velocity muſt be uniform; ſince 
(Book II. Prop. LXXII.) it muſt deſcribe equal areas in equal times. Whereas if its 
orbit be an ellipſe, and the ſun be placed in one of the focz, the ſame law will require 


| (fee Book II. Prop. LXVIII.) that its velocity ſhould not be uniform, but that in paſſing 


through its greateſt diſtance C, to its leaſt diſtance A, it ſhould be accelerated, and in 
paſſing from the leaſt diſtance A to the greateſt C, it ſhould be retarded. Since then 
the motion of the earth is in fact thus retarded and accelerated in different parts of its 
orbit, it is manifeſt, that its orbit is elliptical. 


Das. 


CO ya yt 7-1 et a Ss Alt. 


Crap. II. OF THB EA NT H. 


Dr. XXXIX. The greateſt diſtance of the earth or any other 
planet from the ſun, is called its Aphelion; its neareſt diſtance, its 


Perihelion ; the longer axis of the ellipſe is called the Linea Apfidum, 
the aphelion is alſo called the Summa Apfis, and perihelion the 
Ima Ipſis. 


Der. XL. The Excentricity of the earth, or any planet, is the 


diſtance between the ſun and the center of the elliptical orbit. 


P'R O P. XXXIV. 


The ſun is eight days longer in performing its apparent courſe 
through the fix northern ſigns, than through the ſix ſouthern ſigns. 


Let ABCD be the orbit of the earth, S the ſun, and EF GH the ecliptic. While the 
earth moves in its orbit from B through C to D, the ſun appears to move in the ecliptic 
from H through G to F, paſſing through the ſix northern ſigns; and while the earth 


paſſes from D through A to B, the ſun appears to move from F to H, through the ſix 


ſouthern ſigns. Now the line HF biſects the circle EFGH, but divides the ellipſe ABCD 
unequally. And, while the ſun appears to paſs through the northern ſigns, the earth 


paſſes through more than half of its orbit; and while the ſun appears to paſs through the 


ſouthern ſigns, the earth paſſes through leſs than half of its orbit. Therefore, if the 
velocity of the motion of the earth were uniform, the ſun muſt appear to be longer in 


| paſſing through the ſix northern than the ſix ſouthern ſigns. But whilſt the earth is 
paſſing through the greater part of its orbit BCD, it is farther from the ſun, and conſe- 
quently moves ſlower than in the leſſer part DAB. On both theſe accounts, the ſun's 
apparent motion is ſlower in the northern ſigns than the ſouthern: the difference is 


found by obſervation to be about eight days. 


P R O P. XXXV. 
The apparent diameter of the ſun is greater in winter than ſummer. 


It is found by oDrYations that the diameter of the ſun in winter is 32 minutes, 
47 ſeconds; in ſummer, 31'. 40“. 
Cox. Hence it appears, that the earth, at the winter ſolſtice, or Capricorn, is in its 


SCHOL., 
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Scholl. I, The difference between ſummer and winter in the degrees of heat, is owing 
chiefly to the different heights to which the ſun riſes above the horizon, and the dif- 
ferent lengths of the days. When the ſun riſes higheſt, in ſummer, its rays fall leſs 
obliquely, and conſequently more of them fall on the earth's ſurface than in winter; and 
when the days are long and the nights ſhort, the earth and air are more heated in the 
day than they are cooled in the night, and the reverſe. 


SCHOL. 2. The doctrine of the Sphere having been e in the preceding pro- 


poſitions, ſome of the more uſeful Problems to be performed on the Terreſtrial and Celeſtial 
Globes are here ſubjoined. 


PRoBLEM I. 75 find the latitude of any place. Bring the place to the graduated fide of 


the fixed braſs meridian ; the degree under which it is found, is its latitude. All places 


under the ſame degree are in the ſame latitude. 


Pros. II. To find the longitude of any place. Bring the place to the fixed meridian ; 
the diſtance of this meridian from the firſt meridian, meaſured on the equator, is the 
longitude of the place. 


Pros. III. To rectiſy either globe to the latitude of any place, the zenith, and the ſun's place. 
If the place be in the northern hemiſphere, raiſe the north pole above the horizon ; 
but if the place be in the ſouthern hemiſphere, raiſe the ſouth pole. Then move the 
meridian up and down in the notches, till the degree of the place's latitude, counted 
upon the meridian, below the pole, cuts the horizon ; and then the globe is adjuſted to 
the latitude of the place. | 

Having elevated the globe according to the latitude of the place, count the ſame number 
of degrees upon the 33 from the equator towards the elevated pole, and that point 
will be the zenith or vertex of the place. To this point of the meridian ſcrew the qua- 
drant of altitude, ſo that its graduated edge may be joined to the ſaid point ; then is the 
globe recti fied for the zenith. 

Bring the ſun's place in the ecliptic to the meridian, and ſet the hour- index to 12 at 
noon; and then the globe will be rectified for the ſun's place. 


Pros, IV. To determine the difference of time in different places. Find the longitude of 
each place, and reduce the difference into time, allowing an hour for every 15 degrees, 


and proportionally for leſſer parts; the difference of time will be found: if the place 
lies weſtward of another, it has its noon later than that other ; if eaſtward, ſooner. 


PROB. V. The latitude and longitude of any place being known, to find the place on the globe. 
Bring the degree of the equator which expreſſes the given longitude to the fixed meridian, 
then find the given latitude on the meridian ; under this point is the place ſought, 


PROB. 


cur. II. OF THE EARTH. 


Pros, VI. To find the diflance between any two places, and their bearing, or relative 
ſituation with reſpect to the points of the compaſs. Rectify the globe to the latitude of one 
of the places, and bring that place to the fixed meridian : then fix the quadrant of altitude 
to the uppermoſt point of the meridian, and putting its lower end between the horizon 
and the globe, ſlide it along, till it paſſes through the other place: the number of degrees 
on the quadrant between the two places, will give their diſtance, allowing 694 Engliſh 
miles for each degree; and the number of degrees upon the horizon between the meridian 
and the quadrant, will give the bearing of the ſecond place with reſpect to the firſt, 


PRoB. VII. To find the right aſcenſion and declination of the ſun, or any ſtar. On the 
celeſtial globe find the day of the month under the ecliptic, againſt which is the ſun's 
place, or find his place by an ephemeris; bring that point under the meridian, and the 
degree which is over the point is the ſun's declination, and the degree of the equator then 
under the meridian will be the ſun's right aſcenſion. A ftar's declination and right 
aſcenſion are found, by bringing the ſtar on the globe to the meridian, and proceeding a as 
with reſpect to the ſun. 


Pros. VIII. To find what flars paſs over, or near, the . of any place. Having 
found the latitude of the place on the terreſtrial globe, all thoſe ſtars on the celeſtial globe, 
which paſs under the ſame degree of the meridian with the given latitude, become vertical 
at that place. | 


Pros. IX. To find what flars never riſe, or never ſet, in any given place. The globe 


being rectified for the given place, thoſe ſtars which do not paſs under the wooden ne, | 


never ſet ; thoſe which do not come above it, never riſe, 


PROB. X. To repreſent the appearance of the heavens at any time. Rectify the globe to 


the latitude z bring the ſun's place in the ecliptic to the meridian, and ſet the horary 


index to the upper 12th hour: then turn the globe till the index points to the given hour. 


Pros. XI. The latitude of a place being given, to find the time of the ſun's riſing and ſetting, 
or any given day, at that place. Having rectified the globe according to the latitude, bring 
the ſun's place in the ecliptic to the graduated edge of the meridian, and ſet the horary 
index to the upper 12. Then turn the globe to bring the ſun's place to the eaſtern part 
of the horizon, the index will point to the hour at which the ſun riſes; on the weſtern 
| tide, to the time of its ſetting. 

Pros. XII. To find all the places on the globe to which the ſun will be vertical on a given 
day. Bring the ſun's place to the fixed meridian, and obſerve the point of the ſun's 
declination ; all the places which, in turning the globe round, paſs under that point, 
have the ſun vertical on the given day. 


Pros. XIII. To find the ſun's amplitude. The * being rectified for the latitude of 


the place, bring the ſun's place to the eaſtern ſide of the horizon; the arc of the horizon 


intercepted between that point and the eaſtern point, is the ſun's amplitude at riſing. 
K k Pros. 
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Plate 9. 
Fig. 11. 


the ecliptic ; the point of the globe which is under that degree of the quadrant which 


or ſouth, which expreſſes the given declination. 


the ſun, when the ſun itſelf 1 is below the horizon. 


OF ASTRONOMY. Book V. PART I. 


PRORB. XIV. To find the ſun's altitude. The globe being rectified for the latitude, 
zenith, and ſun's place, the number of degrees contained between the ſun's place and the 


zenith, is the diſtance of the ſun from the vertex at noon ; the complement of which to 
90 degrees, is the ſun's altitude. 


Pros. XV. To find the place of any heavenly body upon ih bs - its longitude and 
latitude being given. Place the firſt degree of the quadrant of altitude, upon that degree 
of the ecliptic which expreſſes the given longitude, and the goth degree on the pole of 


expreſſes the given latitude, is the place of the body: for the quadrant repreſents a 


ſecondary of the ecliptic, an arc of which between the body and the ecliptic is its latitude, 


and the arc of the ecliptic between the ſecondary and the firſt degree of Aries its 
longitude. 


Pros. XVI. Ty find the place of any heavenly body upon the globe, its right aſcenſion and 
declination being given. Bring that point of the equator which expreſſes the given right 
aſcenſion to the meridian; the place ſought is under that degree in the meridian, north 


Exr. Let the Propoſitions in this Section be illuſtrated on the Globes, Armillary Sphere, 
or Orrery. | 


$8 r 
Of TwiLliGurT. 


PR O FP. AVI. 


The atmoſphere above the horizon is enlightened by the rays of 


Let ADL be the ſurface of the earth; CBM, the ſurface of the atmoſphere; A, any 
place upon the earth; PABN, the ſenſible horizon. When the ſun is at G, any point 
below the horizon, it cannot be directly ſeen by a ſpectator at A. But, becauſe rays from 
the ſun at G can paſs to the part of the atmoſphere above the ſenſible horizon of the 
place A, this part of the atmoſphere will be illuminated before the ſun riſes, or after it 


ſets, and will become viſible by reflection to the ſpectator at A; that is, twilight will 
be produced, 


PROP. 


Crape. II. OF THE EARTH. 


PR O FP. VII. 


When the evening twilight ends, or the morning twilight begins, 


a ray of the ſun reflected from the higheſt part of the atmoſphere 


deſcribes, after reflection, a line is in the plane of the n 
horizon. 


As the ſun is depreſſed, the extreme ray of light from the ſun gradually recedes from 
C towards B, till at laſt it touches the horizon at B, from whence it is reflected in the 
direction BA, the plane of the horizon, 


P R O P. XXXVIII. 


When the evening twilight ends, or the morning twilight begins, 


a line drawn from the ſun to the top of the atmoſphere is a tangent 
to the ſurface of the earth. 


From E, the common center of the earth and atmoſphere, draw a ſtraight line to B, 


the point in the top of the atmoſphere, from which (by laſt Prop.) the ſun's ray is reflected 


to A when the evening twilight ends, or the morning twilight begins. Becauſe this line 


EB is perpendicular to the reflecting ſurface of the atmoſphere, ABE is the angle of re- 


flection. And AB, the reflected ray, being in the plane of the ſenſible horizon, deſcribes 
a a tangent to the ſurface of the earth. At the ſame time, the ſun muſt be at ſome point 8, 
ſuch that the incident ray SB ſhall make the angle of incidence SBE, equal to ABE the 
angle of reflection. Draw AE; and from E, the center to the incident ray SB, draw ED, 


making the angle DEB equal to the angle AEB. Hence (El. I. 26.) the ſide ED is 


equal to the ſide AF, that is, ED is a ſemidiameter of the earth; alſo, the angle EDB 
is equal to the angle EAB, or is a right angle: whence (El. III. 16. Cor.) SB is a 
tangent to the circle; that is, when the reflected ray deſcribes a line in the plane of the 
ſenſible horizon, the line deſcribed by the incident ray falling upon the top of the atmo- 
ſphere, is a tangent to the ſurface of the earth, 


P R O P. XXXIX. 


Plate g. 
Fig. 1. 


Plate 9. 
Fig. 11. 


If the time of the beginning of the morning, or ad of the 


evening twilight is known, the height of the atmoſphere may be 
determined. 
K k 2 | . It 
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It is found, that at the beginning of the morning, or the end of the evening twilight, 
the ſun is 187. degrees below the horizon. If therefore S is the place of the ſun at that time, 
and ABN the horizon, the angle SBN is 18'. But at that time (by Prop. XXXVIII.) 
if B is the top of the atmoſphere, the incident ray SB, and the reflected ray BA, touch 
the earth at D and A. And, becauſe (El. III. 18.) in the quadrilateral figure ABDE, 
the angles ABD, AED, are together equal to two right angles, or ABD is the complement _ 
to two right angles of AED, and that ABD is alſo (El. I. 13.) the complement to two 
right angles of SBN, AED, the angle contained by the ſemidiameters AE, DE, is equal 
to SBN the angle of the ſun's depreſſion : whence AED, at the time ſuppoſed, is an 


angle of 18“. But, on account of the refraction of the ſun's rays in coming into the 


atmoſphere, his apparent place is, at the ſuppoſed time, 30“ higher than its true place, 
Allowance muſt therefore be made for this refraction in meaſuring the angle SBN, made 
by SB the line of direction in which the ſun's ray appears to come, and BN a line in 
the plane of the ſenſible horizon. CESGILELYs £ the ang. SBN, and its equal AED, 
is only 17*. 30'. and its half AEB is 8*. 45 | 

Now, in the triangle AEB, HB, the height of the atmoſphere, is the difference between 


HE the radius, and BE the ſecant. Therefore as HE is to HB, the difference between 


the radius and ſecant of an angle of 8*. 45'. ſo is the number of miles in HE, a ſemi- 
diameter of the earth, to the number of miles in HB, the height of the atmoſphere. 


F REQ FX 


The twilight is longeſt in a parallel ſphere, and ſhorteſt in a 
right ſphere; and, in an oblique ſphere, the nearer the ſphere op” 


proaches to parallel, the longer is the twilight. 


In a parallel ſphere, the twilight will continue till the ſun's declination toward the 
depreſſed pole is 18. but in this ſphere his declination is never more than 232 degrees; 
whence the twilight will only ceaſe, whilſt the ſun's declination 1s increaſing from 189. to 
23% degrees, and decreaſing again till in its decreaſe it becomes 18% The twilight is 
here cauſed by the annual motion of the earth. In a right ſphere, the ſun appears to be 
carried, by the daily motion of the earth, in circles perpendicular to the horizon ; whence 


it is carried directly downwards by the whole daily motion, and will arrive at 189. below 


the horizon, the ſooneſt poſſible : whereas, in an oblique ſphere, its path is oblique to 
the plane of the horizon, and therefore will be longer before it is deſcended 18 degrees 
below the horizon : and the difference of the time of twilight will increaſe with the 
degree of obliquity. As the. ſun ſets more obliquely at ſome parts of the year than-others, 
the twilight varies. in its duration. 


SECT. 


Crna, II. oF THE 'EARTH. 


Ss. 2 CT. Iv; 
Of the EquATton of TIME. 
Fx EQ 


The time in which the ſun completes one apparent diurnal revo- 
lution, is greater than that in which the earth revolves round its axis. 


253 


If the earth turns round its center T in the direction ReB, and at the beginning of ** 9. 


one revolution the ſun was ſeen at Z, in the meridian; from its apparent annual motion 
it will, after the diurnal revolution of the earth is completed, be ſeen advanced in its 
orbit towards E. The earth therefore muſt perform more than one revolution, and the 

ſpectator at R, after returning to the ſtation from which he ſet out, muſt advance forwards 


to e, before the ſun will be again in the meridian. | 


PR O P. XIII. 


The obliquity of the ecliptic to the equator would cauſe the daily 
increments of the ſun's right aſcenſion to be unequal, although the 
ſun's motion in the ecliptic were uniform. 15 


ig. 2. 


Let E be the firſt degree of Aries, EQ an arc of 9o. of the equator, EC the ſame of Plate g. 


the ecliptic, and CQ an arc of the ſolſtitial colure, between Cancer and the equator, 
At E the ſun has neither longitude nor right aſcenſion : theſe may therefore be conſidered: 
as equal, when the ſun ſets out from Aries. At C, the longitude is equal to the right 
aſcenſion ; for both EC and EQ are by ſuppoſition 909. degrees of great circles of the ſame 
ſphere. But if the ſun be any where between the firſt of Aries and the firſt of Cancer, as 
at S, the longitude will be greater than the right aſcenſion ER. For SR being an arc of 


the ſecondary of the equator paſſing: through the ſun, ES is the longitude, and ER the 


right aſcenſion: but ES is greater than ER, becauſe the angle at R is a right angle, but 
the angle at S an acute angle. Now, if the ſun be ſuppoſed to move uniformly in the 
ecliptic, or to deſcribe equal arcs in equal times, the daily increments of longitude y will 
be equal to one another; and conſequently, ſince at the two- extremes E and C "the 
longitude and right aſcenſion are equal, and the longitude is ſuppoſed to increaſe uniformly, 
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if the right aſcenſion alſo increaſed uniformly, they would at all times be equal. But 
at 8, R, or any other points in the ſame ſecondary, between the firſt of Aries and Cancer, 


the longitude i is greater than the right aſcenſion ; the daily increments of right aſcenſion 
are therefore unequal. 


The longitude and right aſcenſion are equal when the ſun is at C and at E, the former 
being o'. the latter 180 . from Aries both on the ecliptic and equator. But between 
C and E, the longitude is Jeſs than the right aſcenſion ; becauſe ES, oppoſite to the right 
angle R, is greater than ER oppoſite to the acute angle S, and conſequently the point 
S is nearer Aries than the point R. But, the ſun being ſuppoſed to move uniformly, or 
to increaſe its longitude equally every day, if the right aſcenſion alſo increaſed equally 


every day, ſince the longitude and right aſcenſion are equal at C and E, they would be 


always equal. But at S, or any where between Cancer and Libra, the longitude is leſs 
than the right aſcenſion ; conſequently, the daily increments of right aſcenſion are not 
equal. In like manner it may be ſhewn, that in the third quarter the ſun's longitude is 

greater than its right aſcenſion, and in the fourth, leſs, 


P R O P. XIII. 


If the plane of the ecliptic coincided with that of the equator, 
the daily increments of the ſun's right aſcenſion would nevertheleſs 
be unequal. 


Becauſe (by Prop. XXXIV.) the apparent annual motion of the ſun is not uniform, 


it would in ſome days deſcribe a longer arc than in others; that is, ſince its right aſcenſion 


and longitude would in this caſe be the ſame, the daily increments of its right aſcenſion 
would be unequal. 


Dee. XLI. A Natural Day is the time the ſun takes in paſling 
from the meridian of any place, till it comes round -to the ſame 


meridian again. 
P R OP. XIIV. 


Any place upon the earth's ſurface deſcribes more than a circle 
round the earth's axis in a natural day; and the arc which it de- 


ſcribes more than a circle in any day, is the ſun's increment of right 
aſcenſion for that day. 


While 


CuAf. II. OF THE EARTH. 


While the earth revolves round its axis, any place upon the earth's ſurface deſcribes 


a circle: but (by Prop. XLII.) while the ſun completes it apparent diurnal revo- 
lution, any place on the earth's ſurface will move through one circle and an arc of 


a ſecond ; therefore any ſuch place deſcribes more than a circle (Def. XLI.) in a 
natural day. 


And ſince both a meridian, and a fecondary of the equator, paſſing through the poles, 


are perpendicular to the equator (Def. VI. and X.) if the ſun at S be in SR the meri- 
dian of any given place, it is alſo in a ſecondary of the equator paſſing through that 
place. In like manner, if the ſun be at T, and TV be after a natural day the ſituation 


of the meridian of the given place, the ſun will be in TV, which will be both the 
' meridian of the place, and a ſecondary of the equator. Whence, RV being part of the 


equator, ſince ER was the ſun's right aſcenſion when it was at 8, and EV is its right | 
aſcenſion when it is arrived at T, RV muſt be the increment of the ſun's right aſcenſion 


for the natural day in which it is advanced from 8 to T. And, becauſe SR, TV, are 
both perpendicular to the equator, and any place, in one diurnal revolution of the earth 


deſcribes a circle parallel to the equator, RV taken in this circle will always be the ſame 
arc with RV in the equator, and therefore will be equal to the ſun's daily increment of 


: right aſcenſion, 


P R O p. XLV. 
The natural days are not equal to one another. 


For any natural day is the time in which the earth performs one revolution round its 
axis, and ſuch a portion of a ſecond as is equal to the ſun's increment of right aſcenſion 
for that day; but the ſun's daily increments of right aſcenſion are unequal (by Prop. 


XLII. and XLIII.); therefore the additional portion of the fecond revolution will ſome- 


times be greater and ſometimes leſs, and conſequently the times in which the natural 
days are completed will be unequal, 


Cox. Hence ariſes the difference between a ſun-dial and a clock, as meaſures of time : 
the former meaſuring the length of the natural day, the latter dividing time into equal 
portions, of 12 hours each, the clock will be before the dial, when the natural day is 
more than 24 hours (the mean length of the natural day) and after it, when the natural 


day is leſs than 24 hours; and they will be together, only when the natural day is exactly 
24 hours, 


Dep. XLII. The Equation, is the difference between the mean 
length of the natural day (or 24 hours) and the length of any ſingle 


day meaſured by the ſun's motion, or between mean time and apparent 
time. | | 
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Cor. The hour of the day by apparent time being known, in order to determine 
what is then the true mean time, the equation is to be addgd to the apparent time, when 
the day by the clock is ſhorter than the day by the ſun-dial, that is, when mean time 
precedes apparent time; and the equation is to be ſubtracted from the apparent time when 
the day by the clock is longer than the day by the ſun-dial, that is, when mean time 
follows apparent time. If, for example, the natural day is 24 hours, 1 minute, the day 
by the clock being 24 hours in length, it will be 12 by the clock, one minute before it 
is 12 by the dial, or mean time precedes apparent time one minute; therefore it will be 
x minute paſt 12 by the clock, when it is exactly 12 by the ſun; whence one minute, which 
is the equation, muſt be added to the apparent time, to give the true mean time, that is, the 
clock muſt be ſet at 1 minute paſt 12. The reverſe of this, when mean time follows 
apparent time, or the day by the clock is longer than the day by the ſun, is obvious. 


FE R OP, XIII 


If the ſun were to move uniformly round the equator in the ſame 
time in which it appears to deſcribe the ecliptic, its apparent daily 
motion would be a meaſure of mean time. 


For the natural days in that caſe being liable to no variation, either from the declivity 
of the ſun's orbit, or the irregularity of its motion, muſt be equal. 


P R O P. XLVI. 


The portion of time which paſſes between the arrival of the ſun 
in the ecliptic to the meridian of any place, and its ſuppoſed arrival 
at the ſame meridian, if it were to move uniformly in the equator, 
is the equation. 

For (by the laſt Prop.) it would be noon by mean time at any place, when the ſun, 
if it moved uniformly in the equator, was arrived at the meridian of that place; and it 
is noon at the ſame place by apparent time, when the ſun in the ecliptic arrives at the 


ſame meridian : therefore the difference between theſe two arrivals, is the difference 
between mean time and apparent time, or the equation. | 


P R O P. XLVII. 


i In the time which paſſes between the arrival of the ſun in the 
ecliptic to the meridian of any place, and its ſuppoſed arrival at 


the 


Crap. II. OF THER Nrn. 


the ſame meridian, if it were to move uniformly in the equator, an 
arc of the equator paſſes under the meridian, which is equal to the 
difference between the right aſcenſion of the ſun, as it moves in the 


ecliptic, and the right aſcenſion which the ſun would have, if it 
moved uniformly in the equator. 


Let the ſun be at S; and let EC be the ecliptic, EQ the equator, and E the firſt of 
Aries: then if a ſecondary of the equator paſſes through the ſun, SR, being at right 
angles to EQ, is an arc of that ſecondary, and (by Def. XXXII.) ER is the ſun's right 
aſcenſion, and the point R is the point in which the right aſcenſion ends; which being 
in the ſecondary of which SR is a part, that is, the ſecondary paſſing through the ſun, 
arrives at the meridian at the ſame time with the ſun. If the ſun were to move uni- 
formly in the equator, and were arrived at P, EP would be its right aſcenſion, and 
conſequently P would be the point in which its right aſcenſion would end, which point P 
muſt arrive at the meridian at the ſame time with the ſun, becauſe the ſun is ſuppoſed 
to be in that point. Therefore RP, the diſtance of the two points R and P, is an arc 
of the equator (paſling under the meridian in the time ſpecified in the Propoſition) which 
is equal to the difference between the real and ſuppoſed right aſcenſions of the ſun, when 
he arrives at the meridian by his real motion in the ecliptic, and when he arrives at 
the ſame meridian by an uniform motion in the equator, 


> 0.7 xir 


The right aſcenſion of the fun, if it were to move uniformly in 
the equator, would at any time be equal to the longitude which it 
would have at that time if it were to move uniformly i in the ecliptic, 
or to its mean longitude. 


For, on this ſuppoſition, the ſun, deſcribing the equator with an uniform velocity in 


with the mean velocity in the ecliptic. Conſequently, the diſtance of the ſun from the 
firſt of Aries in the equator would at any time be the ſame with its diſtance from the 
ſame point in the ecliptic, if it were to move uniformly therein with its mean velocity : 


in the ecliptic. 


the ſame time in which it actually deſcribes the ecliptic, its velocity would be the ſame 


that is, its right aſcenſion in the equator would always be equal to its mean longitude 


4.1 PROP. 
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An arc of the equator, equal to the difference between the ſun's 
right aſcenſion and its middle longitude, at any given time and place, 
converted into time, is the equation. 


It has been ſhewn (Prop. XLVIII.) that in the portion of time which paſſes between 
the arrival of the ſun in the ccliptic to the meridian of any place, and its ſuppoſed arrival 
at the ſame meridian if it were to move uniformly in the equator, an arc of the equator 
paſſes under the meridian, which is equal to the difference of the right afcenſion of the 
ſun as it moves in the ecliptic, and the right aſcenſion which it would have if it moved 
uniformly in the equator. And it has been proved (Prop. XLVII.) that this portion 
of time is the equation, and (Prop. XLIX.) that the right aſcenſion which the. ſun, 
at any given time and place, would have if it moved uniformly in the equator, is equal 
to its mean longitude in the ecliptic. Therefore, in the equation, an arc of the equator 
paſſes under the meridian, equal to the difference of the right aſcenſion of the ſun in the 


ecliptic, and its mean longitude. Conſequently, if this arc be converted into time, that is, 


if for 15 degrees be taken an hour, for 15 one minute of time, for 15'' one ſecond of 
time, the equation of time will be found. 5 


PR O P. LIL 
If the ſun's mean longitude be greater than its right aſcenſion, 
mean time fo/lows apparent time; if its mean longitude be leſs than 
its right aſcenſion, mean time precedes apparent. 1 
If the right aſcenſion of the ſun, as before ſuppoſed in the equator, EP, that is (by 
Prop. XLIX.) its mean longitude, be greater than the ſun's real right aſcenſion ER, 


the ſuppoſed place of the ſun in the equator P, will be to the eaſt of the point R, where 
the ſun's real right aſcenſion ends. Therefore when this point R, at apparent noon, is 


come to the meridian, the point P will not be arrived at the meridian; and mean noon 


will be later than apparent noon. Therefore, when the ſun's middle longitude is greater 


than its right aſcenſion, mean time follows apparent. In like manner the reverſe may be 
proved. | | | 


Cor. Hence in the former caſe the equation is to be ſubtraed from the apparent time 
found by the dial, and in the latter, to be added to it, in order to obtain the mean time. 


CHAP. 


Cray, III. OF THE INFERIOR PLANETS 


GF 


Of the ixPERIOR PLAN RTS, MERCURY and VENUS. 


Dr. XLIII. The Elongation of any planet is its apparent dif- 
tance from the ſun. 


Dr. XLIV. The Nodes of the orbit of a planet, are the two 


points in which the orbit cuts the plane of the ecliptic : and a right 


line drawn from one node to the other, is the Line of the Nodes. 


Der. XLV. The Limits of the orbit of a planet, are two e 


in the middle between the two nodes. 


Der. XLVI. An inferior planet is in its ferior conjunction, 
when it is nearer the earth than the ſun is, and in its ſuperior con- 
junction, when it is farther than the ſun is rom: the earth, and both 
in the ſame ſecondary. 


Let A be the place of the earth in its orbit ABO, E the place of Venus in its orbit 
EH“, 8 the ſun, and FD an arc of a circle in the heavens. Venus will be in its inferior 
conjunction when it is at E, and at its ſuperior when it is at 8. and both are in the ſame 
ſecondary. 


P R O P. LIL 


An inferior planet is at its greateſt elongation, when a line draun 
from the earth through the planet, is a tangent to the orbit of the 


planet. 


When the planet is at E, being in conjunction with the ſun, it has no elongation. As 
it moves from E towards X its elongation increaſes, till at X, when A is a tangent to the 
orbit of Venus, its apparent place is F, and its elongation FQ , which is the greateſt 
elongation it can have; for in paſſing from X to G its elongation decreaſes, till at G 
it becomes nothing. This will be true in elliptical as well as circular orbits. 
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P R O P. LI. 
The inferior planets are never in oppoſition to the ſun. 


For in oppoſition the earth is between the ſun and the planets, which can never happen 
when the orbit of the planet is nearer to the ſun than that of the earth. 


Dee. XLVII. A planet is in Qyadrature, when it is go degrees | in 
the celeſtial ſphere diſtant from the ſun. 


P R O P. IAV. 
The inferior planets are never in quadrature. 


The greateſt angle of elongation is that contained by AQ, drawn from the earth 
through the ſun, and AF a tangent to the orbit of the planet. Now if QAF were 
a right angle, AF would be (El. III. 18.) a tangent to the earth's orbit; but AF is a 
tangent to an orbit leſs than that of the earth; it therefore makes an angle with AQ leſs 
than a right angle, that is, QF the greateſt elongation is leſs than go degrees, 


Cor. Hence the inferior planets never appear far from. the ſun, 


r R O P. LV. 


While Venus is moving from the ſuperior conjunction t to the 
inferior, it ſets after the ſun; while it is moving from the inferior 
conjunction to the ſuperior, it riſes before the ſun. 


Whilſt Venus is moving from G, its ſuperior conjunction, through P, to E its inferior 
conjunction, being in the eaſtern part of its orbit, the ſun will be weſtward of Venus; 
therefore Venus, if far enough from the ſun, will be ſeen in the weſt after the ſun is 


gone down, whence it is then called the evening ſtar. But on the weſtern ſide of its orbit, 


the ſun being eaſtward of it, Venus will ſet before the ſun, and conſequently riſe before 
it, whence it is then called the morning ſtar. 


P R O P. IVI. 


The greateſt elongation of an inferior planet on one ſide of the ſun 
is not always equal to that on the other. 


For 


CAP. III. OF THE INFERIOR PLANETS. 


For ſince the planet moves in an elliptical orbit, at the time of its greateſt elongation 
on one fide it may be in its aphelion ; and at its greateſt elongation on the other ſide, 
it may be in ſome part nearer the ſun: hence its real diſtance from the ſun at its 
elongations being unequal, its apparent diſtances will be ſo likewiſe. 


ku 


r R O P vil 


The apparent velocity of the inferior planets is greateſt at the 
conj unctions. 


Since the plane of the orbit of Venus is oblique to that of the earth, thoſe parts of this 
orbit which are viewed by a ſpectator on the earth directly, would appear longer than 
other equal parts viewed obliquely ; whence its motions, if uniform, muſt appear unequal. 
If the orbit EPGH of Venus be ſeen obliquely by an eye placed at A, the parts about 
E and G, or near the conjunctions, will be ſeen directly, for AE is perpendicular to a 


tangent at E; but the parts about * and P would be ſeen obliquely : whence the Pro- 
poſition is manifeſt. 


Scholl. The time when an inferior planet will come again into a given ſituation with 
reſpect to the ſun and the earth, may be thus found, Whilſt Venus performs one revolution, 
the earth, whoſe periodical time is longer than that of Venus, will not have completed 
its revolution. Before Venus and the earth can be again in the inferior conjunction, 


Venus muſt therefore, beſides its entire revolution, deſcribe an arc equal to that which the 
earth has paſſed over: conſequently, the number of degrees paſſed over by each, or their 


angular motions, in the ſame time, will be reciprocally as their periodical times ; that is, 
as the periodical time of the earth is to the periodical time of Venus, ſo is the angular 
motion of Venus (which is equal to four right angles added to the angular motion of the 
earth between two inferior conjunctions) to the angular motion of the earth in the ſame 


time: whence (El. V. 17.) as the difference between the periodical times of the earth 


and Venus, is to the periodical time of Venus, ſo are four right angles, or 360*. to the 


number of degrees over which the earth paſſes in her orbit from one inferior conjunction 


to another. 


Dx. XLVIII. The apparent motion of a planet, if ſeen from 


the earth, is called its Geocentric Motion; if ſeen from the ſun, its 
Heliocentric Motion. 


P R O P. Ln. 
When the inferior planets are paſſing from their greateſt elongation, 
through their ſuperior conjunction, to their greateſt elongation on the 
other 
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other fide, their geocentric motion is direct, or they appear to move 


from welt to eaſt. 


When Venus is at X, it appears to a ſpectator at A to be in the point F of the concave 
ſphere of the heavens : when it has moved forwards in its orbit to H, G, N,P, it will 
appear ſucceſſively in the ſeveral points P, Q, R, D. But the motion from F to D is 
from weſt to eaſt ; for whilſt the ſun and earth are on the ſame fide of the planet, it muſt 
appear to move in the ſame direction, whether it be viewed from the earth or the ſun, 
becauſe the ſpectator at either ſtation views the concave ſide of the planet's orbit: but 
from the ſun it is always ſeen to move from weſt to eaſt; therefore its apparent geocentric 
motion in this ſituation is direct, or in conſequentia. 


N F. MK 


While the inferior planets are moving from the greateſt elongation 
on one fide, to the greateſt elongation on the other, through their 
inferior conjunction, their geocentric motion is retrograde, or from 
eaſt to weſt. 


While the planet is in this ſituation, the convex fide of its orbit is towards a ſpectator 
on the earth, but its concave ſide towards a ſpectator at the ſun : hence the former will 
ſee the planet move in a direction contrary to that in which it will appear to the latter 
to move. Thus, when the planet is at P, it will appear in the heavens at D; and as it 
paſſes through E to X, it appears to move from D through R, Q, P, to F: but the 
motion from D to F is from eaſt to weſt; therefore the apparent motion of the planet 
in this part of its orbit is retrograde, or in antecedentia. 


FR O . 


When the lter planets are at their greateſt elongation, they 
appear ſtationary. 


At either of the greateſt elongations P, of the planet Venus, AD is a tangent to the 
orbit; which ſo nearly coincides with a ſmall arc of the curve, that a ſpectator's eye 
placed at the earth could not diſtinguiſh the tangent from this part of the curve: conſe- 
quently, a planet, while it is in this part of the curve, will appear to lie in the tangent 


AD, that is, to be ſtationary in the point P. 


SCHOL. In the preceding Propoſitions, the earth's motion in its orbit is not regarded, 
becauſe the only effect of this motion on the appearances above deſcribed, is, that they 
take place in different parts of the heavens ; whereas, without this motion, the inferior 

planets 


Cnay. III. OF THE INFERIOR PLANETS. 


planets would always be direct or retrograde in their procl, or be ſtationary, in the ſame 
parts of the heavens. 


If Ah O be the orbit of the earth, and EHG that of Venus ; when the earth is at A, 


the ſun's geocentric place is Q, and Venus, in order to be in conjunction, muſt be in 
the line AQ at E or O. If the earth ſtood ſtill at A, and Venus were in her inferior 


conjunction at E, the ſuperior conjunction would always be at O, and her greateſt 


elongations at X and P. But if the earth be advanced in her orbit from A to a, the ſun's 
| geocentric place is now at m, and Venus, in order to be in conjunction, muſt now be 


in one of the points in which her orbit cuts the line am. Thus the places of the con- 


junctions, and conſequently of the greateſt elongations af, ad, are continually carried 
round the ecliptic in the order of the ſigns. 


Exe, IIluſtrate the three preceding Propoſitions on the oeh. 


r R O. LAX 
The heliocentric latitude of an inferior planet is the greateſt when 
the planet is in one of its limits. 


For the planet is then (Def. XLV.) at its greateſt diſtance from the . and 
therefore will have the greateſt latitude, as feen from the ſun, 


N IXII. 


The geocentrie latitude of an inferior planet is directly as its 


heliocentric latitude, and inverſely as its diſtance from the earth. 


The apparent length of a line drawn from the planet to the plane bf the ecliptic, 
that is, its geocentric latitude, is (by Book IV. Prop. LXIX, LXX.) directly as its 
real length, and inverſely as the diſtance of the ſpectator's eye. But the real length of 
a line drawn from the planet to the plane of the ecliptic, is its heliocentric latitude ; and 
the ſpectator's eye is at the earth: whence the Propoſition is manifeſt, 


Cor, When Venus is in its inferior conjunction, its heliocentric latitude is leſs than 


its geocentric ; for it is then farther from the ſun than from the earth. The contrary 
takes place with reſpect to Mercury. 


P R 0 LXIII. 
The ſun enlightens only one half of a pant, and 4 only one half of 


a planet is viſible, at once. 


This is ſufficiently manifeſt from the ſpherical form of the PRA: and the rectilinear 
motion of light. 
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Dr. XLIX. The hemiſphere of a planet which is towards ny 
earth 1s called its D iſe, becauſe it appears like a Plane circle. 


P R O P. IXI V. 


The inferior planets are jovifible in their inferior Sue 
their whole diſc is illuminated, when they are in their ſuperior con- 
junction; and they are more or leſs illuminated, as they are nearer 
or farther from their ſuperior comunctign. 2 


When Venus, or Mercury, is in its ſuperior conjunction, che whole of its enlightened 
hemiſphere is towards the earth, and its entire diſc is viſible: as it paſſes towards its 
inferior conjunction, its enlightened hemiſphere turns, by degrees, from the earth, till, 
at the inferior conjunction, it is wholly turned from the earth, and the planet becomes 
inviſible. . >, ” 


P' K FEY; 
If an inferior planet is in one of its nodes at the time of its 
inferior conjunction, it will appear as a ſpot in the diſc of the ſun. 
When the planet is in the nodes, it will be in the plane of the ecliptic; and if at the 


ſame time it be in its inferior conjunction, it will neither appear above nor below the ſun, 
as it does when in conjunction in other parts of its orbit, but on the ſun's diſc. 


CHAP, 


cnar. IV. OF THE SUPERIOR PLANETS. 


EK F. PF; 


Of the SUPERIOR PLANETS, MARS, JUPITER, and SATURN. 


Dr. L. The ſuperior planets are thoſe whoſe orbits are farther 
from the ſun than the orbit of the earth, namely, Mars, Jupiter, 
and Saturn. 


P R O Pp. LXVL 


The ſuperior planets are ſometimes in conjunction with the ſun, 
ſometimes in oppoſition, and ſometimes in quadrature. 


Becauſe the orbit of a ſuperior planet lies without that of the earth, in performing 
its revolution round the ſun, it muſt ſometimes be in ſuch a ſituation, that the earth ſhall 
be between it and the eg. when it will appear. on the oppoſite ſide of the heavens, or be 


42 
in oppoſition : ſometimes it t muſt be between tins and the earth, when it will be in 


conjunction, and ſometimes | in the midway between the oppoſition and conjunction, or 


in quadrature. 


Let S be the ſun; QPO a part of the le of Jupiter; P the planet; adg, or ug, the 


earth's orbit. When the earth is at d, the ſun at 8, and the planet at P, the planet is 
in conjunction: when the earth is at &, the ſun at 8, and the planet at P, the planet 


is in oppoſition: when the earth is at 2 or 2. and the planet at P, the planet will be | in 
quadrature. 


P R OP. LXVII. 


The apparent diameter of a ſuperior Planet is greateſt when the 
planet is in oppoſition. 


For, when the planet is in conjunction, its diſtance from the earth is greater than 
When it is in oppoſition, by the diameter of the earth's orbit, 


M m PROP. 


205 


Plate Y 
Fig. 1, 


266 


Plate 10. 


Fig. I, 


OF ASTRONOMY. Book V. PART I. 


P- R O. Ln. 


If a ſuperior planet were at reſt, its apparent geocentric motion 
in any given time would be proportional to the angle ſubtended by 
the arc deſcribed by the earth in that time, and ſeen from the planet. 


When the earth is at a, the planet P appears in the right line aPA, and among the 
ſtars in the heavens at A: when the earth is at “, the planet appears at B. Therefore 


while the earth moves from à to 6b, the planet appears to move from A to B. But this 


arc AB is proportional to the angle APB, that is, to the oppoſite angle Ph, which is 


the angle which the arc ab would ſubtend to an eye placed at the planet P. 


P R O P. LXEX. 


The geocentric velocity of a ſuperior planet is greateſt at its con- 
junction and oppoſition. 


Arcs of a given length near the points 4 and &, when the planet is ſeen from the earth 
in conjunction or oppoſition, would appear greater than arcs in any other part of the earth's 
orbit, viewed from the planet P, becauſe the former are ſeen directly, the latter obliquely: 
conſequently, theſe arcs would ſubtend greater angles; whence the apparent velocity of 
the planet, as viewed from the earth, 1s greater at the n or oppoſition, than at 
any other time. 


N O EXX. 


When a line drawn from a ſuperior planet to the earth is a tangent 


to the earth's orbit, the planet appears ſtationary. 


While the earth is near à or g, points in its orbit lying in a line which, drawn from the 
planet, is a tangent to that orbit, the arc which it then deſcribes ſo nearly coincides with 
the tangent line, that the earth for ſome time ſeems to move directly from or towards the 


planet in the line of the tangent ; whence the Planet muſt, during that time, appear to 
be in that line, « or to be ſtationary, 


PROP. 


Cray. IV. OF THE SUPERIOR PLANETS. 


P R O P. LXXL. 


When a ſuperior planet is paſſing from one of its ſtationary 


ſituations to the other through the conjunction, its geocentric motion 


is direct; when through the oppoſition, retrograde. 


While the earth is moving from à through d to g, the ſun and planet being both on 
the ſame ſide of the earth, the motion of the earth will produce an apparent motion in the 


ſun and planet the ſame way, and both will appear to move from A towards G. But 


while the earth moves from g to n through I, the ſun and planet being on contrary 
ſides of the earth, the motion of the earth in its orbit will produce an apparent motion 
of the ſun and planet in contrary directions, that is, whilſt the ſun appears to move from 
weſt to eaſt, the planet will appear to move from eaſt to weſt in the direction G, H, I, &c. 


Scholl. The progreſs, regreſs, and ftations of the ſuperior planets, muſt take place 
notwithftanding the motion of the earth, ſince this only changes the place of the con- 
junctions and oppoſitions, on which theſe depend, as was ſhewn Prop. LX. Schol. 


Exr. Repreſent the direct and retrograde motions of ws. tans planets on the 


orrery. 


P R O P. IXXII. 
Mars ſometimes appears round, ſometimes gibbous; Jupiter and 
Saturn always appear round. 


When Mars is either in oppoſition or conjunction, his whole illuminated hemiſphere is 
towards the earth, but when it is in quadrature, ſome part of his illuminated diſc is 
turned from the earth. The ſame muſt happen in the revolutions of Jupiter and Saturn 
about the ſun; but their great diftance renders the difference between the perfect and 
imperfect inumination of their diſc imperceptible. 


M m 2 CHAP. 
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r 
Or THE M O O N. 


„ T, L 
Of the VARIATIONS i the APPEARANCE of the Mooxn. 


Dr. LI. When the moon is at its greateſt diſtance from the 


earth in its orbit, which is elliptical, or at its higher apſis, it is ſaid 


to be in its Apogee 1 ; when at its leaſt diſtance, or lower "PO, - in its 
Perigee. 8 


Dr. LII. When the moon is in conjunction with the ſun, it 
is New Moon; when in oppoſition, it is Full Moon: its conjunction 
and oppoſition are called by the common name of its Syzygres. 


Dey. LIII. A Periodical Month is the time in which the moon 


deſcribes its orbit; a Synodical Month is the time which paſſes be- 
tween one new moon and the next. 


I ae + ol 
A ſynodical month is longer than a periodical month. 


Becauſe the moon moves in the ſame direction with the ſun, while the moon performs 


one revolution in its orbit, the ſun, by its apparent annual motion, is advanced in the 
_ ecliptic ; conſequently, the moon muſt paſs beyond the point in which it has completed 


its revolution before it comes again into conjunction with the ſun. 


Let S be the ſun, BA a part of the earth's orbit, md, MD, the diameter of the moon's 
orbit when the earth is at B, or A. While the earth is at A, if the moon be at D, it will 


be in conjunction, and if the earth continued in the ſame place, after one revolution in its 


orbit, it would be again in conjunction: but if, during the revolution of the moon, 


the 


CHAP. V. OF THE MOON. 


the earth is removed to B, the moon at the end of the revolution will be ig d, a point 


which is not between the earth and ſun ; it muſt therefore move on from à to e before it 
will be in conjunction. 


Pp R O P. IXXIV. 


The moon, at its conjunction, is inviſible; at its oppoſition, its 


whole diſc is enlightened; at its quadratures, it is half enlightened; 


between the conjunction and quadrature, it is horned; and between 


the quadrature and oppoſition, it is gibbous. 


Let QTL be a part of the earth's orbit, S the ſun, T the earth, AC EG the moon's 
orbit. When the moon is at E, or in conjunction, becauſe it is between the earth and 
ſun, its illuminated hemiſphere will be wholly turned from the earth, conſequently, its diſc 
will be dark. At A, being in oppoſition, its illuminated hemiſphere will be wholly towards 
the earth, and its whole diſc will be viſible. At C, or G, the apparent diſtance of the 
moon from the fun will be go degrees, for a right line from © or G, will make 
a right angle with the line TS, in which the ſun appears: whence the moon at 
each of them is half way between the oppoſition and conjunction, that is, in the middle 
ſtate between the perfect illumination and the entire darkneſs of its diſc ; conſequently, 
its diſc is half enlightened. In paſſing from C to E, and from E to G, its diſc will be 
be more than half illuminated, or it will appear gibbous; in paſſing from G to A, and 
from A to C, its diſc will be leſs than half illuminated, or it will appear horned. 


D Er. LIV. A circle ſuppoſed. to be drawn upon the ſurface of 


the moon, ſeparating the illuminated from the dark hemiſphere, is 
called the Circle Illumination: a circle which ſeparates its viſible 


from its inviſible hemiſphere, is called the Circle of the Diſc. 


PR. 0 F. LXXV. 


If the centers of the ſun, the earth, and the moon, are joined by 


ſtraight lines forming a triangle, the external angle of this triangle 


at the moon, is equal to the angle contained between the circle of 


illumination, and the circle of the diſc. 
| ce del of Hee 
Let S be the ſun, T the earth, O the moon, and mrng the moon's orb. Let STO be 


the ſuppoſed triangle. Draw the line 79 perpendicular to SO, and nm perpendicular to 


TOP. The angle SOP will be equal to the angle mOg, contained between rg, which 


repreſents the circle of illumination, and am, which repreſents the circle of the diſc. 
Becauſe 
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Becauſe the angles SOr, TOm, are by conſtruction right angles, they are equal: and 
POr, 50 T, are vertical angles, and therefore equal. Conſequently, the remaining angles 
POS, mOg, are equal. 


SCHOL, This Propoſition ſerves to explain all the different phaſes of the moon, For 
example; when the moon is moved from O to A, the line SO coincides with SA, and 
TO with TA; therefore TO, OS, lie in the ſame line, and the external angle POS is 
nothing : whence the two circles of illumination and of the diſc coincide ; and becauſe 
the diſc is then turned from the ſun, it is wholly dark. When the moon is in quadrature, 
the line TOP will be a tangent to the moon's orbit ; whence SOP will be a right angle, 
and the two circles will be at right angles to each other, and the diſc will appear half 
illuminated. If the angle POS be leſs or greater than a right angle, the circle of illumina- 


tion will make an angle with that of the diſc, leſs or greater than a right angle: whence ; 


the illuminated part will appear horned or gibbous. Laſtly, when the moon 1s in oppo- 


fition, the lines SO, ST, become one and the ſame line; whence the circles coincide, 
and the whole diſc is illuminated. 


Exp. Repreſent the changes of the moon upon the orrery. 


0 O P. IXIVI. 
The horns of the moon, before the conjunction, are turned towards 
the eaſt ; after it, towards the weſt. 


The ſun, after the conjunction, ſetting before, that is, to the weſt of the moon, 
illuminates the weſt ſide of the moon's diſc; whence its horns, which are towards the 
dark part of the diſc, are towards the eaſt, The reverſe takes place at the oppoſition, 
when the moon is ſeen in the eaſt, before the ſun riſes. 


PR O FP. IVI. 


When the moon is horned, its obſcure part is viſible by the re- 
flection of the rays of the ſun from the earth. 


When the moon is at D or F, near the conjunction, the enlightened hemiſphere of the 
earth will be towards the moon, and reflect the rays of the ſun upon it. 


P R O FP. LXXVIIL 
The moon always has nearly the ſame ſide towards the earth. 
This is proved by obſervation. 


Cor. Hence, if the moon revolves about its axis, its periodical time muſt be equa] to 
that of its revolution in its orbit round the earth. 


PROP. 


cnar.V. - r THE MOON. 


P.R © P. LEXIS. 
The moon appears to have two librations, one upon a line per- 
pendicular to its axis, called its libration in latitude; the other 
upon its axis, called its libration in longitude. 


This appears from obſervation, ſome ſmall portions of the ſurface of the moon being 
viſible in ſome parts, and inviſible in other parts, of its orbit. 


PR O P. . 
The librations of the moon may be explained on the ſuppoſition 


that the moon has a revolution round its axis. 


Let IH repreſent the plane of the moon's orbit, E the earth, and CMD the moon ; 
and let AB be the axis round which the moon revolves, and A be called its north pole, 


and B its ſouth pole. CMD will in this ſituation be the viſible hemiſphere, and CD 


the plane of the diſc. By the libration in latitude the line AB appears to vibrate on 
the line IH, ſo that ſometimes the point A is viſible, and ſometimes the point B. This 
variation attends the moon's revolntion in its orbit : in one half of the orbit, the pole A 
is always viſible, and in the other half the pole B. It muſt therefore ariſe from the in- 
clination of the axis of the moon to the plane of its orbit. When the moon is at I, if 


the axis AB is inclined to IH the plane of the orbit, making with it the angle AIH to 


a ſpectator at E, the viſible hemiſphere will be CND, and the pole A will be within 
the diſc : but when the moon is at H, the viſible hemiſphere will be CMD ; and, the 
axis AB being always parallel to itſelf, the pole B will be within the diſc. 

Again, let the moon be at A, the earth at T, and a line des, paſſing through the center 
of the moon, be its axis. If a circle, whoſe plane is perpendicular to Toe, paſs through 
the line dcs, this circle will be that of the diſc, and dpqs will be the viſible hemiſphere. 
But the moon has an apparent motion, by which the diſc is changed, ſo that at one time 


rb is the circle of the diſc, and r4b the viſible hemiſphere, at another Ffq, and eg. In 


the former caſe, sr becomes viſible, and d inviſible, in the latter caſe, df becomes 
viſible, and gs inviſible. This libration in longitude ariſes from the elliptical form of 
the moon's orbit. If the moon has a rotation round its axis, it has been ſhewn that its 
revolution will be completed in the time of one revolution in its orbit; and becauſe 
the motion round the axis is uniform, one quarter of a revolution will be completed 
in one fourth part of the periodical time. But, the moon's orbit being ſuppoſed 
elliptical, and the earth placed at T one of the foci, the moon. will move flower at 
A its apogee, than at P its perigee, and its velocity will continually increaſe in moving 
from A to P, and decreaſe in moving from P to A. If therefore when the moon is 
At. 
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at A, dbgs is the viſible hemiſphere, after it has moved from A to B, through that quarter 
of its orbit, in which it moves with its leſs velocity, and conſequently takes up more than 
a quarter of its periodical time, ds will not be perpendicular to Te, but the point s will 
have turned from weſt to eaſt more than a quarter round the axis O: hence the point 
s will not be viſible when the moon is at B, and 1 inſtead of de will be the circle of the 
diſc. In paſſing from B to P, its exceſs of velocity will make up for its defect in paſting | 
from A to B; and at B it will have completed half its orbit in half its periodical time: but 

in half its periodical time, it will have revolved half round its axis, therefore at P, ds 
will again be perpendicular to Te, and ds will again be the viſible hemiſphere. The 


reverſe will take place in paſſing from P to A through D, when 1% will again be the circle 
of the diſc, and 5s will be within it. | 


PN O P. . 


The moon revolves about its axis in the ſame time in which it 
revolves about the earth. 


Without ſuch a revolution, the phenomena of its librations could not happen. If 


the point A were viſible in one part of the moon's orbit, it would be always viſible, 
without a rotation about an axis oblique to the plane of the orbit, to produce an apparent 


motion of the point A, or the libration of latitude; If ds were perpendicular to T, 
when the moon is at A, it would be ſo in every other part of the orbit; and therefore 
dxs would always be the illuminated hemiſphere, if there were not a revolution about 


the axis to produce, in the manner above explained, the libration of longitude, Theſe 


librations therefore prove the exiſtence of this revolution : and it has been ſhewn, that 


if there be ſuch a revolution, its periodical time is the ſame with that of the moon in 
its orbit. 


PR O FP. III. 
The orbit of the moon is an ellipſe. 


It is only on this ſuppoſition that the libration of longitude can be explained: from 
this phenomenon, therefore, the elliptical form of the orbit may be inferred. 


5 R O PF. Lin. 
The moon's ſurface is irregular. 


If the ſurface were every where regular, the limit between the enlightened and dark 


parts of the diſc being the circle of light, that is a perfect great circle of a ſphere, would 


be exactly defined when the moon is horned, half enlightened, or gibbous, contrary to 
obſervation. 


SECT. 


Cnae. V. OF THE MOON. 


N 30 


Of ECIIPS ES. 8 


Dr. LV. An Eclipſe of the Moon happens when the earth, paſſing . i 
between the ſun and moon, caſts its ſhadow on the moon. oo þ 


P Rk. OP. DIX. 5 — 
The moon can only be eclipſed at the full, or in oppoſition. | 1 


For it is only when the moon is in oppoſition that it can come within the ſhadow of 
the earth, which muſt always be on that fide of the earth which is from the ſun. Ci 


P R ON LEXXV. e — 


The moon can only be eclipſed when, at the full, it is in or near 
one of its nodes. | 


The earth being in the plane of the ecliptic, the center of its ſhadow is always in that 
plane; if therefore the moon be in its nodes, that is, in the plane of the ecliptic, the | 
ſhadow of the earth will fall upon it: alſo, ſince this ſhadow is of conſiderable breadth, : 
it is partly above and partly below the plane of the ecliptic; if therefore the moon 
in oppoſition be ſo near one of its nodes, that its latitude is leſs than half the breadth of | 
the ſhadow, it will be eclipſed. But, becauſe the plane of the moon's orbit makes an ; 1 
angle of more than 5 degrees with the plane of the ecliptic, it will frequently have too | 


much latitude at its oppoſition to come within the ſhadow of the earth. | 


P R O P. LXXXVI. 
The ſun is larger than the earth, and the ſhadow of the earth is 
a cone, the baſe of which is on the ſurface of the earth. | 


* — as. 
wo 


If the earth were larger than, or equal to, the ſun, it is manifeſt, that its ſhadow would 
either perpetually enlarge, or be always of the ſame dimenſion ; but in this caſe, the 1 
Nn ſuperior = 
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ſuperior planets would ſometimes come within it, and be eclipſed, which never happens. 
Therefore the ſun is larger than the earth, and produces a ſhadow from the earth of 'a 
conical form, which does not extend to the orbit of Mars. 


P R O P. LXXXVI. 
The moon is eclipſed by a ſection of the earth's ſhadow. 


Let CD be the earth, CME the cone of its ſhadow, and FH a part of the moon's 
orbit paſſing through the ſhadow ; it is manifeſt that as the moon deſcribes this part of 
its orbit, it paſſes through the circular ſection FGHL. 


De: LVI. The moon's Er inne Parallax, is the angle which 


a ſemidiameter of the earth would ſubtend, if it were viewed directly 
from the moon. 


L E MW M 


Half the a+ of the cone of the earth's ſhadow may be taken as — 
to the angle of the ſun's apparent ſemidiameter. 


Let AFBG be the ſun, HED the earth, HMD or BMA the angle of the cone of the 
earth's ſhadow, and CMD half this angle. SA, a ſemidiameter of the ſun, drawn from 
its center to the point of contact of the tangent AM, is perpendicular (El. III. 16.) to 
AM, and is therefore ſeen directly from D; and it ſubtends the angle SDA; it muſt 
therefore appear large in proportion to the magnitude of this angle. But in the triangle 
SDM, the external angle SDA is equal to the two angles CSD, CMD; of which, 
CS, the angle in which the ſemidiameter of the earth is viewed from the ſun, is ſo ſmall 


that without any ſenſible e error it may be reckoned as nothing, and SDA be ſaid to be 
equal to SMD. 


P R O P. LXXXVIII. 
The ſemidiameter of the ſection of the earth's A which 


eclipſes the moon, is equal to the difference between the horizontal 


parallax of the moon, and the ſun's apparent ſemidiameter. 


CT, being a ſemidiameter of the earth drawn from the point of contact of the tangent 


CM, is perpendicular to CM. CT will therefore be ſeen directly, from the point F 


in the moan's orbit, ſubtending the angle CFT, which is (Def. LVI.) the moon's 
horizontal 


—— cr nie —ͤ—ũ—6łʒ—— — 
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horizontal parallax. FMG is the ſemiangle of the cone of the earth's ſhadow, equal to 
the angle of the ſun's apparent femidiameter, becauſe MC produced would be a tangent 
to the circle of the ſun's diſc. FG is the ſemidiameter of the ſection FGHL of the 
earth's ſhadow through which the moon paſſes in an eclipſe; and FTG the angle which 
this ſemidiameter will ſubtend when it falls upon the moon, and is viewed from the earth. 
Now the angle CFT is equal to the two angles FMG, FTG (EL. I. 32.) conſequently, 
FTG is equal to CFT - FMG; but by the preceding Lemma, FMT may be taken for 


the angle of the ſun's apparent ſemidiameter ; and CFT is the moon's horizontal parallax : 
whence the Propoſition is manifeſt. 


Cor. Hence the ſection of the earth's ſhadow, by which the moon is eclipſed, is broader 


than the moon; for the ſemidiameter of the ſhadow, by this Prop. is 61'—16=45'. and 
the diameter of the moon is about It”, 


' Due. LVII. An eclipſe of the moon is partial, when only a part 
of its diſc is within the ſhadow of the earth; it is total, when all 
its diſc is within the ſhadow; and it is central, when the center of 
the earth's ſhadow falls upon the center of the moon's diſc. 


PR O P. LXXXIX. 


The moon, at the full, will not be eclipſed, if its latitude is equal 


to, or greater than, the ſum of its own ſemidiameter, added to the 
ſemidiameter of the earth's ſhadow. 


Becauſe a circle or ellipſe appears as a right line when the eye is in the ſame plane with 
it, let OO repreſent the plane of the ecliptic, RR the plane of the moon's orbit, and N 
the node. At the full moon, if the earth's ſhadow be at A, the moon F muſt be in the 
ſame part of the heavens, becauſe it is in oppoſition. But becauſe only one half of the 
ſhadow of the earth, or about 45'. is on the ſame fide of the ecliptic with the moon, 
and only one half of the moon's breadth, or about 16'. is on the ſide of its orbit towards 
the earth's ſhadow; if the center of the moon & is more than 61'. from the center of the 
ſhadow, the moon will paſs clear of the ſhadow, and will not be eclipſed. 


Let GE be an arc of the moon's orbit, AB an arc of the ecliptic, and Cc an arc in 


a ſecondary of the ecliptic equal to the moon's latitude, If this arc be equal to, or 


greater than, Ct and e, the ſum of the ſemidiameters of the earth's ſhadow, and of the 


moon, it is manifeſt, that the ſhadow cannot paſs over any part of the moon's diſc. 


Nn 2 No: PROP. 
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P R O P. XC. 


The moon, at the full, will be partially eclipſed, if its latitude is 
leſs than the ſum, but greater than the difference, of its own ſemi- 
diameter and that of the earth's ſhadow. 


If Cc the latitude of the moon be ſuppoſed leſs than Cz, e, the ſum of the ſemidiameters 
of the ſhadow and the moon, J the lower edge of the moon will be below f the upper 
edge of the ſhadow; whence the ſide of the moon towards the ecliptic will be eclipſed. 
But, becauſe Cc the moon's latitude, added to co its ſemidiameter, is greater than Cz 
the ſemidiameter of the earth's ſhadow, the upper edge of the moon o, cannot come 
within the ſhadow ; whence the eclipſe will be partial. And becauſe in this caſe the 
moon's latitude, together with its ſemidiameter, is greater than the ſemidiameter of the 
ſhadow, the moon's latitude is greater than the difference of the ſemidiameters of the 
ſhadow and the moon: or, becauſe Cc+co is greater than Cz, Cc is greater than Ct—ce. 


P R O P. XC. 


The moon will, at the full, be totally eclipſed, if its latitude is 


leſs than the difference between its own ſemidiameter, and that of 


the earth's ſhadow. 


It Ce4c co be leſs than Cz, that! is, if Cc be leſs than Crunk, the upper edge of the 


moon may come within the ſhadow of the earth. 


PR O P. XCIL. 


The moon is centrally eclipſed, only when, in x oppoſition, it is in 
one of its nodes. 


The node N, being the common interſection of the moon's orbit, and the plane of the 
ecliptic, is in both. Therefore when the moon is in the node, its center is in the plane of 


the ecliptic, in which is the center of the earth's ſhadow, and conſequently at the full 
theſe centers coincide, 


Scho! I. Both the moon and the ſhadow moving from eaſt to welt; the moon would 
always be in eclipſe while it was at, or near, its nodes, if it moved with the ſame velocity 


as the earth : but becauſe it moves much faſter than the ſhadow of the earth, it ſoon 
paſſes from its oppoſition out of the ſhadow. 


SCEKOL. 


ona. V. OF THE MOON. 


SCHOL. 2. The ſemiangle of the cone of the earth's ſhadow being known, the length 
of the ſhadow may be found. | 

The ſemiangle CMT being equal to the ſun's apparent 8 or about 16. and 
CT a ſemidiameter of the earth being perpendicular to the tangent CM, if TM be radius, 
CT is the fine of the angle CMT. Therefore as the fine of an angle of 16“. is to radius, 
ſo is CT to TM, the height of the cone; that is, as 1 to 217. Whence the length of the 
ſhadow is about 217 ſemidiameters of the earth. | 


P R of * XCIII. 


The moon in a total eclipſe, is not wholly invifible. 


This is known by obſervation; and the phenomenon i is produced by the reflection of 
rays of light falling upon the earth's atmoſphere, towards ne ſhadow, and conſequently 
towards the moon in the ſhadow. 


Dep. LVIIL . An Eclipſe of the Sun happens when the moon, 


paſſing between the ſun and the earth, intercepts the ſun's light. 


P R 0 P. xclv. 


The ſun can only be eclipſed at the new moon. 


For it is only when the moon is in conjunction, that it can paſs directly between the 
ſun and the earth. | 


P R O P. XCV. 


The ſun can only be eclipſed, when the moon, at its conjunction, | 


is in or near one of 1 its nodes. 


For unleſs the moon is in or near one of its nodes, it cannot appear in or near the ſame 


plane with the ſun; without which it cannot appear to us to paſs over the diſc of the ſun. 
At every other part of its orbit, it will have ſo much northern or ſouthern Jatitude, as to 


appear either above or below the ſun; If the moon be in one of its nodes, having no 
latitude, it will cover the whole diſc of the ſun, and produce a total eclipſe, except when 
its apparent diameter is leſs than that of the fun: if it be near one of its nodes, having 
a ſmall degree of latitude, it will only paſs over a part of the ſun's diſc, or the eclipſe 
will be partial. | 


PROP. 
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manifeſt, that, in this ſituation, the moon, being an opaque body, will caſt its ſhadow 
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P R O P. XCVI. 


5 a total eclipſe of the ſun, the 1 of the moon n falls e 
that part of the earth where the eclipſe i is ſeen. 


Let SL be the ſun, TR the moon, VM a part of the ſurface of the earth. A ſpectator 
placed any where between V and M, will not ſee any part of the ſun, becauſe the moon 
will intercept all the rays of light which come to him directly from the ſun; and it is 


upon VM, the part of the earth where the eclipſe is uy, 


P R 82 P. xcyll. 


The ſhadow of the moon is a cone, terminated i in a point. 


Becauſe (by Prop. LXXXVIII. Cor. ) the diameter of the moon is leſs than the diameter 
of the earth's ſhadow, where it eclipſes the moon, and this diameter (by Prop. LXXXVI.) 
is leſs than the diameter of the earth, the diameter of the moon is much leſs than that of 
the ſun: conſequently,” its. ſhadow. will be a cone, terminated in a point, The tangents 
LAR, SAT), terminate in A; and only the rays that would paſs within theſe tangents 
are intercepted by the moon ; therefore RTA is the form of the moon's ſhadow. 


6: 1 


IL. E M M A. „„ 


Ha If the angle of the cone of the moon's 3 15 equal 1: to 1 aps 
of the apparent ſemidiameter of the ſun. 


Let FBGA be the ſun; HED the moon; the cone HMD the moon's ſhadow; CMD 
the ſemiangle of this cone; SA the ſemidiameter of the ſun, and SDA the angle which 
this ſemidiameter would ſubtend, if viewed from D. It may be proved, as in Prop. 
LXXXVIII. Lemma, that CMD is equal to SDA; for the diſtance of the moon from 


the ſun is ſo nearly equal to that of the earth from the ſun, that the apparent ſemidiameter 
of the ſun, as ſeen from the earth or moon, may be conſidered as equal. 


PR O P. XCVIII. 


A fenniellamores "of the moon's ſhadow, where it falls upon the 


earth, 1s equal to the difference between the apparent Fmidrameters 
of the moon and ſun. 


Let 


Cnay. V. OF THE MOON. 


Let CDE repreſent the moon, CME the cone of its ſhadow; FG the ſemidiameter 


of the moon's ſhadow where it falls upon the earth in a ſolar eclipſe; CT the ſemidiameter 

of the moon, CFT its angle viewed from F, and FTG the angle of the apparent ſemi- 

diameter of the moon's ſhadow viewed from. 

In the triangle TFM, the external angle TFC (El. I. 32.) is equal to the two angles 
FTG, FMG. Therefore FTG is equal to the difference between TFC and FMG : and 


FMG is (by the preceding Lemma) equal to the angle of the ſun's apparent ſemidiameter, 
and TFC is the angle of the moon's apparent ſemidiameter : whence the Propoſition is 
manifeſt, 


P R O P. XCIX. 


In a partial eclipſe of the ſun, a penumbra, or imperfect ſhadow 
of the moon, falls upon that part of the earth where the partial 
eclipſe is ſeen. 


A ſpectator at N, or P, 21 ſee the whole ſun; for a ray paſſing from the moſt 


remote ſide of the ſun, S or L, would not be intercepted by the moon. But at any point 


in NM, VP, the ſpaces between the moon's ſhadow and the points N, P, the ſpectator 
would only ſee a part of the ſun: thus at G, or D, he would ſee that half of the ſun 
which lies without the tangents DRC, GTC : conſequently, in all places between the 
points N, M, and P, V, there will be leſs light from the ſun, than if it were not at all 
eclipſed. This deficiency of light is called the moon's penumbra. 


n 


The moon's penumbra is an increafing cone, and its darkneſs 
increaſes towards the ſhadow of the moon. 


While a ſpectator is in the ſpace between N and M, or P and V, he is in the penumbra; 


but at the points N, P, paſſes out of it. Therefore the tangents NS, PL, are the limits 
of the penumbra. If tangents be fuppoſed drawn round the ſpherical furfaces of the ſun 
and moon, they will form two cones, having their common vertex at F, and. increaſing, 
the one towards the points L, S, the other towards the points N, P. And as the ſpectator 
moves from N towards M, or from P towards V, a greater and greater portion of the ſun 
continually becomes inviſible to him; whence the penumbra increaſes in darkneſs towards. 


M and V. 


PROP. 
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. 


The ſemiangle of the moon's penumbra is equal to the angle of 
the ſun's apparent ſemidiameter. 


Let SL be the ſun, and TR the moon. By Prop. C. the tangents SFN, LFp, 
terminate the cone of the penumbra. CE, drawn from the center of the ſun to that of 
the moon, biſects TFR, the angle of this cone; whence EFT is its ſemiangle. LC 
being the ſemidiameter of the ſun, LTC is the angle under which this ſemidiameter would 


appear from the moon T. I ſay, TFE is equal to LTC. For, in the triangle TCF, 


the external angle EFT is equal to the two internal and oppoſite angles FTC, FCT, 
that is, to the two angles LTC, TCE. Therefore EFT is equal to LTC, TCE. But 
TCE, being the angle which the moon 's ſemidiameter would fubtend, if viewed from the 
ſun, is ſo ſmall that it may be neglected ; hence EFT may be conſidered as equal 


to LTC. 


Plate 10. 


Fig. 12, 


FN FT... - Th 

The ſemidiameter of the moon's penumbra, in that part through 

which the earth paſſes in an eclipſe of the ſun, is equal to the ſum 
of the apparent ſemidiameters of the ſun and moon. 


Let CD be the moon, CDAB its penumbra, and CMD the angle of the cone of the 
penumbra : and let AEBF be the ſection of the penumbra through which the earth paſſes 


in an eclipſe of the ſun, AB its diameter, and AT its ſemidiameter, MLT drawn from 
the vertex through the center of the moon, will biſect the angle CMD. Therefore (by 


Prop. CI.) CML the ſemiangle of the penumbra is equal to the ſun's apparent ſemi- 
diameter. And CL is the moon's apparent ſemidiameter, as ſeen from the earth A, 
ſubtending the angle CAL; and AT the ſemidiameter of the penumbra, ſeen from L, 
ſubtends the angle ALT. Now the angle ALT is equal to the two angles CML, CAL; 
whence the truth of the Propoſition | is mantel. 


DEF. LIX. The diſc of the earth, is that hemiſphere of the 


earth, which 1s ſeen, as a circle, from the moon. 


P R ON Cu. 
At the new moon the whole diſc of the earth is enlightened. 


For, the moon being then between the ſun and the earth, the earth, viewed from the 
moon, will appear in oppolition, and conſequently its s enlightened hemiſphere will be 
- towards the moon. | 


PROP. 


Cuae.V. OF THE MOON. 


P'R O P. Oo. 


The ſemidiameter of the earth's diſc, is equal to the moon's | 
horizontal parallax. | | 


The moon's horizontal parallax is the apparent ſemidiameter of the earth, as viewed 1 
from the moon, that is, it is equal to the ſemidiameter of the diſc, ſince the diſc is a | | 
hemiſphere of the earth viewed from the moon. | 


PR O FP. C. 
If the latitude of the moon, when new, is equal to, or greater than, . | 
the ſum of the ſemidiameter of the penumbra and the moon's hori- 3 


zontal parallax, there will be no eclipſe of the ſun; 3 if leſs, there will | l 
be an eclipſe, either partial, or total. 20. | | 


Let ACB be a part of the ecliptic ; let GNE be the plane of the moon's orbit; let plate 10. | 

N be the node, DL the earth's diſc, and of a ſection of the moon's penumbra. Be- Fs. 9: 1 
cauſe the center of the moon's penumbra 1s always in a right line paſſing through the | 
centers of the ſun and the moon, the diſtance of c, the center of the moon's penumbra, 
from the plane of the ecliptic muſt always be the ſame with the diſtance of the center 
of the moon from the ſame plane, that is, with the latitude of the moon. And becauſe 
the center of the earth, or the earth's diſc C, is in the ecliptic, Cc the diſtance between { 
the centers of the penumbra and of the earth's diſc, is always equal to the latitude of the | 
moon. Now, if Cc, or the latitude of the moon, be equal to, or greater than, c/ the 

, ſomnidiamzeter of the penumbra, together with #C the ſemidiameter of the earth's diſc, or 
the moon's horizontal parallax, then no part of the penumbra will fall upon the diſc, 
that is, there will be no eclipſe. If Ce the latitude of the moon be leſs than fC, *the | 
edge of the penumbra will be nearer the ecliptic than the edge of the diſc, and there i 
will be a partial eclipſe. And if Cc be leſs than Ct, the ſhadow of the moon will paſs | { 
over ſome part of the diſc of the earth, and where this happens, the eclipſe will be total. '| 


Pp «OP. Of 
If the moon, when new, is in one of its nodes, the eclipſe of the 
ſun will be central. 


For then the centers of the earth, ſun and moon being all in the plane of the ecliptic, | 
the center of the moon will paſs between the ſun's center, and that of the earth, 


O o 8 _ SCHOL, if 
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Schol. 1. The penumbra of the moon in a central eclipſe, will not cover the whole 
diſc of the earth. 

The ſemidiameter of the moon's penumbra, being . to the ſum of the apparent 
ſemidiameters of the ſun and moon, that is, about 160 23'.+15'. 37“. or 327, at the 
medium; its diameter is about 64'. whereas the diameter of the earth's diſc is about 120“. 


whence the penumbra cannot cover the whole diſc. 


ScHor.. 2. The height of the ſhadow of the moon is about 60 femidiameters of the 
earth. The ſemiangles of the earth's ſhadow, and of the moon's ſhadow, being each 
equal to the ſun's apparent diameter, the angles are equal to one another, and theſe cones 
are ſimilar. Therefore as the ſemidiameter of the baſe of the earth's ſhadow (that is, of 
the earth) is to the ſemidiameter of the baſe of the moon's ſhadow h is, of the moon), 
ſo is the height of the earth's ſhadow to the height of the moon's ſhadow. Now the 
ſemidiameter of the earth is to that of the moon nearly as 100 to 28, and the height of 
the earth's ſhadow is about 217 ſemidiameters of the earth: whence the height of the 


moon's ſhadow is equal to about 60 4 ſemidiameters of the earth; tor 100 28:2 417 


60 2 nearly. 


Des. EX. An eclipſe of the ſun 1s ſaid to be annular, when 
at the time of the eclipſe, a ring of the ſun appears round the — 
of the moon. 


PR G N nn 


A central eclipſe of the ſun will be an annular one, if the diſtance 


of the moon from the earth at the time of the eclipſe be greater 
than its mean diſtance. 


SL being the ſun, TR the moon, TAR the moon's ſhadow, and EA the height of 
this ſhadow, which is about 60+ ſemidiameters of the earth; if at the time of a central 
eclipſe PN is a part of the ſurface of the earth, thoſe who. live in the parts PV, MN, 


being in the penumbra, will (by Prop. XCIX.) ſee a partial eclipſe; and thoſe who 


live between V and M, being in the ſhadow, will (by Prop. XCVI.) ſee a total eclipſe. 
But if the diſtance of the moon from the earth be equal to EA, or 60 ſemidiameters of 


the earth (which is the moon's mean diſtance) A will be the only point from which the 


eclipſe will appear total. And if the moon's diſtance be greater than EA, as EO, the 
ſhadow not reaching the earth, there will be no total eclipſe. Conſequently, though a 
ſpectator at O would ſee a central eclipſe (becauſe the centers C, E, are in the ſame line 


with the point of viſion 8), yet the eclipſe would not be total, becauſe the ſpectator is 


not in the ſhadow of the moon. Hence it muſt appear annular: for let ORX be a 
tangent to the moon drawn from the eye at O; it will fall upon the fun at X, and the 


part 


ena v. _ OF THE MOON. 


part XL of the ſun will be viſible: in like manner, parts of the _ equal to XL will 
be viſible all round the moon, forming a ring. 


Cox. Hence it appears, that in an annular eclipſe it 1s the penumbra of the moon 
which falls upon the earth. 15 


Dev. LXI. The Lunar Ecliptic Limit, is the leaſt diſtance that 


the moon can be at from one of its nodes, without being eclipſed 


at the time of oppoſition : the So/ar Ecliptic Limit, is the leaſt diſtance 


the moon can be at from one of its nodes, without eclipling the ſun. 


at the time of conjunction. 


C ͤ cnn 
The ſolar ecliptic limit is greater than the lunar. 


By Prop. CV. it is found, that g2'. is the leaſt latitude the moon can have, when 


new, without eclipſing the ſun. If therefore Ne be the diſtance of the moon from the 


node, when its latitude, or cC, is 92'. in the triangle CN, the angle cCN being a right 


a becauſe cC is perpendicular to the plane of the ecliptic, the angle cNC being about 


5*. 30'. the inclination of the moon's orbit to the plane of the ecliptic; and the fide cC 
being 92'. Ne will be found by trigonometry to be about 16%. In the ſame manner, 


ſuppoſing Ce the latitude of the moon to be 61'. according to Prop. LXXXIX. the length 


of the ſide Ne, or the lunar ecliptic limit, will be found to be about 12*. Whence 
the truth of the Propoſition is manifeſt. | 


Cor. There are more eclipſes of the ſun, in a courſe of years, than of the moon ; 


for, the ſun will be eclipſed, if, when the moon is new, it is within 169. of one of the 


nodes, but the moon only when at the full it is within 129. of one of the nodes; the ſun 


may be eclipſed while the moon is in 64 degrees of its orbit, but the moon only while 


it is in 48 degrets of its orbit. 


Scyol., Every eclipſe of the moon will be viſible, if the moon be above the horizon 
at the time of the eclipſe; becauſe that part of the moon on which the ſhadow of the earth 


falls, muſt appear obſcured wherever the diſc of the moon is viſible, But the ſun may 
be eclipſed, and yet the eclipſe be inviſible in places to which the ſun is above the horizon, 
becauſe there can be no eclipſe of the ſun, except in thoſe parts of the earth which are 
within the ſhadow or penumbra of the moon, and neither of theſe are large enough to 
cover the whole diſc. Hence, in any given place, more eclipſes of the moon than of the 
ſun will be ſeen in a courſe of years: for though there are more eclipſes of the ſun than 
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of the moon, many of the former are not viſible at any one place while the ſun is above 


the horizon; but all the latter are viſible at the ſame place while the moon is above the 
horizon. | | 


R © F. E. 


When the moon is near the firſt of Aries, and is moving towards 
the tropic of Cancer, the time of its riſing will vary but little for 
ſeveral days together. 


If the moon were to move in the equator, its motion in its orbit, by which it de- 
ſcribes a revolution, in reſpect of the ſun, in ag days 12 hours, would carry it every 
day eaſtward from the ſun about 129. 11. whence its time of riſing would vary daily 
about 50 minutes. But, becauſe the moon's orbit is oblique to the equator, nearly 


_ coinciding with the ecliptic, different parts of it make different angles with the horizon, 


as they riſe or ſet, thoſe parts which riſe with the ſmalleſt angles ſetting with the greateſt, 


and the reverſe. Now the leſs this angle is, the greater portion of the orbit riſes, in the 


ſame time. Conſequently, when the moon is in thoſe parts which riſe or ſet with the 
ſmalleſt angles, it riſes or ſets with the leaſt difference of time, and the reverſe. But in 
northern latitudes, the ſmalleſt angle of the ecliptic and horizon is made when Aries 
riſes and Libra ſets, and the greateſt when Libra riſes and Aries ſets ; and therefore, 
when the moon riſes in Aries, it riſes with the leaſt difference of time. Now the moon 
is in conjunction in or near Aries, when the ſun is in or near Libra, that is, in the 
autumnal months; when, the moon riſing in Aries, whilſt the ſun is ſetting in Libra, 


the time of its riſing is obſerved to vary only two hours in 6 days in the latitude of 
London, This is called the harveſt- moon. 


Exp. Let ſmall patches be placed on the ecliptic of a globe, as far from one another 
as the moon moves from any point of the ecliptic in 24 hours, that is, about 134 degrees; 
then, while the globe is turned round, obſerve the riſing and ſetting of the patches in the 


horizon; the hor index will ſhew the difference of time at which the moon riſes or ſets 
in different parts of its orbit, 
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E A . vt. 


of the saTEIIITES of JUPITER and SATURN. 


E OK: — 


Any ſatellite is at its greateſt elongation from its primary, when 
a line drawn from the earth through the ſatellite, is a tangent to | 
the orbit of the ſatellite. ok — 


Let FIE be a part of the orbit of the primary planet, Ax BT the earth's orbit, S the Plate 10. ; 
ſun, KGNL the orbit of a ſatellite, If the earth is at X, and the ſatellite at L or N, — ö 
ſo that a line XL or XN drawn from the earth, is a tangent to the orbit KGNL, it | 
_ be _ as before concerning the planets, that L or N is the greateſt elongation — 


P R O P. CXL. 3 . 
Any ſatellite appears in inferior conjunction with its primary, 
when the ſatellite is between the earth and the primary, and in 
ſuperior conjunction, when the primary is between the ſatellite and 
the earth. 


If the earth is at X, and the planet at I, the outermoſt ſatellite will be in conjunction 
with its primary when they both appear in the ſame line MIV, and in its inferior con- | 
junction at M, and its ſuperior at V. : | 


P R O P. CXII. 
The apparent motion of any ſatellite, as it paſſes from its greateſt 


elongation on one ſide of its primary through the ſuperior con- 
junction, to its greateſt elongation on the other fide, is direct. 


r . = 


As the ſatellite paſles from N, its greateſt elongation on one fide, through V its ſuperior 
conjunction to L, its geocentric motion is from wel to eaſt, or in conſequentia, as was 
ſhewn concerning the planets. 


PROP. 


' 
| 
| 
: 
| 
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PR OP. CXIII. 


The apparent motion of any ſatellite, as it paſſes from its greateſt 
elongation on one ſide of its primary through the inferior conjunction, 
to its greateſt elongation on the other ſide, is retrograde. 


As the ſatellite paſſes from L through M to N, its geocentric motion will be from eaſt 
to weſt, or in antecedentia, as was proved concerning the planets. 


Cor. The ſatellites are ſometimes to the weſt and ſometimes to the eaſt of their 
primaries, | | | 


P R O P. CXIV. 


The greateſt elongations of a ſatellite on each ſide are equal. 


For by obſervation it is found, that the angles LXI, MR are equal with reſpe& to 
all the ſatellites. 


Cox. Hence it appears that the orbits of the ſatellites are circular, e or nearly ſo, having 


their primaries at the center of their orbits. 


P R O P. Cxv. 


The ſatellites of jupiter and Saturn are eclipſed ** their reſpective 
primaries. 


Flate zo. The planet I being an opaque body, caſts a ſhadow IV, oppoſite to the ſun. There- 
8. 14 fore, when one of its ſatellites in deſcribing the are HOP comes to H, it will be eclipſed 
by falling into this ſhadow. If the earth is at B in its orbit, a ſpectator from the earth 
will loſe fight of the ſatellite, when it is thus eclipſed at V; and then as it emerges from 
the ſhadow it becomes again viſible, till, at P, it paſſes behind its primary. If the 

carth be at X, the ſatellite will be eclipſed and in occultation at the ſame time. 


P R O P. CXVI. 


When one of the ſatellites pafles between the ſun and its primary, 
it eclipſes the ſun. 


A ſatellite at M will be between the ſun and its primary, and occaſion an eclipſe of the 
ſun on that part of the primary where the ſhadow of the ſatellite paſſes, which ſhadow . 
will appear as a dark ſpot on the diſc of the planet to an inhabitant of the earth. 


PROP. 


— — — 


CAP. VI, © OF THE SATELLITES. 


© KK ©” FP, U. 


A ray of light is about 8 minutes in coming from the ſun to the 
earth. 


Let A be the ſun, BECD the earth's orbit, F the planet Jupiter, and HNG the orbit 
of its inner ſatellite. Let FGH repreſent the ſhadow of Jupiter, While the ſatellite is 
between H and G, it is eclipſed ; when it comes to H, it emerges, and becomes viſible to 
a ſpectator at B. From comparing the times of the apparent entrance and emerſion 
of the ſatellite, with tables calculated for the mean diſtances of the earth from the 
ſatellite, the viſible emerſion at the leaſt diſtance is found to happen about 8 minutes 
ſooner, and at the greateſt diſtance about 8 minutes later than by the tables: conſequently, 
the ray of light is about 16 minutes in paſſing through the ack orbit, or 8 minutes in 
coming from we ſun to the n. 


r R O r.  CXVIIL 


Jupiter 18 Arca by cloudy ſubſtances. ſubject to frequent 
changes in their ſituation and appearance, called his Belts. Saturn 
is encompaſſed with a Ring. | 


Theſe are known from obſervation. The Belts of Ju piter are ſometimes of a regular form; 


ſometimes interrupted and broken ; and ſometimes not at all to be ſeen. The plane of 
Saturn's ring is inclined to the plans of the ecliptic at an angle of 31 degrees; which 


appears like two arms to the planet, and which is only viſible when the ſun and the earth 
are both on the ſame ſide of its plane. On account of its inclination, it always appears 
oblique to the eye, and therefore elliptical : whence the part behind Saturn is inviſible, 
and the part before cannot be diſtinguifhed from the planet. The ring being opaque, 
can only be viſible when the ſun's rays are reflected from its broad ſurface to the earth, 
that is, when the ſun and the earth are both on the ſame ſide of the plane of the ring. 


CHAP. 


Plate 10. 


Fig. 13, 


Plate 16. 


Fig. 15. 
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C H AP. VII. 
Or O O M E TS. 


P R O P. CxIX. 
Comets are opaque and ſolid bote 


A comet, at a given diſtance from the earth, ſhines much brighter when it is on the 
ſame ſide of the earth with the ſun, than when it is on the contrary fide; from whence 
it appears that it owes its brightneſs to the ſun, Comets have been obſerved to approach 
ſo near the ſun, that their great heat (computed to be to that of red hot iron as 2000 to I) 
muſt have entirely diſſipated them, if they had been other than fixed and ſolid bodies. 


r & G N XX, 
The comets deſcribe very eccentric ellipſes about the Lan placed 
in one of their focr. | 


They are obſerved to approach towards, and afterwards 3 from, the ſun, and to 
deſcribe paths in the heavens, which agree with elliptic orbits: it is therefore moſt 
probable, that, agreeably to the general analogy of nature, they move in ſuch orbits, and 
have the ſun in one of the foci of the ellipſe. The calculations framed upon this ſuppo- 
ſition, by which the returns of comets have been foretold, having, as far as obſervations 
have been made, been found to agree with the phenomena, ſtrongly confirm the truth of 
the Propoltion. | 


Schol. 1. Comets are often accompanied with a luminous train, called the tail, which 

is conjectured to be ſmoke riſing from the body in a line oppoſite to the ſun. The body 
of the comet is ſuppoſed to be ſurrounded by an atmoſphere; the ſun is alſo ſuppoſed 
to be ſurrounded by an ether, or a ſubtile fluid, extending to a great diſtance from the 
ſun, which may be conſidered as the ſolar atmoſphere. From the heat which the comet 
has acquired by approaching towards the ſun, and by the reflection of the ſun's rays from 
the ſolid body and atmoſphere of the comet, the parts of the ſolar atmoſphere where the 
comet paſſes are more heated, and conſequently more rarefied or ſpecifically lighter than 
clſewhere, The parts thus rarched will be put into motion; and ſince there will be 
a conſtant 


CAP. VI. OF THE SATELLITES. 


PP. CXVII. 
The planes of the orbits of all the ſatellites are in the plane of 
the ecliptic. 


For if the eye, which is always in the plane of the ecliptic, is likewiſe always i in the 
planes of their orbits, that is, if the planes of the ſatellites coincide with the plane of 


the ecliptic, the ſatellites muſt always appear in a right line, becauſe the orbits themſelves 


in which they move appear in that caſe as a right line. And it is obſerved that the 
ſatellites do in fact always appear in a right line. 1 


P R O F. . 
A ray of light is about 8 minutes in coming from the ſun to the 


earth. 


Let A be the ſun, BECD the earth's orbit, F the 8 Jupiter, and HNG the orbit 
of its inner ſatellite, Let FGH repreſent the ſhadow of Jupiter. While the ſatellite is 


between H and G, it is eclipſed ; when it comes to H, it emerges, and becomes viſible to 


a ſpectator at B. From comparing the times of the apparent entrance and emerſion 
of the ſatellite, with tables calculated for the mean diſtances of the earth from the 
ſatellite, the viſible emerſion at the leaſt diſtance is found to happen about 8 minutes 
ſooner, and at the greateſt diſtance about 8 minutes later than by the tables: conſequently, 
the ray of light is about 16 minutes in paſſing through the earth's orbit, or 8 minutes in 
coming from the ſun to the earth. 


Scuor. Jupiter is ſurrounded by cloudy ſubſtances, ſubject to frequent changes in 


their ſituation and appearance, called his Belts. Theſe are ſometimes of a regular form; 3 


ſometimes interrupted and broken; and ſometimes not at all to be ſeen. 

Saturn is encompaſſed with a ring, the plane of which is inclined to the plane of. the 
ecliptic at an angle of 31 degrees; which appears like two arms to the planet, and 
which is only viſible when the ſun and the earth are both on the ſame fide of its plane. 
The angle of this ring has been found by obſervation. On account of its inclination, 
it always appears oblique to the eye, and therefore elliptical : whence the part behind 
Saturn is inviſible, and the part before cannot be diſtinguiſhed from the planet. The 
ring, being opaque, can only be viſible when the ſun's rays are reflected from its broad 
ſurface to the earth, that is, when the ſun and the earth are both on the ſame ſide of 


the plane of the ring. 


CHAP. 


287 


Plate 10, 
Fig. 13. 


Plate 10. 
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E M A FP. VU; 
Or C\D h 


R . - 
Comets are opaque and ſolid bodies. 


A comet, at a given diſtance from the earth, ſhines much brighter when it is on the 
ſame ſide of the earth with the ſun, than when it is on the contrary fide; from whence 
it appears that it owes its brightneſs to the ſun. Comets have been obſerved to approach 
ſo near the ſun, that their great heat (computed to be to that of red hot iron as 2000 to 1) 
muſt have entirely diſſipated them, if they had been other than fixed and ſolid bodies. 


8 


P R O P. CXX. 


The comets Arie very eccentric ellipſes about the ſun, placed 


in one of their fact. 


They are obſerved to approach towards, and afterwards recede from, the ſun, and to 
deſcribe paths in the heavens, which agree with elliptic orbits 
probable, that, agreeably to the general analogy of nature, they move in ſuch orbits, and 
have the ſun in one of the focz of the ellipſe. The calculations framed upon this ſuppo- 
fition, by which the returns of comets have been foretold, having, as far as obſervations 


have been made, been found to agree with the phznomena, ſtrongly confirm the truth of 
the Propoſition, 


SCHOL. 1. Comets are often accompanied with a luminous train, called the tail, which 
is conjectured to be ſmoke riſing from the body in a line oppoſite to the ſun. The body 
of the comet is ſuppoſed to be ſurrounded by an atmoſphere ; the ſun is alſo ſuppoſed 


to be ſurrounded by an ether, or a ſubtile fluid, extending to a great diſtance from the 
ſun, which may be conſidered as the ſolar atmoſphere. From the heat which the comet 


has acquired by approaching towards the ſun, and by the reflection of the ſun's rays from 
the ſolid body and atmoſphere of the comet, the parts of the ſolar atmoſphere where the 
comet paſſes are more heated, and conſequently more rarefied or ſpecifically lighter than 
elſewhere, The parts thus rarefied will be put into motion ; and ſince there will be 


a conſtant 


: it is therefore moſt 


Cray, VII. OF COMET 5s. 


a conſtant ſucceſſion of freſh portions of the ſun's atmoſphere within that of the comet, 
there will be a perpetual ſtream of this rarefied matter. This ſtream will impel the par- 
ticles of the comet's atmoſphere, and make them move along with it, thus pcoducing the 
ſmoke which, reflecting the ſun's rays, forms the viſible tail. And this ſtream of rarefied 


ſolar atmoſphere will move thoſe parts of this atmoſphere which have the leaſt — 


gravity, that is, directly from the ſun. 


SCHOL. 2. Of all the comets, the periods of only three are known with any degree 


of certainty. The firft of theſe comets appeared in the years 1531, 1607, and 1682; 
and is expected to appear every 75th year. The ſecond of them appeared in 1532 and 
1661, and may be expected to return in 1789, and every 129th year afterwards. The 
third, having laſt appeared in 1680, and its period being no leſs than 575 years, cannot 


return until the year 2225. This comet, at its greateſt diſtance, is about 11 thouſand . 


two hundred millions of miles from the ſun ; and at its leaſt diſtance from the ſun's center, 
which is 49,000 miles, is within leſs than a third part of the ſun's ſemidiameter from 
his ſurface, In that part of its orbit which is neareſt the ſun, it moves at the rate of 
880,000 miles in an hour. . 


T P p | CHAP. 
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„%% A TTT 
Or ren: 8 0 N. 


P” R O F. et. 
The ſpots which appear upon the ſun's diſc, adhere to its ſurface. 


If one of theſe ſpots appears upon the eaſtern limb or edge of the ſun's diſc, it moves 
from thence towards the weſtern edge, and arrives at the weſtern edge in about 134 days. 
Here the ſpot diſappears; and, in about x32 days more, it is ſeen again upon the eaſtern edge; 
and ſo continues to go round completing its apparent revolution in 27 days ; during one 
half of which time we ſee it on the diſc of the ſun, and during the other half it diſappears ; 
which could not happen, if the ſpots did not adhere to the ſurface of the ſun. Let A be 
the center of the ſun's diſc, C its eaſtern, and D its weſtern edge ; HEG the orbit of an 
opaque body moving round it, and B the eye of the ſpectator at the earth. If two lines 
BD and BC are ſuppoſed to be drawn from the ſpeRator's eye B, fo as to touch the ſun 
at D and C, then DBC, the angle contained between theſe lines, is the angle under 
which the ſun's diameter appears to a ſpectator on the earth. EG is the only part of the 


ſuppoſed body's orbit that is within this angle DBC, and conſequently, if the body was 


in any other part of its orbit, except EG, it would not appear upon the ſun's diſc. But 


EG is leſs than half its orbit; and the body would not take up half the time of a revo- 


lution to deſcribe EG. Therefore ſuch a body would not be ſeen upon the ſun's diſc, as 
the ſpots are for half the time of a revolution. But if the orbit HEG is not greater than 


_ LDFC, or is cloſe to the ſun, that is, if the ſpot adheres to the ſun's ſurface, then half 
its orbit DFC, will be within the angle DBC, and conſequently the ſpot will appear upon 


the ſun's diſc during one half its revolution; but during the other half of its revo- 
lution, whilſt it deſcribes CLD, it will diſappear, becauſe then it will be behind the 
ſun, and ſo will be concealed from the earth, which agrees with the phenomena. 


PPNG n 
The ſun is a ſpherical body, which revolves upon its axis from 
weſt to eaſt. = 


The ſpots which appear in the ſun's diſc, adhere to its ſurface (by Prop, CXXI.). and 
theſe ſpots revolve; therefore the ſun revolves round its axis. 


Whatever 


CAP. VIII. OF THE 87 N. 


Whatever ſide of the ſun is turned towards the earth in this rotation, it always appears 
to be a flat bright circle: but all the ſides of it could not appear in this manner unleſs it 
was a ſphere: therefore the ſun is a ſpherical body. 


Scyor. A real revolution of a ſpot, and conſequently of the ſun round its axis, is 
completed in 25 days, two days leſs than its apparent revolution, in conſequence of the 
earth's motion in its orbit in the ſame direction in which the ſpot moves. 


PR G P. iI. 


The axis of the ſun is inclined to the plane of the ecliptic. 


Each ſpot upon the ſun muſt deſcribe a circle round the ſun, either coinciding with 
its equator, or parallel to it. If therefore the ſun's axis were perpendicular to the plane 
of the ecliptic, the plane of the ſun's equator would be in the plane of the ecliptic; and 
a ſpectator on the earth, whoſe eye is in the ecliptic, would ſee the ſpots deſcribing right 
lines, either in the ſun's equator, or paralle] to it : but the ſpots are ſometimes ſeen to 
deſcribe lines oblique to the plane of the ecliptic : therefore the axis of. the ſun is inclined 
to the plane of the ecliptic. This inclination is obſerved to be an angle of about 823 
degrees. When the ſun's equator croſles the plane of the ecliptic, the ſpots appear to 
deſcribe right lines parallel to the ſun's equator. 
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© i «P.-E. 


Of the PARALLAXES, DISTANCES, and MAGNITUDES of the 
HEAVENLY BODIES. 


Drr. LXII. The Parallax of the heavenly bodies, is the change 


of their apparent ſituation with reſpect to each other, as the ſpectator 


views them from different ſtations. 


Dr. LXIII. The Diurnal Parallax, is the diſtance Wenn 


the apparent place of a heavenly body, as viewed from the ſurface 


of the earth, and its apparent place, as viewed from the center of the | 
earth. 


Let DAB be the earth, C its center, A the ſtation of a ſpectator on the ſurface of 
the carth; and F, G, H, different places of the moon, or any other heavenly body: 


TO, NM, LI, are its different parallaxes, and THO, or AHC ; MGN, or AGC, &c. 
angles of parallax, 


ScuorL. If a ſpectator in his firſt ſtation at A, ſees a planet at G, its aaron place 
in the heavens will be N; if now, by the diurnal rotation of the earth, he comes into the 
ſtation P, the planet will appear at M, which is the place in which it would have appeared 
if viewed from C the center : thus, in all caſes, the parallax which ariſes from the diurnal 
motion is the ſame which would ariſe from a change of ſtation from the ſurface to the 
center; for in either caſe, the change of the ſpectator's line of view is the ſame. 


Hence 
appears the propriety of the above definition of the diurnal parallax. 


P R O P. CXXIV. 


The parallax of any planet is always proportional to the angle 
which a ſemidiameter of the earth, drawn from the ſtation of the 


ſpectator upon the ſurface to the center, would ſubtend, if viewed 
from the planet. 


If the planet be at H, and the ſpectator at A, AHT will be his line of view; on chang- 
ing the ſtation of the ſpectator from A to C, the line of view will become CHO: whence 


TO 


Gan; IX; OF PARALLAXES, dec. 


TO will be the parallax. But TO ſubtends and is proportional to THO, or (El. I. 15.) 


AHC, the angle which the earth's ſemidiameter would ſubtend, if viewed from the 
planet H. 


0 CXXV. 


The parallax of a planet depreſſes its * place, by the 
parallactic are. 


If the planet be viewed from C, its apparent place is O; if from A, its apparent place 
is T, farther from Z the vertex than O, by the parallactic arc TO. 


P R O P. CXXVI. n 


The diurnal parallax of any planet, at a given diſtance from the 
earth, is greateſt when the planet is in the horizon, and decreaſes 
as the altitude of the planet increaſes. 


The parallax (by Prop. CXXIV.) is proportional to the angle which AC would ſubtend, 
if ſeen from the planet H : but this given line, viewed from the given diſtance of the pla- 
net, would continually diminiſh in its apparent magnitude (by Book IV. Prop. LXXIII.) 
as the degree of obliquity at which it is viewed increaſes, that is, as the planet advances 


from H towards E; therefore the parallax is greateſt in the horizon, and decreaſes as 


the planet aches the vertex. The PIO * AGC is leſs than AH, and 
AFC leſs than AGC. | 


P R O P. CXXVIL 
To find the parallax of the moon, or any planet. 


Let HMO be an arc of the horizon; Ap VM an arc in the meridian; P the elevated 
pole; V the vertex; E the apparent place of the planet, as ſeen from the ſurface of the 


earth, and S its place, as ſeen from the center: then ES is the diurnal parallax in the 


vertical circle VE. Before the planet comes to the meridian, obſerve its altitude, at E, 
above the horizon, whence the complement of its altitude, VE, will be known: at the 
ſame time obſerve its diſtance from the meridian, or its azimuth, EVM. After the planet 
has paſſed the meridian, obſerve when it has the ſame altitude as at the firſt obferyation, 
that is, when eV is equal to EV. Now, if E is the apparent place of the planet when 
at the time of the firſt obſervation it is viewed from the earth's ſurface, and S would be 


its place, at that time, if viewed from the center; and if e is its apparent place when 
viewed, 
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viewed, at the ſecond obſervation, from the ſurface, and s would be its place, at that time, 
if viewed from the center; the parallax ES is equal to the parallax es, ſince the altitude 
was the ſame at both obſervations, and conſequently SV is equal to V. So that if PS 
is the ſecondary of the equator which paſſed through the planet at the firſt obſervation, 
and Ps the ſecondary which paſſed through it at the ſecond obſervation, the planet, 
between the times of the firſt and ſecond obſervation, muſt have deſcribed the arc Ss in 
a circle of daily motion. From the time which has paſſed between the two obſervations, 
the arc Ss (by Prop. XXVII.) may be found, and conſequently the angle SPs. Now, 
becauſe the angle EVM is known, PVS its complement to two right angles is known : 
and, becauſe at the two obſervations the planet was at equal altitudes, that is, at equal 
diſtances from the meridian, the meridian biſects the angle SPS, which is known; whence 
its half VPS is found. Alſo, if the latitude of the place be known, PV, the diſtance of 
the elevated pole from the vertex, or the complement of its diſtance from the horizon, that 
is, (by Prop. III.) the complement of latitude is known, Therefore in the ſpherical 
triangle PVS, two angles and one fide are known; whence the length of SV may be 
determined. Take SV from EV, which is already Known, and SE, the planet's parallax, 
will be found. 

Or thus : obſerve when the planet whoſe oaraliax is to be found, and any fixed ſtar 
in conjunction with. it, croſs the meridian at the ſame inſtant: obſerve the ſame planet 
and ſtar after three hours, and remark how much ſooner the planet reaches a line placed 
perpendicularly in the teleſcope than the ſtar. As 24 hours is to this difference of 


time, ſo will 360 degrees be to the arc which ſubtends the angle of the parallax; 
whence the arc and angle will be known. 


P R O P. CXXVIIL 
Any parallax of a planet being given, to find any other parallax. 


plate 10. The parallactic angle AFC being given, it is required to find the angle AHC. Having 
is. 17- meaſured the angle Z AL, let the angle Z AH, the apparent diſtance of the planet from 
the zenith, be alſo meaſured. Then, in the triangle CAF, the fine of the angle CAF 
Y Ist to the ſine of the angle CFA, as the fide CF is to the fide AC. Again, in the triangle 
CAH, the ſine of the angle CAH is to the fine of the angle CHA, as CH is to AC. 
| But CH is equal to CF; therefore the ſine of the angle CAF is to the ſine of the angle 
AFC, as the ſine of the angle CAH is to the fine of the angle CHA : but the three 

firſt terms are known, therefore the fourth, namely, the angle CHA, may be found. 


PROP. 


CT EE i 


Cnar. IX. OF PARALLAX Es, Ke. 


FR OOP. . 


At a given altitude of different planets, their diurnal paral laxes are 
inverſely as their diſtances from the center of the earth. 


Let one planet be at 7, where its altitude is fAp, and another at h, having an equal 
altitude „Ap. If the planet F is viewed from A at the ſurface of the earth, the line of 
view is Afr, and er is its apparent place in the heavens: viewed from C, its apparent 
place would be :; whence, its parallax (by Prop. CXXV.) is re. In the ſame manner 


it may ſhewn, that rs, which is leſs than rf, is the parallax of the planet b. But (by 


Prop. CXXIV.) the parallax of each planet is proportional to the angle which AC would 


ſubtend, if viewed from the planet: and, ſince AC is given, and alſo the degree of obliquity 


at which it is viewed, the apparent length of AC, or the angle which AC would 
ſubtend, at either planet, would be (by Book IV. Prop. LXIX.) inverſely as the 
planet's diſtance from C. Therefore the parallaxes of theſe planets are inverſely as their 
diſtances from the center of the earth. 


p R G P. W. 


The diurnal parallax of a planet in a vertical circle produces a 
parallax of declination, and alſo, if the planet 1 1s not in the meridian, 
of right aſcenſion. 


Let HQ be the horizon; EC an arc of the equator, which cuts the horizon at C; 
P the pole of the equator; Z the zenith; ZV a vertical circle; F, the apparent place 
of a planet in the vertical circle ZV, as viewed from the ſurface of the earth, and I its 
apparent place, as viewed from the center: then (by Def. LXIII.) FL is the diurnal pa- 
rallax in a vertical circle. When the apparent place is F, PFA is a ſecondary of the equator 


paſſing through it, and when it is I, PIB is the ſecondary which paſſes through it. 


Therefore AF is the declination of the planet when it appears at F, and BI its decli— 


nation when it appears at I; the difference of which, DI, is the change of apparent 


declination arifing from the different ſtation of the ſpectator, at the furface or center of 


the earth. When the apparent place is F, the diſtance of A from the firſt of Aries, is 
the right aſcenſion; when it is I, the diſtance of B from the firſt of Aries, is the right 


aſcenſion : for PFA and PIB are ſecondaries of the equator paſſing through the planet. 
The difference of right aſcenfion, therefore, produced by the parallax FI, is AB. If the 
planet is in the meridian PZH, and if L be its apparent place, as viewed from the ſurface, 
and N, as viewed from the center of the earth, LN will be its diurnal parallax ; LE 
its declination, as viewed from the ſurface; NE its declination, as viewed from the center; 
and NL its parallax of declination. But, becauſe PZH is a ſecondary of the equator, 
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in whatever part of this vertical circle the planet appears, its right aſcenſion will be the 
diſtance of the point E from the firſt of Aries, that is, the diurnal parallax, in this caſe, 
makes no parallax of right aſcenſion. 


P. R O r + CXXXL. 


The diurnal parallax of a planet in a vertical circle produces a 
parallax of latitude, and alſo, if the vertical circle be not a a, 
of the ecliptic, of longitude. 


Let HQ be the horizon; P the pole of the ecliptic; EC an arc of the ecliptic, which 
cuts the horizon at C; and ZV a vertical circle: and this Propoſition may be proved 
in the ſame manner as the laſt. | | CTA 


PR 0 Pp. CXXXII. 


The ſemidiameter of the earth is to the diſtance of any planet 
from the center of the earth, as the ſine of the planet's parallax 
is to the ſine of its apparent diſtance from the vertex. 


If a planet is at F, and the ſpectator at A, where the line of view is AFL, the planet 
will appear at L, and Z AL will be the angle of its apparent diſtance from the vertex Z. 
Let the parallax IL, or the angle AFC proportional (by Prop. CXXIV.) to IL, be found. 
In the plane triangle ACF (the ſides being to one another as the ſines of the oppoſite 
angles) AC, the ſemidiameter of the earth, is to FC, the diſtance of the planet from the 
center of the earth, as the ſine of the angle AFC the angle of the parallax, is to the ſine 


of the angle FAC, or of its complement to two right angles Z AL, the angle of the 
planet's apparent diſtance from the vertex. 


Cox. When the horizontal carallax is 1 the ſemidiameter of the earth AC is to 


HC, the diſtance of the planet, as the ſine of the horizontal parallax AHC is to the fine 
of HAC or radius. | 


PR OP, Hin. 
To meaſure the diſtance of the moon from the earth. 


Let H be the moon in the ſenſible horizon obſerved by a ſpectator at A, and C the 
center of the earth. In the triangle AHC, let the angle AHC, the moon's horizontal 
parallax, be found, by Prop. CXXVII. The angle HAC is a right angle, and AC the 


Veer -diameter of the earth is known to be 3985 miles. Hence, AC the fine of AHC is to 


3985, 


 CuariiX,). OF /PARALLAKES, &. 


3985, as AH, taken as radius, to the number of miles in AH the moon's diſtance from 
the earth; the moon's mean diſtance is thus found to be 240,000 Engliſh miles. 


ScnoL. The ſemidiameter of the earth is thus c becauſe the circumference of 
a Circle is to its diameter nearly as 355 to 113; as 355 is to 113, ſo is 24930 miles, the 


known circumference of the earth, to its diameter 7970; the half of which is 3985. 


Pp R O P. CXXXIV. 


To determine the relative diſtances of the inferior planets from 
the ſun. » 


Let S be the ſun, EHG the orbit of Venus, and LCM the orbit of Mercury. Let 
AXPF be a tangent to the orbit of Venus, and let the elongation of Venus, that is, the 
angle XAS, be found by obſervation. Then as radius to the fine of the angle XAS, 


::- 2610 AS to XS or ES. In like manner, if the elongation of Mercury, or the angle 


CAS, be obſerved ; as radius to the ſine of CAS, ſo is AS to CS or LS. If AS, the 


| ſun's diſtance from the earth, be ſuppoſed to be divided into 1000 equal parts, the diſtance 


of Mercury will in this manner be found to be 387, and that of Venus 723. 


P R O P.  CXXXV. 


To determine the relative diſtances of the ſuperior planets from 
the ſun. 
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Let S be the ſun, 1 the orbit of the earth, OPQ t the orbit of Mars, Ry NKG Plate. 10, 


a part of a great circle in the heavens, in which the planet appears to have a retrograde 


motion; let P be the place of Mars. Whilſt the earth is paſting in its orbit from 4 to u, 


Mars will appear to move from K to N. The angle of retrogradation KPN is then 
known by obſervation. To this the verticle angle PS is equal. In the triangle »$P, 


the angle at = is a right angle; the angle APS is the angle of retrogradation which is 
known, whence the other angle nSP is known, and the ratio of the ſides of the triangle 


to each other is known: whence the ratio of S to SP is found. If the mean diſtance 
of the earth from the ſun be called 1000, that of Mars will be found to be 1 Fx 3, that of 
Jupiter 4 $ROL, 8 and that of Saturn 9538. 


F N G CXXXVI. 


To find the parallax of the ſun by the tranſit of Venus. 


Let FIG be the earth, L Venus, and S the ſun. To an obſerver at I, Venus will 
appear juft entered upon the ſun's diſc at C,'and its apparent place in the heavens will 
be Q. But at the ſame inftant to a ſpectator at G it will appear above the ſun in the 


Q q | right 


Fig. 1 


Plate 11, 


Fig, 2, 
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right line GLN. The angle NLQ, or BLG, is the horizontal parallax of Venus; and 
the angle BCG, or its equal TCQ, is the ſun's horizontal parallax. Becauſe the 
plane of Venus's orbit is inclined to the plane of the ecliptic, this planet, in its inferior 
conjunction, will commonly paſs northward or ſouthward” of the ſun; but, when the 
inferior conjunction: happens at, or very near, one of the nodes, it will paſs over the 


ſun's dife, If, at the time of this tranſit, a ſpectator at I, and another at G (at the 


diſtance of go degrees, in longitude, from each other) obſerve the exact time of the total 
ingreſs of the planet, the difference, between the actual time of ingreſs, and the time at which 
the ingreſs would have happened without any parallax, being known, and (by Prop. 
XXVII.) converted into parts of a degree, the horizontal parallax of Venus, ILG, 
may be found. Or, if ſeveral different obſervations of the time of ingreſs be made 
at different places, after due allowance is made for difference of longitude and latitude at 
thoſe places, the parallax of Venus at that — and thence its horizontal parallax, will 


be accurately diſcovered. 


If two obſervations of this angle be when at the ſame time on oppoſite meridians, the 
errors attending the obſervations may ſerve to correct each other. For, ſuppoſe MO to be 
a part of the orbit of Venus, and V, v, u, the planet in different ſituations. The time in 
which Venus will paſs through ſuch an arc V of its orbit, as when viewed from the earth 
ſubtends an equal angle with the diameter or chord CD of the ſun being found, and alſo 
the arc Vo; let a ſpeCtator on the earth's ſurface view the planet juſt entering within the 
ſun's diſc at C. If the earth remained at reſt, the ſpeAator would fee the planet paſſing 
over the diſc in the line CD, whilſt in its path it deſcribes VV: but becauſe he is, in the 
mean time, by the earth's diurnal revolution, carried from A towards P, at the inſtant 
when he ſees the planet paſſing off the ſun's diſc at D, the planet is advanced in its orbit to 
U. Conſequently, the tranſit will be to this obſerver as much longer than the computed 
time, as the heliocentric arc VU is longer than VV. If another obſervation of the ſame 
kind be taken at the ſame time on the oppoſite meridian, where the ſpectator is carried in 
2 direction contrary to the former, the duration of the tranfit will to him be as much 


ſhorter than the computed time, as in the other ſituation it was longer. 


The horizontal parallax of Venus being thus found, the ſun's horizontal parallax, on 
the day of the tranſit, may be diſcovered by Prop. XXIX. For, as the ſun's proportional 
diſtance, at the tranfit, from the earth (taking 1000 for his mean diſtance) is to the 
proportional diſtance of Venus from the earth at that time, ſo is the horizontal parallax 
of Venus, ILG, to the horizontal parallax of the ſun, ICG, on the day of the tranſit. 


Whence the ſun's horizontal parallax, at the time of his mean diftance from the earth, 
may be found: for (by Prop. XXIX.) as the ſun's mean diſtance from the earth, is to 


his proportional diſtance at the tranſit, ſo is his horizontal parallax | at that time to his 
mean horizontal parallax. 

In this manner the ſun's mean horizontal parallax has been found, from comparing the 
tranſits of Venus in 1761 and 1769, to be 8.65". or about 85 ſeconds. See Philoſophical 


Tranſactions, vol. LXII. p. 611, and Ferguſon's Aſtronomy, Chap. XXIII. 


PROP. 
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P R O P. CXXXVI.L 
To find the diſtance of the ſun from the earth. 


In the triangle AHC, ſuppoſe H to be the ſun. As the fine of 82 ſeconds, the hori- 
zontal parallax of the ſun AHC, is to radius, ſo is the ſemidiameter of the earth AC, 


which is found by menſuration to be 3985 Engliſh miles, to the number of ſemidiameters 
of the earth contained in the diſtance of the ſun from the earth. Hence the ſun's diftance 


from the earth is found to be about 95,173,100 Engliſh miles. 


P R OP. CXXXVIIL 
To meaſure the diſtance of Mercury or Venus from the ſun. 


Let $ be the ſun, E the earth, and M Mercury or Venus. Meaſure the angle SEM, 
and obſerve accurately the time when this meaſure is taken. When Mercury has made 


one revolution, and arrives at the ſame point M, the earth will be in ſome other part of 
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its orbit, as R; meaſure at that time, the angle SRM, and obſerve the time when the” * 


meaſure is taken. 

By theſe two obſervations the time in which the earth paſſes from E to R is known : 
hence, as 1 year is to the time employed i in paſſing from E to R, ſo are 360 degrees to the 
arc ER : whence the arc ER, and the angle ESR, are found. In the triangle ESR, 
the ſides SE, SR, (the diſtance of the ſun from the earth) being known, and alſo the 
contained angle RSE, let the angles at the baſe SER, SRE, and the baſe RE, be found, 
Then from the known angle SER take away the angle SEM, which is alſo known, 
there will remain MER ; and from the known angle SRE take away the known angle 


SRM, there will remain MRE. The two angles MER, MRE, being thus found, the 


third angle RME is alſo known ; and the fide RE is known. Wherefore, the ſine of 
the angle RME is to the fide RE, as the fine of the angle MRE is to the ſide ME, or as 
the ſine of the angle MER is to the ſide MR. In the triangle SRM, the ſides RS, RM, 
being thus found, the ſum of the two ſides RS, RM, is to their difference, as the tangent 
of half the ſum of the angles at the baſe RSM, RMS, is to the tangent of half their dif- 
ference, To half the ſum add half the difference, and the greater angle at M is found ; 
and from half the. ſum take away half the difference, and the leſſer angle at S is found. 

Whence, the ſine of the angle at M is to the ſide RS, or the fine of the angle at S is to 
the fide RM, as the fine of the angle at R is to the baſe SM, which is the diſtance required. 


Qq 2 PROP. 
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OM I F.- CANA 
To meaſure the diſtance of Mars from the Sin. 


Let S be the ſun, E the earth, and M Mars, Meaſure the angle SEM: when Mars 
has made one revolution, obſerve the place of the earth in its orbit R, and meaſure the 
angle SRM. Having found as bgfore the arc ER, and the angle ESR, in the triangle 
ESR, in which the two ſides SE, SR, and the contained angle ESR, are known, let the 
angles at the baſe SER, SRE, and the baſe RE, be found. If from the angle SEM 


(which has been obſerved) be taken SER, there remains REM; and if from the angle 


SRM (which has been obſerved) be taken SRE, there remains ERM. Whence, in the 
triangle RME, the angles at R and E being found, the third angle is known : and the 


fine of the angle at M is to the ſide RE, as the line of the angle at E is to the fide RM. 


Wherefore, in the triangle SRM, the two ſides of which, RS, RM, and the contained 

angle at R, are known ; whence, as in the preceding Propoſition, the two angles at the 

baſe 8, M, and laſtly the baſe SM, which is the diſtance required, may be found. 
PR O P. . 


To meaſure the diſtance of Jupiter or Saturn from the ſun by 


their ſatellites. 


Let S be the ſun, E the earth, and ] Jupiter. Firſt, obſerve the inſtant in which the 


Satellite R diſappears behind Jupiter, and the inſtant in which it again appears: then, 


dividing the intermediate time into two equal parts; this will give the inſtant in which 
the earth E, Jupiter I, and the Satellite R, are in one right line EID. Next, obſerve the 
inſtant in which the Satellite diſappears behind the ſhadow of Jupiter, and the inſtant in 
which it again appears; and divide the time between theſe inſtants into two equal parts 
to find the inſtant in which the Satellite is in the midſt of the ſhadow, that is, in which 
the Sun, Jupiter and the Satellite form a right line STR. Hence, the time taken up in 
paſſing from D to R, is known: whence, the time of the entire revolution of the Satellite 
is to 360 degrees, as the time employed in paſſing from D to R is to the arc DR. Thus 
the arc DR, and the angles RID, EIS, are found. Laſtly, having taken an ob- 

ſervation of the angle IES, the other angle ESI is found; and the fide ES, the earth's 
diſtance from the ſun, is known : whence, the ſine of the angle EIS is to the fide ES, as 
the ſine of the angle IES. is to the fide IS, the diſtance required, 


PROP. 


Cnar. IX. OF PARALLAXES, &c. 


P ® OP, OL 
To meaſure the diſtance of any planet from the ſun. 


Becauſe the real diſtances of the planets from the ſun are as their proportional diſ- 
tances; as the proportional diſtance of the earth from the ſun is to the proportional 
diſtance of any other planet from the ſun, ſo is the real diſtance of the earth from the ſun 
in miles, to the real diſtance of any other planet from the ſun in miles. 

Hence are found the diſtances of the planets from the ſun in Engliſh miles. Mercury, 


36,841,468; Venus, 68, 891,486; — 14570441453 Jupiter, 404,090, 976; Saturn, 
907,950,130. 
PR O FP. - CXLIL 


The horizontal parallax of any . being given, to find its 
diſtance from the earth. 


Let H be the planet, whoſe horizontal parallax AH C is known. The ſemidiameter 


of the earth AC being known, in the triangle CAH the ſine of the angle AHC is to 


the ſide AC, as the ſine of the angle HAC is to the fide HC, the diſtance ſought. 


„„ QF. CXLIII. 


The diſtance of any planet being given, to meaſure its real 
magnitude. 


Let A be the earth, and C the center of any planet; and let the diſtance CA be known. 
Suppoſe two right lines, AB, AD, drawn tangents to the planet, the angles CBA, CDA, 

are right angles; therefore the ſquare of AC is equal to the two ſquares of AB and BC 
together. The ſame ſquare of AC will alſo be equal to the two ſquares of AD and 
CD. And ſince the ſquare of the radius CB is equal to the ſquare of the radius CD 
(on account of the ſpherical figure of the planets) the ſquare of the tangent AB is 
equal to the ſquare of the tangent AD, and the tangent AB to the tangent AD. Hence 
the two triangles ABC, ADC, are equal, and conſequently, the angles BAC, CAD, 
are equal. The angle BAD being meaſured by a micrometer, its half BAC is known; 


whence, in the triangle ABC, the fine of the angle at B, which is a right angle, is to 


the fide AC, as the fine of the angle at A is to the ſide BC. The radius, and conſe- 


quently the diameter of the planet, being thus found ; becauſe ſpheres are as the cubes 


of their diameters, its magnitude is known by finding the cube of its diameter, 


The 
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The diameter of the ſun is found to be 899990 Engliſh miles; of Mercury, 3872; 
of Venus, 7963; of Mars, 7338; of Jupiter, 167299; of Saturn, 104870. 


PR O FP. I. 
To find the periodical time of a planet. 


Becauſe, whilſt any planet is performing its revolution the earth is carried forward in 
its path, the planet, after one greateſt elongation, muſt not only complete a revolution, 
but likewiſe the whole angular ſpace which the earth deſcribed in that time, before it 
arrives again at the ſame elongation, Thus, before Venus can return to the ſame elonga- 
tion, beſides performing an entire revolution in its orbit (equal to 4 right angles) it 
muſt paſs through as much more angular ſpace, as the earth has done in the mean time. 
Hence, as the angular motion of Venus is to the angular motion of the earth in the time 
between the greateſt elongation and its return, ſo is the periodical time of the earth to 
the periodical time of Venus. In this manner the periodical times of all the planets 
may be found. The periodical times of the planets are as follows. 


„„ Days Hours Minutes, 
Mercury revolves round the ſun in 87 23 16. 


Venus — — - 224. 16 . 
Earth — 365 6 92. 
Mars „ 000 23 295 
Jupiter — — 4322 12 20 
Saturn - - — 10759 6 36 2. 


Cor. Becauſe the ſquares of the periodical times of the planets are found to be as 
the cubes of their diſtances, the periodical times of any two planets being known, and 


the comparative or real diſtance of one of them from the ſun being given, the diſtance 
of the other may from this proportion be found. 


Pp R O P. CXLYV. 


To find the mean velocities of the planets. 


The periodical time of a planet being known, and alſo its diameter, and conſequently 
its circumference (for the diameter of a circle is to its circumference nearly as 113 


to 355); its mean velocity, or the velocity with which it would move if its motion 


were uniform, may be thus found : as the whole periodical time of the planet is to an 
hour, ſo is the whole circumference of its orbit to the angular ſpace paſſed over in 


an 


Cnar. IX, OF PARALLAX Es, &c. 


an hour. Thus it is found, that the mean horary velocity of the earth is 68,216.9 


Engliſh miles. In like manner, the horary velocity of the other planets may eaſily be 
found, | 


- 05 en 
The planets revolve round their axes. 


It is found by obſervation, that the earth revolves round its axis in 23 hours 56 minutes ; 
Venus in 23 hours; Mars in 24 hours 40 minutes; and Jupiter in 9 hours 56 minutes. 
And though Mercury is ſo near the ſun, and Saturn ſo remote from him, that no ſpots 
have been diſcovered in them, from whence their diurnal revolution might be certainly 
inferred, it is concluded from analogy, that theſe two planets. have ſuch a revolution 
as well as the reſt, 1 ” 
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Of the causEs of the CELESTIAL MOTIONS 


and of other PHENOMENA. 


CH AP. 1 


of the Cauſe of the REvoLUTIONS of the HEAVENLY BoDIES 
in their ORBITS. 


P. R O P. - CXLVIL 


The moon is retained in its orbit by a force which impels it 
towards the center of the earth. 


Since (by Book IT. Prop. I.) the moon, or any other planet, being put into motion, 
would continually move on uniformly in a right line, there muſt be ſome force which 
draws it from its rectilineal path. Whatever this force is, ſince it is found by obſervation 
that the moon by a radius drawn to the earth's center deſcribes equal areas in equal times, 
it follows (from Book II. Prop. LXXIII.) that it is impelled, by that force, towards 
the earth's center. The earth indeed is not at reſt; but becauſe both the moon and earth 


revolve round the ſun, the motion of the moon with reſpe& to the earth! is the ſame as if 
the earth were at reſt. | 


P R O P. CXLVIIL 
The force which retains the moon in its orbit is, at different 
diſtances from the earth, inverſely as the ſquares of thoſe diſtances. 


The moon's orbit being an ellipſe, which has the earth in one of its foci, the force 


which retains it in its orbit, muſt (by Book II. Prop. LXXXI.) in different parts of 
the orbit be inverſely as the ſquares of the — | from the earth. 


NOF. 


Cuar. I. CAUSE OF CELESTIAL MOTIONS. 


P-R O F.. ex 


The moon is retained in its orbit by a force which carries it 
towards the carth with the ſame velocity with which a body, acted 


upon by gravitation at the diſtance of the moon, would fall towards 
the earth. 


Let AER be the earth, PLV a part of the moon's orbit, LC an arc which the moon 


deſcribes in its orbit in one minute of time. Since the moon deſcribes its whole orbit 


in 27 days 7 hours 43 minutes, that is, in 39343 minutes, the length of the arc LC, 
which the moon deſcribes in one minute, is the 35 part of er Ik 
the moon ſetting out from L, were not impelled towards the earth, it would move in 
the right line LB. Since therefore it moves in the arc LC, there muſt be a force im— 
pelling it towards the earth's center which draws it from the tangent LB, ſo that, at the 
end of 1 minute, when it is arrived at C, it will have departed from the tangent as far 
as BC, or LD : or, becauſe the moon deſcribes the diagonal LC in 1 minute, it would 


in the ſame time, by the projectile force, deſcribe LB, and by the centripetal, LD. 


LD is then the ſpace through which the centripetal force makes the moon fall towards 
the earth in 1 minute; and LD is the verſed fine of the are LC which is an arc of 33". 
Therefore the force which impels the moon, would make it fall, in 1 minute of time, 
through the verſed fine of an arc of 33'. Becauſe AER, the earth's circumference, is 
found to meaſure 123249600 Paris feet, its ſemidiameter AT will be about 19615800 
ſuch feet. Since therefore the mean diſtance of the moon from the earth is found to be 
60 ſemidiameters of the earth, AT multiplied by 60 will give the length of LT a ſemi- 
diameter of the moon's orbit, namely, 1176948000 feet. And as radius is to the verſed 
ſine of 33". ſo is LT to LD, or nearly as 1176948000 to 15 Paris feet, which is 
nearly equal to 16 Engliſh feet, or 1 pole. Therefore, if the moon were to fall towards 
the earth, the oontripetal force which impels it towards the earth would make it fall 
1 pole in the firſt minute of its deſcent, But becauſe (by Prop. CXLVIII.) this 
centripetal force is inverſely as the ſquares of the diſtances, a body which is at the 
diſtance of the moon, or 60 ſemidiameters of the earth, will be attracted by a force as 


much leſs than that at the ſurface, as the ſquare of 60, or 3600, 1s greater than the 


ſquare of 1, or 1; that is, the force at the ſurface being 1, it will be to the force at the 
diſtance of the moon, as 1 to eee, and the velocities will have the ſame ratio. But 
a body at the ſurface of the earth falls through 1 pole in a ſecond of time, that is, (by 
Book II. Prop. XXVI.) through 3600 poles in a minute. Therefore, at the diſtance of 
the moon the body would fall through 3 part of this length, that is, through 1 pole, 
in a minute. But it has been ſhewn that the moon, by its centripetal force, falls towards 
the earth 1 pole in a minute: therefore the moon is retained in its orbit by a force which 
R r | moves 
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moves it with the ſame velocity with which a body, acted upon by gravitation, and 
removed to the diſtance of the moon from the earth, would fall towards the earth. 


FR Oo OL 
The moon is retained in its orbit by the force of gravitation. 


The force which retains the moon in its orbit agrees with gravitation in its direction 


(by Prop. CXLVII.) and in its degree of force (by Prop. CXLIX. ); it may therefore 


de concluded to be the force of gravitation. 


2%Cͤĩ ¾ . 
The primary planets are retained in their orbits by a force which 
impels them towards the ſun. 


It is found by obſervation, that each of them, as they revolve in their reſpective orbits, 
deſcribe, by a radius drawn to the ſun, equal areas in equal times. Therefore (by 


Book II. Prop. LXXIII.) the force which retains them in their orbit, impels them 
towards the ſun. | 


FR 0: F, CLII. 


The forces Which retain the primary planets in their reſpective 
orbits are, at different diſtances from the ſun, inverſely as the ſquares 
of thoſe diſtances. 


It appears from obſervation, that the ſquares of the periodical times of the planets are 
as the cubes of their mean diſtances from the ſun. For example, Saturn's periodical 
time being found to be to Jupiter's about as 3o to 12, and the diſtance of the former from 
the ſun, to that of the latter nearly as ꝙ to 5; the ſquares of the times are goo and 144; 
which are to one another nearly as 729 to 125, the cubes of the diſtances. This propor- 
tion takes place in all the primary planets : hence (by Book II. Prop. LXXIX.) the 


force by which they are retained in their orbits is inverſely as the ſquares of the diſtances. 


PK G F. einm 
The primary planets are retained in their orbits by the force of 
gravitation. 


The moon having been ſhewn from the direction, and the law of its centripetal force, 
to be retained in its orbit by gravitation; ſince the primary planets are impelled towards 


the ſun (by Prop. CLI.) as the moon is towards the earth, and ſince their centripetal 


force 


Cray. I, CAUSE OF CELESTIAL MOTIONS. 


force acts with reſpect to the ſun by the ſame law, by which the force which retains the 
moon in its orbit acts with reſpect to the earth, namely, that this force is inverſely as the 
ſquare of the diſtance of the planet from the ſun; it may be concluded, as in the caſe of 
the moon, that they are retained in their orbits by the force of gravitation. 

This follows likewiſe from their moving in elliptical orbits, ſince it has been proved 
(Book II. Prop. LXXXI.) that bodies revolving in ſuch orbits have their centripetal 
forces inverſely as the ſquares of their diſtances from the center about which they revolve, 


PR OP. ay, 
The ſatellites of Jupiter and Saturn are retained in their reſpective 
orbits by the force of gravity. 


They are obſerved to deſcribe equal areas round the reſpeQive primaries in equal times, 
and, conſequently (by Book II. Prop. LXXIII.) are impelled towards them; and the 
forces which retain them in their orbits, are at different diſtances inverſely as the ſquares 
of thoſe diſtances (by Book II. Prop. LXXXI.) becauſe it has been obſerved that the 
ſquares of their periodical times are as the cubes of their diſtances from their reſpective 
centers. Therefore the force which retains the ſatellites of Jupiter and Saturn in their 


orbits, act in the ſame manner, and by the ſame law, as the force which retains the moon 


in its orbit acts with reſpect to the earth. But all effects of the ſame ſort are, without 


proof of the contrary, to be conſidered as produced by the ſame cauſe, Therefore the 


power which retains the ſatellites in their orbits is gravitation. 


P RO . cv 


The ſun and any planet revolve round a common center of gravity, 
which remains at reſt. 


Loet S be the ſun, and P any planet, mutually attracting each other. If neither of the 


two bodies revolved in any orbit, they would move towards each other, and would meet 


at C their common center of gravity ; and during the approach of theſe two bodies, C 


their common center of gravity would be at reſt, by Book II. Prop. LI. But if the body 


P has a projectile force given to it in the direction Pr, and if this projectile force and its 
gravitation towards S make it deſcribe an orbit round 8, (by Book II. Prop. LXVIII.) 


ſuch a projeQile force will prevent the body P from approaching to 8, though it gravitates 


towards 8. But if 8 has not as great a projectile force given to it at the ſame time in 


the oppoſite direction Ss, then becauſe S continues to gravitate towards P, and there is 


no force which can prevent its approaching to P, it follows that S will approach to P, 
or as P revolves round S the mutual gravitation of theſe two bodies will diminiſh the 
diſtance SP. Now it appears from Book II. Prop. LI. that C the common center of 


R r 2 gravity 
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apppear to a ſpectator at 8, to whom S ſeems at reſt, to have completed its orbit, or + or 
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gravity always divides this diſtance SP in the inverſe ratio of S to P, or that SC is always 
as much leſs than PC, as the quantity of matter in 8 is greater than the quantity of matter 
in P: conſequently, ſince the quantity of matter in S and in P is always the ſame, SC 
and PC have always the ſame ratio to one another. But as S approaches to P, SC de- 
creaſes. Therefore PC muſt decreaſe in the ſame ratio. But PC can decreaſe no otherwiſe 


than either by the approach of P to C, or by the approach of C to P. But the projectile 


force prevents P from approaching to C. Therefore C muſt approach to P. Thus it 
appears that, if P has a projectile force given to it, and is made to revolve, unleſs S has 
an equal projectile force given to it at the ſame time, the mutual gravitation of theſe two 
bodies towards one another will put C, which is their common center of gravity, in 


motion: contrary to Book II. Prop. LI. Cor. Therefore as the planet P begins to move 


in the direction Pz, the ſun 8 will likewiſe begin to move in the direction Ss; and C 
their common center of gravity will continue at reſt. And as they tend mutually towards 
each other, or towards C their common center of gravity, their motions will not con- 
tinue to be performed in right lines, but the planet P will revolve round C in an orbit 


of which PR is a part, and the ſun 8 will revolve round C in an orbit of which 8 
is a part. 


The ſun and any planet, whilſt they mutually gravitate towards 
each other, deſcribe fimilar figures round their common center of 


gravity, and round each other. 


Let S be the ſun, P the earth, or any other planet, and C their common center of 
eravity, about which (by the laſt Prop.) they revolve, To a ſpectator at P, who 
imagines the planet to be at reſt, the ſun will appear to revolve about P, and the reverſe 
at S. Becauſe the common center of gravity of the ſun 8, and any planet P, is always 
in a right line drawn from the ſun to the planet, if the planet moves through any ſmall 
ſpace from P to p, the line PC continued muſt paſs through the ſun; and conſequently 
the ſun muſt have moved from S to s. Thus Pp, Ss, are arcs deſcribed by the planet 
and ſun in their reſpective orbits in the ſame time, and PCp, SCs, are areas deſcribed in 
the ſame time by the radii CS, CP. And, becauſe the vertical angles at Care equal, and 
that SC is to PC (as 5C to pC, for SP, p, are both divided in C in the inverſe ratio of 
the quantities of matter in P and 8) the areas PCp, SCs, are ſimilar. In like manner, 
any other parts of the two orbits deſcribed in the ſame time, may be ſhewn to be ſimilar; 
conſequently, the whole orbits are ſimilar. 


Again, when P has completed its revolution round C, or 2 or 4 of its orbit, it will 


2 


+ of its orbit round 8. And univerſally, the angular motion of the planet P about C, 
in any given time, will be equal to its apparent angular motion about 8, conſidered as 
| | | | A 
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at reſt by a ſpectator at 8. If therefore the planet P in any given time has moved from 
P to p, in which (by the laſt Prop.) the ſun S has moved from S to 5s, the angle PCp, 
which is the meaſure of the planet's angular motion about C, will be equal to the apparent 
angular motion round 8. Let St be taken equal to Sp, and make the angle PS? equal 
to the angle PCB; P will by a radius drawn to 8 apparently deſcribe the area PSz, 


whilſt, by a radius drawn to C, it is deſcribing the area PCp. Now, becauſe (as was 


before ſhewn) SC is to PC, as C to pC, (El. V. 18.) SC+CP, or SP is to PC, as 
5C+Cz, or /p is topC; and 5p is equal to Sz: therefore PS is to PC, as St is to pC. 
Conſequently, the two figures PCp, PS t, are ſimilar. In like manner it may be ſhewn, 
that any other part, deſcribed in any given time, of the orbit the planet appears to move in 
round the ſun conſidered as at reſt, will be ſimilar to other parts, deſcribed in the ſame 


time, of the orbit in which the planet moves round the common center of gravity of the 


ſun and the planet : therefore the whole orbits are ſimilar. And fince the orbits which 
the ſun, and the planet, deſcribe about their common center have been proved to be 
ſimilar, it follows, that the orbit which any planet appears to deſcribe round the ſun 
conſidered as at reſt, is ſimilar to the orbit which the ſun in the mean time deſcribes 
round the common center of gravity. | 

In like manner it might be proved, that the orbit which the ſun S appears to deſcribe 
round the planet P conſidered as at reſt, is ſimilar to either of the orbits which the planet 
and ſun deſcribe about their common center of gravity. 


Cor. If the ſun's apparent motion, ſeen from the earth, is an ellipſe, having the earth 


in one of its foci, the earth's apparent motion, ſeen from the ſun, will be in a ſimilar 
ellipſe, having the ſun in one of its foci: and if the ſun and earth mutually gravitate 
towards each other, they deſcribe ſimilar elliptic orbits about their common center. 


P R OP. CLI. 


The common center of gravity of the ſun and all the planets is 
at reſt, and is the center of the ſolar ſyſtem. 

Since, from the mutual gravitation of the ſun and any one planet, they will revolve 
about their common center (by Prop. CLV.) the ſame muſt hold good with reſpect to 


the ſun and all the planets. Conſequently, there muſt be ſome one point in the ſolar 
ſyſtem which is its center of gravity, and is at reſt. 


CHAP. 
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Of the LUN AR IRREGULARITIES. 


PRO ˖ -- CLYMI: 


The nearer the moon is to its ſyzygies, the greater is its velocity ; ; 


and the nearer it is to its quadratures, the ſlower it moves. 


Let S repreſent the ſun, T the earth, and LMNO the orbit of the moon ; let the moon 


be in one of its quadratures at L, and let the lines LS and T'S be drawn. It is obvious, 
that the tendency which the moon has towards the ſun is along the line LS, and that 


which the earth has, is along the line TS: let then the former of theſe be refolved into 
two others, the one along LA parallel and equal to TS, the other from L to T, along 


the line LT. The former of theſe tendencies being parallel and equal to that by which 


the earth tends along the line TS, alters not the ſituation of the two bodies L and T 
with reſpect to each other, that is, it diſturbs not the motion of the body L; but the 
other along LT increaſes its tendency towards T. And this increaſe will be to the 
tendency the moon has to A, which is the ſame which the earth has to S, as the diſtance 
LT to LA, or I'S: that is, the gravity of the moon towards the earth in the quadratures 
is augmented by the action of the ſun; and that augmentation is to the tendency 
which the earth has to the ſun, as the length of the line LT, or the diſtance of the moon 
from the earth, to T'S the diſtance of the at from the ſun. | 
Hence the greater the moon's diſtance is from the earth, the diſtance of the ſun re- 
maining the ſame, the greater will this increaſe of the moon's gravity towards the earth be. 
But if the diſtance of the moon from the earth remains the ſame, and the diſtance of the 
ſun be augmented, this additional increaſe will be the leſs in the ratio of the cube of 
that diſtance. For, if T'S be increaſed while LT remains the ſame, LT will be ſo much 
the leſs with reſpect to TS, that is, the increaſe will be diminiſhed in the ratio of the 


ſun's diſtance : but when TS the diſtance of the ſun is increaſed, the abſolute force of 


the ſun, and with it the above-mentioned increaſe, will be diminiſhed alſo in proportion 


to the ſquare of that diſtance ; conſequently, taking in both conſiderations, it will upon 
the whole be diminiſhed in the ratio of the cube of that diſtance. 


Let now the moon be in one of its ſyzygies at M, then will the tendency it has to the 
ſun, more than that which the earth has, which is farther off at T, be to that which the 


earth 
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earth has, as the difference of the ſquares of SM and ST is to the ſquare of SM : but 
the difference between the ſquares of SM and ST has nearly the ratio to the ſquare of 
SM, which twice MT, that is MO, has to SM; becauſe the difference between the 
ſquares of two numbers whoſe difference is very ſmall with reſpect to either of them (as 
the difference between SM and ST is with reſpe& to the diſtance of S) has little more 
than double the ratio to the ſquare of the leſſer number, that the difference between the 
numbers themſelves has to the leſſer number. The tendency therefore which the moon, 
when at M, has to the ſun, more than that which the earth has, is to that which the earth 
has, nearly as MO, or twice TL, to SM, or becauſe of the ſun's great diſtance, as twice 
LT to TS. Her tendency therefore to the earth is now diminiſhed in that ratio: but as 
was ſhewn above, it was augmented in the quadratures in the ratio only of LT to TS. The 
diminution here is therefore nearly double of the augmentation there. And whereas that 


augmentation, when the diſtance of the ſun remains the ſame, was ſhewn to increaſe with 


the diſtance of the moon; but when the diſtance of the moon remains the ſame, to decreaſe 
with the cube of the ſun's diſtance; this diminution being always nearly double of Ut, 
will do the ſame. 

When the moon is in the other 3 at O, it is attracted towards the fun leſs than 
the earth is by the difference of the ſquares of SO and ST; which, in effeR, is the 
ſame thing as if the earth were not attracted at all towards S, and the moon were 
attracted the contrary way; ſo that its tendency to the earth is here alſo diminiſhed, as 


well as when it was at M, and almoſt in the ſame degree; for on account of the ſun's 


great diſtance, the difference between * the ſquares of 80 and 8 T is nearly the ſame as 
between ST and SM. 


Or thus : the al courſe of the moon round the ſun being performed in the ſame 


time that the earth's is, it ought to be retained in that courſe by the ſame force that the 


earth is; whereas when the moon comes to M, the action of the ſun upon it is greater 
than it is upon the earth, by the difference of the ſquares of SM and ST; and when 
the moon is at O, it is leſs than it is upon the earth by the difference between the ſquares 
of ST and SO: ſo that in the former caſe the moon is drawn too much towards the ſun, 
and in the latter too little; and therefore in both caſes its tendency towards the earth is 
diminiſhed, and almoſt in the ſame degree ; becauſe, as was obſerved above, the difference 
of the above-mentioned ſquares is nearly the ſame in either caſe, 

Next, let the moon be in a point of her orbit between the quadrature and the ſyzygy. 
Then being nearer the ſun than the earth is, ſhe will be attracted with a ſtronger force: 
let it be expreſſed by /S. produced to D, till /D be of ſuch length, that TS being put 
to expreſs the action of the ſun upon the earth, /D may expreſs the ſtronger force of 
the ſun upon the moon: and let /D be reſolved into- two others, one of which let be 
la equal and parallel to TS, then will the other be aD, or its equal and parallel 1G. 
This 1G is the only diſturbing force upon the moon at L, the other La being parallel 
to Ts, affects the moon juſt as the ſun does the earth; and thus alters not their 


fituations. 
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ſituations with reſpe& to each other. Let then this figure with the line LG be transferred 
= | 155 2 to fig. 9. This force LG may be reſolved into LI and LH, the one a tangent to the 
| bdrbit of the moon, and the other a perpendicular thereto: the former accelerates the 
| motion of the moon when going from the quadrature at O to the ſyzygy at B; and will 
retard it when going from B to R. The other, when H falls upon TIL produced, as in 
this figure, diminiſhes the tendency of the moon towards the earth; and when it falls 
between L and T, it augments it. 

Thus the nearer the moon is to its ſyzygies, the greater will be its velocity; and the 
nearer it is to the quadratures, the ſlower it will move; becauſe one of the forces into 
which LG is reſolvable, accelerates its motion from the quadratures to the ſyzygies ; and 
retards it as much from thence to the quadratures. 


— —— * 
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The moon deſcribes equal areas in equal times only at the ſyzygies 
and quadratures, and deviates from this law the fartheſt in the octants. 


plate 11. The diſturbing force being reſolved into two others, one of them, at the quadratures or 
Fig. 9. 


ſyzygies, will be found to point from or towards T the center of the earth directly, and 
therefore will not hinder the moon from deſcribing equal areas in equal times; the other 
| likewiſe, in thoſe places will be found to tend towards the center of the ſun, and there- 
fore neither of them will prevent the moon there from deſcribing equal areas in equal 
times, that is, will not at the quadratures diſturb the moon's motion at all. 

But when the moon is in the octants, as at L, this force being reſolved into two others, 
one of them, as LH, will point directly to or from the center of the earth, and therefore 
will increaſe or diminiſh the moon's tendency towards the earth, but not hinder it 
from deſcribing equal areas in equal time. But the other, as LI, or HG, points neither 
towards the center of the earth, nor ſun, and therefore, in the octants, prevents its de- 
ſcribing equal areas in equal times. But this being the mid-way between the quadrature 

and the ſyzygy, in both which places this diſturbing force doth not prevent the moon from 


deſcribing equal areas in equal times, it follows, that at the octants, this diſturbing force 
will be greateſt of all. iS OM. 


e r CLE. 
The orbit of the moon is more curved in the quadratures, and 


leſs in the ſyzygies, than it would be if it were only attracted by 
the earth. 3 


For its motion (by Prop. CLVIII) being accelerated during its progreſs from the 
quadratures to the ſyzygies, in the ſyzygies its motion will be quicker than it ought — 
. otherwiſe 
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otherwiſe to be, and therefore its centripetal force leſs than it would otherwiſe be. It 
will therefore at the ſyzygies deſcribe the portion of a larger curve, which conſequently 
will be leſs curved than a ſmaller. On the other hand, while the moon paſſes from the 
ſyzygies to the quadratures, its motion is continually retarded, and therefore, at the 
quadratures, its motion will be flower than it would otherwiſe be. At the quadtatures 
therefore the moon will deſcribe the portion of a leſſer curve, which therefore will be 
more curved than a larger curve. | | 


PROP, - CL 
When the earth is in its perihelion, the periodical time of the 
moon will be the greateſt ; when the earth is in its aphelion, the 
periodical time of the moon will be the leaſt. z 


Since the irregularities explained in the three preceding Propoſitions proceed from the 
action of the ſun, it follows, that where the action of the ſun is greateſt, the irregularities 
ariſing from it will be greateſt too. But the nearer the earth is to the ſun, the greater 
will be the action of the ſun upon the moon; and the more the moon tends towards 
the ſun, the leſs will it tend towards the earth. When therefore the earth is at the | 
perihelion A, and conſequently at its leaſt diſtance from the ſun 8, the action of the ſun Plate 11. 
upon the moon will be greateſt, and deſtroy more of its tendency towards the earth than 8 2 
at any other diſtance, as SE, SC, SD, &c. Therefore when the earth is at the perihelion 
A, the moon will deſcribe a larger orbit about the earth, than when the earth is at any 
other diſtance from the ſun, and conſequently, her periodical time will then be the longeſt. 
But the earth is at its perihelion in the winter, and conſequently, then the moon will 
deſcribe the outermoſt circle about the earth, and her periodical time will be the longeſt : 
which agrees with obſervation, For the ſame reaſon, when the earth is at its aphelion 
B, the tendency of the moon towards the earth will be the greateſt, and conſequently, 
her periodical time the leaſt. And in this caſe, which will be in the ſummer, it will 
deſcribe the innermoſt circle about the earth. 


P-R OP, - CEXIL 


The line of the moon's ap/fis goes forward when the moon is in 
ſyzygy, and backwards when it is in quadrature ; but it goes farther 
forwards than backwards each time, ſo that at length it performs 
a revolution according to the order of the ſigns. 


Since the moon deſcribes an elliptical orbit CEDF about the earth 8, placed in one Plate x1, 


of its foci, and ſince its centripetal force towards the earth, by means of the action of the LINE . l 


8 8 | ſun, 
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ſun (by Prop. CLVIII.) is continually increaſing, or decreaſing, but not equably, that is, 
ſometimes leſs, and ſometimes more, than in the inverſe duplicate ratio of the diſtance 


of the moon from the earth, therefore, the line of the moon's apſis AB will be con- 
tinually going backwards, or forwards; that is, the axis AB will not always lie in that 
ſituation, but go backwards into the ſituation CD, or forwards into the ſituation EF. 
Since however, taking one whole revolution of the moon about the earth, the action of 
the ſun more diminiſhes the tendency of the moon towards the earth than it augments it, 
therefore the motion of the apſes forwards, exceeds their motion backwards. Upon the 


whole, therefore, the apſes of the moon's orbit go forwards, or according to the order of 


the ſigns. Their revolution is completed in about g years. 


FP R O FP, CLXIII. 


The excentricity of the moon's orbit is varied in every revolution 
of the moon, and is greateſt when the moon is in ſyzygy, and leaſt 


when it is in quadrature: and the orbit is moſt of all excentrical 


when the line of the apfis 1 is in the ſyzygies, and leaſt of all excen- 
trical when this line i 1s in the quadratures. 


Becauſe the moon " deſcribes an excentrical orbit CEDB about the earth S, and the 
action of the ſug upon it ſometimes inereaſes its tendency towards the earth, and ſome- 


times diminiſhes it, that is, makes its gravity towards the earth increaſe or decreaſe too 


faſt; if, while the moon aſcends from her lower apſis A, its gravity towards the earth 
decreaſes too faſt, inſtead of deſcribing the path DBF, and coming to the higher apſis at 


B, it will run out into a curve beyond DBF, that is, the orbit will become more ex- 


centric, or farther from a circle. On the other hand, if the moon is paſſing from her 
higher apſis B, to her lower A, and its gravity towards the earth, by the action of the ſun, 
increaſes too faſt, it will approach nearer to the earth than the curve CAE, and deſcribe 
4 curve within CAE, or a portion of an orbit leſs excentric, or nearer to a circle, than 
CEDF. And if we compare ſeveral revolutions of the moon together, we ſhall find, 


that when the line of the ap/is is in the ſyzygies, the excentricity will be the greateſt of 


all, becauſe in that ſituation, the difference between the tendency which the moon has to 
the earth in one of the apſes, and that which it has in the oppoſite one, is the greateſt 


of all; whereas, when the line of the apſis is in the CLnerature, this difference is the 
leaſt, and therefore the Junar excentricity will be ſo too. 


PROP. 
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P R G . CEXTV; 


The line of the nodes moves backwards, but not uniformly ; 


when it 1s in the — it ſtands ſtill, and moves faſteſt i in — 
quadratures. 


When the line of the nodes i is in the ſyzygies, as CD, the plane of the moon's ; orbit. Plate 11, 


paſſes through the center of the ſun S, as well as through that of the earth E; whence, 


the diſturbing force acting in the direction of the line of the nodes, and conſequently in 
the plane of the lunar orbit, the moon is not drawn out of the plane of its orbit by the 
ſun. But when the line of the nodes is in any other ſituation, and the moon not in one 
of the nodes, it is continually drawn out of the plane of its own orbit, on that ſide on. 

which the ſun lies. For inſtance, if the plane of its orbit CGDF produced paſſes above 


the ſun, the ſun draws it downwards; if, on the contrary, the plane of its orbit produced. 
paſſes below the ſun, it draws it upwards. Hence it follows, that when the line of the. 
nodes is not in the ſyzygies, and the moon having paſſed either of the nodes, has got out 


of the plane of the ecliptic ACBD on either fide of it, the action of the ſun occaſions the 
moon to return back to the plane of the ecliptic ſooner than it otherwiſe would do. 


But where the moon enters that plane, there is the next node; ſo that each node does, as 


it were, come towards the moon : and the nearer the line of the nodes is to the quadratures, 


the greater is this effect, becauſe in that caſe, the ſun is the fartheſt of all from the plane 


of the lunar orbit produced. So that the line of the nodes goes backwards the faſteſt of 
all, when it is in the quadratures; and not at all in the ſyzygies. 


Pp R O P. CLXY. 


The inclination of the lunar orbit is liable to change, and is greateſt 


when the nodes are in the Veygies, and leaſt when they are in the 


quadratures. 


When the nodes are in the 3 A, B, and the moon in its orbit AGBF has 
paſſed A, and is approaching the ſyzygy which is next to the ſun, the action of the ſun 
upon the moon prevents its aſcending ſo high, that is, departing ſo far from the plane of 
the ecliptic ADBC; whence the inclination of its orbit to the ecliptic will become leſs, 
and it will come to conjunction with the ſun at H, making an angle with the ecliptic 
HAD, leſs than GAD. As the moon goes on to the next quadrature B, the action of 
the ſun upon the moon, in its deſcent towards the node, haſtens its deſcent, and thus, 
bringing it down to the ecliptic at K ſooner than it would otherwiſe arrive there, increaſes 


the inclination of the plane of its orbit as much as it was diminiſhed in aſcending from 
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inclination of the moon's orbit is diminiſhed in every revolution of the moon ; and while 


above 8, the moon will not riſe ſo high as P, and the inclination of its orbit will be 


now deſcending towards the ecliptic, the attraction of the ſun will haſten its deſcent, and 


force acting, in the plane of the ecliptic, from the ſun, and the moon ſtill deſcending 


A, the diſturbing force ſtill acting from the ſun, the inclination is increaſed. But while 


from L to I, the diſturbing force is much greater than when it is paſſing from P to L, 
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A to H. And for the ſame reaſon, while the moon paſſes from B to the oppoſite ſyzygy 
F, the action of the ſun decreaſes the inclination of its orbit, and increaſes it again on 
its paſſage from thence to A the next quadrature. 

When the nodes are in the ſyzygies, C, D, the plane of the moon's orbit produced, 
paſſes through the center of the ſun; and conſequently, not being affected by the action 
of the ſun, its inclination is neither increaſed nor diminiſhed. 


But while the nodes are paſſing from the ſyzygies C, D, to the quadratures A, B, the 


they are paſling from thence to the ſyzygies, it is continually increaſing. Suppoſe the 
nodes in the octants at O and L, and the plane of AGBF, the orbit of the moon, ſo in- 
clined to ADBO, the ecliptic, that if produced, it will paſs above the fun 8. When the 
moon is nearer the ſun than the earth is, it is attracted towards the ſun more than the 
earth is; and when farther off, the earth is attracted more than the moon is, that is, the 
moon is as it were attracted the other way. Hence, whilſt the moon is aſcending from 
the ecliptic in paſſing from O to P, the diſturbing force being towards 8, and the orbit 


diminiſhed while it is paſſing over go degrees from the node O. In going from a point 
below P to the next quadrature B, which is 45 degrees, the diſturbing force being till 
towards 8, becauſe the moon is as yet nearer the ſun than the earth is, and the moon 


therefore cauſe it to move in. a plane which will make with the plane of the ecliptic a 
larger angle than before; that is, in paſſing from P to B the inclination of the orbit is 
increaſed. But when the moon has paſſed B, and is moving towards L, the diſturbing 


towards the ecliptic, the diſturbing force, attracting the moon upwards, will retard its 
deſcent to the ecliptic, and cauſe it to move in a plane which will make a leſs angle with 
the plane of the ecliptic than before; that is, while it is paſſing from B to the node L, 
the inclination of its orbit is diminiſhed. Thus, while the moon paſſes from O to L, 
the inclination of its orbit is diminiſhed during three fourths of the paſſage. In like 
manner, while the moon is aſcending from L to I, becauſe the diſturbing force acts from 
the ſun, the inclination of its orbit is diminiſhed; and while it is deſcending from I to 


it is ſtill deſcending: from A to O, becauſe the difturbing force acts towards the ſun, the 
inclination is diminiſhed. Add to this, that while the moon paſſes from. O to P, and 


and from I to O, becauſe the difference between the diſtances of the moon and of the 
earth from the ſun is greater in the former caſe than in the latter. On the whole therefore, 
while the nodes are between A and D, B.and FE, that is, while they are paſſing from 
ſyzygy to quadrature, the inclination of the lunar orbit is diminiſhed ; for, though the 
nodes have been. ſuppoſed equally diſtant from the quadrature and ſyzygy, it. is obvious 

that 
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that the like effects muſt happen, though eren in degree, when they are nearer to 
the one than the other. 

Next, let the nodes be in the octants I, P, between A and F, and Band G. While 
the moon is aſcending from the node I towards the quadrature A, the diſturbing force 
acting from the ſun, it will be drawn upwards, and the inclination of its orbit will be 
hereby increaſed. In aſcending from A to O, the diſturbing force acting towards the ſun, 
its aſcent will be diminiſhed, or the inclination of its orbit leſſened : but in deſcending 
from O to the node P, the diſturbing force ſtill acting towards the ſun, it will be drawn 
downwards, and conſequently, the inclination of its orbit will be increaſed. Thus, 
during one whole revolution of the moon in this poſition of its nodes, the inclination of 
its orbit will be increaſed through three fourths of its paſſage. And this will be true, 
as in the other caſe, when the nodes are not in the octants. Alſo, for the reaſon men- 
tioned in the other caſe, the force which increaſes the inclination of the orbit is, while 
it acts, ſuperior to that which diminiſhes it. While the nodes therefore are paffing from 
the quadratures to the ſyzygies, the inclination of the moon's orbit is increaſing. From 


CHAP. II. 


all which it is manifeſt, that the inclination of the lunar orbit is the leaſt when the line 


of the nodes is in quadrature, and the moon in ſyzygy, and greateſt when the line of the 
nodes is in ſyzygy. 


S R O F. CLEVL 


The nodes of the moon are at reſt, when the line of the nodes is 
in ſyzygy ; they move in antecedentia, or from eaſt to weſt, when 
the line of the nodes is in quadrature; and alſo when it is between 
quadrature and ſyzygy; but their regreſs in one revolution is, in 
this caſe, leſs than when the line of the nodes 1s in quadrature. 


When the line of the nodes is in ſyzygy, becauſe the diſturbing force acts in the plane 
of the moon's orbit, it cannot change the inclination of that plane to the ecliptic ; whence, 
the common interſection of the two planes, or the line of the nodes, is immoveable. If, 
whilſt the line of the nodes is in AB, the moon is paſſing from A through G to B, being 
conſtantly drawn towards the plane of the ecliptic by the diſturbing force, it will come 
to the plane ſooner than it would have done if no ſuch force had acted upon it, that is, 
before it has deſeribed 180. or is arrived at B. 

In like manner, while the moon is paſſing from B to A, through / F, being drawn 
towards the plane of the ecliptic by the diſturbing force, it will croſs the ecliptic ſooner 
than it would otherwiſe have done, that is, before it arrives at A. Conſequently, the 
nodes will have changed their places, and moved in a contrary direction to the moon. 
In any other poſition of the line of the nodes, the diſturbing force will, for the ſame 
reaſon, cauſe the line of the nodes to move in antecedentia, though in a leſs degree: be- 

Se | cauſe, 
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cauſe, whilſt the moon is deſcribing the greater part of its e it is drawn by the diſ- 
turbing force (as was ſhew in the laſt Prop.) towards the ecliptic, and conſequently j is 
made to croſs the ecliptioſſooner than it would otherwiſe have done, that is, the nodes 
are, on the whole, in one revolution of the moon, made to move in a direction contrary to 
that of the moon : but this regreſs is leſs than when the line of the nodes is in quadrature, 
becauſe, during part of the revolution in this oblique poſition of the line of the nodes, 
the nodes move in conſequentta, or in the ſame direction with the moon, namely, whilſt 
the diſturbing force (as was ſhewn in the laſt Prop.) draws the moon from the plane of 


the ecliptic; whereas, when the line of the nodes is in quadrature, they move in antecedentia 
during the whole revolution. 


ScnoL. 1. The nodes Perron. one revolution, or paſs through every part of the 
ecliptic, in about 19 years. 


ScHOL. 2. All the irregularities of the moon are greater when the earth is in its 
perihelion, than when it is in its aphelion, becauſe the effect of the ſun's action, whereby 
they are produced, is inverſely as the cube of its diſtance from the earth. They are alſo 
greater when the moon is in conjunction with the ſun, than in oppoſition, for the ſame 


reaſon ; for the earth and moon, taken together, are nearer the ſun in the former ſituation 
of the moon, than they are in the latter. 


CHAP. 


Cray. III. SPHEROIDICAL FORM OF THE FARTH. 


„„ 
Of tbe SPHEROIDICAL FORM of the EARTH. 


P R O P. CLXVIL 
In the daily revolution of the earth round its axis, the centrifugal 
force diminiſhes the weight of bodies more than in any other place 
on the ſurface of the earth, in the duplicate ratio of the ſemidiameter 
to the coſine of the latitude of the place. 


Let PEpe be the earth, Pp the axis, Ee the equator. As the earth revolves upon its 
axis, every place on its ſurface, except the two poles, deſcribes a circle, the plane of which 


Plate 11, 
Fig. 13+ 


is perpendicular to the axis, and the radius of which is the diſtance of that place from 


the axis. Thus, a body placed at A will in one revolution of the earth deſcribe a circle, 
the ſemidiameter of which will be AB, which with the plane in which it lies will be 
perpendicular to the axis Pp. In like manner, CE is the ſemidiameter of a circle deſcribed 
by the revolution of a place in the equator. But CE is the ſemidameter of the earth, 
and AB is the coſine of latitude of the place A; for AB is the fine of AP, the complement 
of AE, which is the latitude of the place. And a body at E, revolving in a circle whoſe 
radius is CE, performs its revolution in the ſame time with a body at A, revolving in a 
circle whoſe radius is AB. But where the periodical times are equal, the centrifugal forces 
are as the radii, by Book II. Prop. LXXV. Whence the body at E has its centrifugal 
force as much greater than the body at A, as the radius CE is greater than the radius AB; 
and univerſally, the centrifugal force at the equator is to the centrifugal force at any 


other place on the ſurface of the earth, as the ſemidiameter of the earth to the coſine of 


the latitude of the place. And ſince it is manifeſt that the gravity muſt be diminiſhed 
as much as the centrifugal force is increaſed, the gravity of a body at the equator is 
as much leſs than that of a body at any other place on the earth, as the ſemidiameter of 
the earth is greater than the coſine of the latitude of the place, _ 

Moreover, if the centrifugal] forces at E and A were equal, they would diminiſh the 


weights of bodies unequally, on account of the different directions in which theſe forces 


act. The centrifugal force at A, acting obliquely upon the force of gravitation towards C, 
can only diminiſh this force by ſuch a part of its action as is oppoſite to the direction 
of gravitation, that is, reſolving Ab which may expreſs the centrifugal force at A into 
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body at A, will be to the whole centrifugal force at A, as Aa to Ab. Whereas at E, 
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Aa, ab, the part of the centrifugal force which will act to diminiſh the gravity of the 


the whole centrifugal force, acting in direct oppoſition to the force of gravitation, will 
operate to diminiſh the weight of a body at E. Hence the force which acts to diminiſh 
the weight of a body, that is, the diminution at E is to the ſame at A, as the whole 
centrifugal force Ab to the part Aa. But Ab is to Aa, as CE to BA: for, the triangles 
Aab and ABC being ſimilar, Ab is to Aa, as AC or EC to BA. Therefore, from the 
different directions in which the centrifugal forces act at E and A, the weight at E is 
as much more diminiſhed than at A, as EC the ſemidiameter is greater than AB the 
coſine of the latitude of the place A. 

The centrifugal force then diminiſhes the force of gravitation in che ratio of EC to 
AB, both becauſe the centripetal force at E is greater than at A, and becauſe it acts 
directly at E, but obliquely at A. Therefore the centrifugal force diminiſhes the weight 
of a body at E, more than at A, in the duplicate ratio of CE to BA, that is, as much 
more at E than at A, as the ſquare of CE is greater than the ſquare of BA. 


Schol. It is found by calculation from this Prop. that gravity at the equator is 
diminiſhed by the centrifugal force in the ratio of 288 to 289. 


P R OP. CLXVIII. 
The earth is an oblate ſpheroid, elevated at che equator, and de- 


preſſed at the poles. 


elcorVer | 
It has been found by obſervation, that a l pendulum is required to vibrate ſeconds 


at the equator than at the poles; but (from Book II. Prop. XLIII. and XLIV.) the 


lengths of pendulums vibrating in the ſame time are as the gravities at the places where 
they vibrate; therefore the gravity at the poles 1s greater than at the equator. And it 


has been found that this difference of gravity is ſo much greater than would ariſe from 


the centrifugal force alone, that the ratio of the equatorial diameter of the earth to the 


polar diameter, muſt be as 212 to 211. 


Cor. 1. The degrees of latitude upon the earth's ſurface are longer at the poles than at 
the equator. For an arc of a meridian near the poles is leſs curved than near the equator, 
that is, it is an arc of a larger circle; whence a degree meaſured upon that arc muſt be 
greater than upon an arc of the ſame meridian at the equator, 


Cor. 2. The tendency of a heavy body, on any part of the ſurface of the earth 


between the poles and the equator, is not directly towards the, center, but towards ſome 
point between the center and the equator. 


ScHoL. The point towards which a body in any given place will tend may be 
determined. 


For 
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For (by Prop. CLXVII.) as radius EC is to the coſine of latitude of the place AB, 
ſo is the centrifugal force at E to the centrifugal force at A in the direction Ab. Pro- 
duce, therefore, the line BA to b, till Ab has the ſame ratio to AC, as the quantity laſt 
found has to gravity upon the ſurface of the earth. Complete the parallelogram AbCc; 
the point ſought will be c, and the tendency of the body will be along Ac; thus ſup- 
poſe the latitude of the place 51%. 46. The centrifagal force at the equator is found 
to be to that of gravity, as 1 to 289: hence, as radius is to the coſine of 519. 46“. ſo is 
x to ,618, which is the centrifugal force at A. Conſequently, the centrifugal force at 
A is to the force of gravity, as ,618 to 289: therefore, by the conſtruction, Ab or Cc, 
is to AC in that ratio. The ratio of AC to Cc being thus found, as AC is to Cc, or 
as 289 is to ,618, ſo will the fine of the angle of latitude ACc, or 51. 46'. be to 5. 
nearly, which is the angle required, meaſuring the deviation of the line of direction of 
falling bodies at the given latitude from a line drawn to the center of the earth. 


Tt CHAP. 
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% 0 $4. "BB. 
Of the PRECESSION of the EQUINOXES. 


Dur. LXIV. A Periodical V ear, 18 the time in which the ſun 
completes its revolution through the ecliptic. 


Der. LXV. A Tropical Year, is the time in which the ſun 


_ completes its revolution ſetting out from any ſolſtitial or equinoctial 


point, and r to the ſame. 


r R O P. CLXIX. 


The equinoctial points move in antecedentia, or go back war ds from 
eaſt to weſt, contrary to the order of the ſigns. 


It is found from obſervation, that the equator and ecliptic do not always interſect each 
other in the ſame points, but that the points of interſection change their place, moving 


from eaſt to weſt, whilſt the inclination of the planes remains the ſame. This motion is 


called the preceſſion of the equinoxes, becauſe it carries the equinoctial points in precedentia 


fer na. 


R O P. K. 


The preceſſion of the equinoxes makes the tropical year ſhorter 
than the periodical year. 


If, while the ſun moves in the order of the ſigns, the equinoctial point moves in the 
contrary direction, it is manifeſt, that the ſun muſt arrive at the ſolſtitial or equinoctial 
point from which it ſet out, before it arrives at the ſame place in the zodiac, or muſt 
eomplete the tropical year ſooner than the periodical year. 


The tropical year is obſerved to be 365 days 5 hours 49 minutes; the periodical year, 
305 days, 6 hours, 4 minutes, 56 ſeconds. 


PROP. 


Cnar..IV. PRECESSION OF THE EQUINOXES. 


r 


The preceſſion of the equinoxes cauſes the poles of the equator to 
deſcribe a circle from eaſt to weſt about the poles of the ecliptic. 


In this preceſſion, the plane of the equator revolves from eaſt to weſt, cutting the 
ecliptic, which, with its axis, is at reſt, in ſucceſſive points. But while the plane of the 
equator is revolving, its axis muſt revolve with it the ſame way. And, ſince the plane 
of the equator is always equally inclined to that of the ecliptic, the axis of the equator 
muſt always have the ſame inclination to the axis of the ecliptic : conſequently, the poles 


of the equator will revolve round the poles of the ecliptic, always preſerving the ſame 


diſtance from each other; that is, the PoJes of the equator will deſcribe a circle about 
the poles of the ecliptic. 


Exp. The preceſſion of the equinoxes, and the revolution of the pole of the equator 
about that of the ecliptic, may be thus repreſented on the celeſtial globe. Let the broad 
wooden horizon repreſent the ecliptic; place the axis of the globe perpendicular to the 
- wooden circle; 
wooden horizon : conſequently, if the wooden horizon repreſents the ecliptic, the circle 
which commonly repreſents the ecliptic will now repreſent the equator; and the two 
points in which this circle cuts the wooden horizon will repreſent the equinoctial points. 


If the globe, in this poſition, be turned ſlowly round from eaſt to, weſt, theſe points of 


interſection will move round the ſame way, while the inclination of the circle which now 
repreſents the equator to that which repreſents the ecliptic remains the ſame : whence 
the preceſſion of the equinoxes is properly repreſented. Again, the axis and poles of the 
globe now repreſenting thoſe of the ecliptic, the axis and poles of the ecliptic, marked 
on the globe, will repreſent thoſe of the equator ; and in turning the globe round from 
eaſt to weſt, the points which repreſent the poles of the equator, will revolve the ſame 
way round the poles of the globe which repreſent thoſe of the ecliptic, and the axis of the 
ſuppoſed equator will always make the ſame angle with the plane of the ſuppoſed ecliptic. 


P R O P. CILXXII. 


The preceſſion of the equinoxes is cauſed by the action of the 
ſun and moon on that exceſs of matter about the equatorial parts 
of the earth, by which from a perfect ſphere it becomes an oblate 
ſpheroid. 3 


Let AD CB be the plane of the ecliptic, S the ſun, E the earth, and AFBG a ring 


encompaſſing the earth at any diſtance, as Saturn is encompaſſed by its ring. Let the 


T t 2 half 


the ecliptic on the globe will then make an angle of 239. 30'. with the 
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half of this ring AGB towards the ſun be above the plane of the ecliptic, and the other 
half below it: then, a line paſſing through A and B will be the line of the nodes of this 


ring. If it be ſuppoſed that this ring moves round its center E, the ſame way in which 


the moon moves round the earth, it is obvious that every point of this ring will be 
acted upon by the diſturbing force of the ſun in the ſame manner as the moon was 
ſhewn to be ated upon in Prop. CLVIII. &c. Particularly, the motion of the nodes of 
this ring, and conſequently of the whole ring which moves with theſe nodes, and its 
inclination to the plane in which its center moves, will be affected in the ſame manner 
with the orbit of the moon : whence, its nodes when in ſyzygies will ſtand ſtill, and its 
inclination will be greateſt ; but in all other fituations, the nodes will go backwards, and 


| faſteſt of all when in the quadratures, at which time the inclination of the ring will be 


the leaſt. This will be the caſe whatever be the thickneſs of the ring, or its diſtance 
from the center, | 1 1 

If this ring be ſuppoſed to adhere to the earth, it is obvious that it will ſtill have the 
motions deſcribed above, and that in this ſituation, the earth itſelf muſt participate of 


theſe motions. Now the earth being an oblate ſpheroid, having its equatorial diameter 
longer than that which paſſes through its poles, this redundancy of matter, by which the 


form of the earth departs from a perfect ſphere, may be conſidered as a portion of the 
ſuppoſed ring, which receives from the action of the ſun the motions above mentioned, 
and communicates them to the earth. Hence the equinoctial points, which are the nodes 
of the ring, when they are in ſyzygy, that is, at the equinox, will ſtand ſtill, and the 
inclination of the equator to the plane of the ecliptic will be the greateſt: in all other 
fituations they will go backwards, and faſteſt when in quadrature at the ſolſtices; and 
the inclination of the plane of the equator to that of the ecliptic is then the leaſt, 


Cor, Hence the axis of the earth, being perpendicular to the plane of the equator, 
changes therewith. its inclination to the plane of the ecliptic twice in every revolution 
of the earth about the ſun. For inſtance, it increaſes whilſt the earth is moving from 
the ſolſtitial to the equinoctial, and diminiſhes as much in its paſſage from the equinoRial 
to the ſolſtitial points: which phenomenon is called the Nutation of the Poles. 


Scyuor. This preceſſton of the equinoxes is found to be 50 ſeconds of a degree, every 


year, weſtward or contrary to the ſun's annual motion: ſo that with reſpe& to the fixed 


ſtars, the equinoctial points fall backwards 30 degrees in 2160 years, whence the ſtars will 
appear to have gone 30 degrees forward, with reſpect to the ſigns of the ecliptic, which 
are reckoned from the equinoctial point. Thus the ſtars which were formerly in Aries 
are now in Taurus, &c. This period is completed in 25, 920 years. 
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E H A pv 


Or THE T 1 DE S. 


PR O FP. MA. 
The tides are cauſed by the attraction of the moon and of the ſun. 


Let Ap Ln be the earth, and C its center; let the dotted circle PN repreſent a maſs of Plate 11. 
water covering the ſurface of the earth; let M, m, be the moon; 8, s, the ſun in different 8 85 
ſituations. Becauſe the power of gravity diminiſhes as the ſquares of the diſtances inereaſe, 
(by Prop. CXLVIII.) the waters on the ſide of the earth A are more attracted by the 
moon at M than the central parts of the earth C, and the central parts are more attracted 
than the waters on the oppoſite ſide of the earth at L: conſequently (as was ſhewn 
concerning the moon) the waters on the fide L will be as it were attracted from the center 
of the earth, or will recede from thence. Therefore, while the moon is at M, the waters 
will riſe towards @ and / on the oppoſite ſides of the earth A, L; while, by the oblique 
attraction of the moon, the waters at P and N will be depreſſed. | | 

Or thus: becauſe (by Prop. CLV.) the moon and earth are continually revolving 
about their common center of gravity, ſuppoſe a; the points A, C, L, deſcribing circles 
about this common center in the ſame periodical times, the forces required to retain them 
in theſe circles (as may be inferred from Book II. Prop. LXXV.) will be to each other 
as their diſtances from the center aA, aC, aL. Conſequently, the point L requires a 
greater force than C, and C than A, to retain it in its orbit. Now theſe points are re- 
tained in their reſpective circles by the moon at M; and conſequently the point L, 
which is moſt remote, and therefore requires the greateſt force, is attracted the leaſt, 
whilſt A, the neareſt point, is attracted the moſt. Thus, the water about A being at- 
tracted too much, and that about L too little, both will have their gravity diminiſhed by 
the action of the moon, and will endeavour to leave the center C; while the water at P 
and C, having their gravity increaſed by the ſame cauſe, will ſubſide. Hence the form 
of the water on the ſurface of the earth will become an oblong ſpheroid. | 

This oval of waters keeps pace with the moon in its monthly courſe round the earth; 
while the earth, by its daily rotation about its axis, preſents each part of its ſurface to 
the direct action of the moon, twice each day, and thus produces two floods and two ebbs. 
But becauſe the moon is in the mean time paſſing from caſt to weſt in its orbit, it comes 
to 
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to the meridian of any place later than it did the preceding day; whence the two floods 


and ebbs require nearly 25 hours to complete them. The tide is at the greateſt height, 


not when the moon is in the meridian, but ſome time afterwards, becauſe the force 


by which the moon raiſes the tide continues to act for ſome time after it has paſſed the 
meridian. | 


As the moon thus raiſes the water in one place, and depreſſes it in another, the ſun 
does the ſame; but in a much leſs degree, on account of the ſmall ratio of the ſemidiameter 
of the earth to the diſtance of the ſun ; for, as it was ſhewn of the moon, that the force 
of the ſun by which it diſturbs its motion is as the diſtance of the moon from the earth 
to that of the ſun from the ſame, ſo, in this caſe, the force of the ſun to diſturb the waters 


is as the ſemidiameter of the earth to the diſtance of the fun, which ratio is very ſmall. 


"PRO P. CLXXIV. 
The tides are greateſt at the new and full moons, and leaſt at 
the firſt and laſt quadratures, and the higheſt tides are near the time 


of the equinoxes. 


When the moon is in conjunction or oppoſition with the ſun, as M, , 8, the tides which 
each endeavours to raiſe are in the ſame place; whereas, when the moon is in the firſt or 
laſt quarter, the ſun being in the meridian when the moon is in the horizon, as M, 3, 
depreſſes the water where the moon raiſes it; whence the tides are then the leaſt of all. 
On the full and new moons, which happen about the equinoxes, when the luminaries 
are both in the equator or near it, the tides are the greateſt of all: for firſt, the two 


eminences of water are at the greateſt diſtance from the poles, and hence the difference 


between ebb and flood is more ſenfible; for if thoſe eminences were at the poles, it is 
obvious we ſhould not perceive any tide at all : ſecondly, the equatorial diameter of the 
earth produced paſſes through the moon, which diameter is longer than any other, and 
conſequently there is greater diſproportion between the diftances of the zenith, center and 
nadir, from the center of gravity of the earth and moon, in this ſituation than in any other: 

and thirdly, the water riſing higher in the open ſeas, ruſhes to the ſhores with preater force, 
where being ſtopped, it riſes higher Kill ; for it not only riſes at the ſhores in proportion to 


the height it riſes to in the open ſeas, but alfo according to the velocity with which it 


flows from thence againſt the ſhore. The ſpring tides, which happen a little before the 


vernal and after the autumnal equinox, are the greateſt of all, becauſe the ſun is nearer 
the earth in the winter than in the ſummer. 


5 P R O P. CLXXV. 
When the moon is in the northern hemiſphere, it produces a 


greater tide while it is in the meridian above the horizon, than when 


it 


CnAr. V. n „ 


it is in the meridian below it; when in the ſouthern hemiſphere, 
the reverſe. 


Let AFD repreſent the earth, whoſe center is T, and axis PO, the point P the north Plate 11. 
pole, and O the ſouth pole, EQ the equator, FH a parallel to it on the ſouth ſide, and * 
K D another parallel to it on the north ſide. Let the fluid ſurrounding the earth form 
itſelf into an oblong ſpheroid, whoſe longer axis HK produced, paſſes through the moon 
at L. The right lines TK, or TH, drawn from the center T7, will repreſent the greateſt 
height of the water in thoſe places. Then, ſuppoſing NM perpendicular to KH, TN, 
or TM, will denote the leaſt height, and will repreſent the height of the water in alt 
parts of the globe through which the circle NM paſſes. The right lines TE, TF, TH, 
TQ, TD, will ſhew the height of the water in thoſe reſpective places E, F, H, 

. 
hy us now conſider ſome place in particular, which, by the diurnal motion of the 
earth, deſcribes the parallel KD. When that place is at K, the height of the water 
TK is the greateſt, that is, it will be high water, and the moon L will be in the meridian. 
But afterwards, when that place comes to X, the height of the water will be the leaſt, 
that is, it will be low water; and when the ſame place comes to D, it will be high 
water again. But becauſe TK is greater than TD, therefore, in the preſent caſe, 
when the moon is on the north ſide the equator, or in the northern ſigns, the height of 
the ſea, or tide, will be greater when the moon is in the part of the meridian which is 
above the horizon, than when it is in the meridian, and below it. Hence it is that the 
moon, when it is in the northern ſigns, makes the greateſt tides on our ſide the equatar 
when it is above the earth. | 

Again, TH, on the ſouth ſide the equator, is longer than TF; mand therefore, to 

a place that deſcribes the parallel FH, the greateſt height of the water, when the moon 
is in the northern ſigns, is when it is on that part of the meridian that is below the 
horizon of that place, and the leaſt tides when it is above the horizon. For the like 
reaſon, when the moon is in the ſouthern ſigns, the greateſt tides or? the other ſide of 
the equator will be when it is below our horizon, and the leaſt tides when it is above it. 


Scyor. What hath been ſaid of the tides, muſt be underſtood upon ſuppoſition, 
that the globe of the earth is covered entirely with water to a conſiderable depth : but 
continents which ſtop the tide, ſtreights between them, iſlands, and the ſhallowneſs of the 
ſea in ſome places, which are all impediments to the courſe of the water, cauſe many ex- 
ceptions to what hath been above laid down. Theſe exceptions can only be explained 
from particular obſervations on the nature of tides at different places. 
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Or Tuz FIXED STARS. 


Dr. LXVII. Thoſe bodies which always appear in the heavens 
at the ſame diſtance from each other, are called Fixed Stars. 


PR O . n 
The fixed ſtars are luminous bodies. 


Becauſe they appear as points of ſmall magnitude when viewed through a teleſcope, 
they muſt be at ſuch immenſe diſtances, as to be inviſible to the naked eye if they borrowed 
their light; as is the caſe with reſpect to the ſatellites of Jupiter and Saturn, although 
they appear of very diſtinguiſhable magnitude through a teleſcope. 


PR OP. . CLXXXVII. 
The fixed ſtars appear of different magnitudes. 


The difference in the apparent magnitude of the ſtars is ſuch as to admit of their being 
divided in fix claſſes, the largeſt being called ſtars of the firſt magnitude, and the leaſt, 


which are viſible to the naked eye, ſtars of the ſixth magnitude. Stars only viſible by the 
help of glaſſes are called zele/copic ſtars. 


PR O FP. CLNEVaUT. 
The fixed ſtars are divided into conſtellations, or ſyſtems of ſtars. 


The antients, that they might the better diſtinguiſh the ſtars with regard to their 


ſituation in the heavens, divided them into ſeveral conſtellations, that 1s, ſyſtems of 


ſtars, 


Book V. PART III. OF THE FIXED STARS. 

ſtars, each ſyſtem conſiſting of ſuch as are near each other. And to diſtinguiſh theſe | 
ſyſtems from one another, they gave them the names of ſuch men or things as they 
fancied the ſpace they took up in the heavens repreſented. To theſe ſeveral new conſtel- 
lations have been added by modern aſtronomers. 


Scholl. The following table contains the names of the conſtellations, and the number 
of ſtars obſerved in each by different aſtronomers, 


The antient Conſtellations. | Prolemy, Tycho, Hevelius, Flamſtecd. 


Urſa minor 

Urſa major 

Draco 

Cepheus 

Bootes, Arctophilax 
Corona Borealis 
Hercules, en 
Lyra 

Cygnus, Gallina 
Caſſiepea 

Perſeus 

Auriga 


Serpentarius, Ophiuchus : 


Serpens 

Sagitta 
Aquila, Vultur 
Antinous 
Delphinus 
Equulus, Equi ſectio 
Pegaſus, Equus 
Andromeda 
Triangulum 

Aries 

Taurus 

Gemini 

Cancer 

Leo 

Coma Berenices 
Virgo 

Libra, Chelz 
Scorpius 


The Little Bear 
The Great Bear 
The Dragon 


Cepheus 
Bootes 


The Northern Crown 


Hercules kneeling 
The Harp 

The Swan 
Caſſiepea 
Perſeus 

The Waggoner 


Serpentarius 


The Serpent 

The Arrow 

The Eagle : 
Antinous 

The Dolphin 
The Horſe's Head 
The Flying Horſe 
Andromeda 

The Triangle 
The Ram 

The Bull 

The Twins 

The Crab 


The Lion : 


Berenice's Hair 


The Virgin | 


The Scales 
The Scorpion 


Uu 


oo 
35 


3 


13 
23 
8 
29 
10 


19 


13 
29 
14 

29 

18 


7 
29 
32 

4 

18 


8 
28 


11 
18 
26 


29 


* 


15 


13 
5 


12 
3 
10 
4 
19 
23 
4 


21 


43 
25 
15 
30 


14 
33 


10 
10 


12 
73 


40 


51 
52 
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The antient Conſtellations. 


Sagittarius 
Capricornus 
Aquarius 


Piſces 


Cetus 
Orion 


Eridanus, Fluvius 


Lepus 
Canis 
Canis 


major 
minor 


Argo Navis 
Hydra 
Crater 
Corvus 
Centaurus 
Lupus 
Ara 


Corona Auſtralis 
Piſces 


Auſtralis 


Ptolemy. 
The Archer 31 
Capricorn 28 
The Water-bearer 48 
The Fiſhes 38 
The Whale 8 
Orion | 38 
Eridanus, the River 34 
The Hare 12 
The Great Dog 29 
The Little Dog 2 
The Ship 45 
The Hydra 27 
The Cup 7 
The Crow 7 
The Centaur 37 
The Wolf 19 
The Altar 7 
The Southern Crown . 
The Southern Fiſh 18 


The New Southern Conſtellations. 


Columba Noachi 
Robur Carolinum 
Grus 

Phoenix 

Indus 

Pavo 

Apus, Avis Indica 


Apis, Muſca 


Chamzleon 
Triangulum Auſtralis 


Piſcis volans, Paſſer 


Dorado, AXphias 


Toucan 


Hydrus 


| Noah's Dove 


The Royal Oak 

The Crane 

The Phenix 

The Indian 

The Peacock 

The Bird of Paradiſe 
The Bee or Fly 

The Cameleon 

The South Triangle 
The Flying Fiſh 


The Sword Fiſh 


The American Gooſe 
The Water Snake 


22 


47 


39 
45 


62 
27 


16 
21 
13 

4 
31 
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Tycho, Hevelius, Flonſteed, 


51 
108 
113 
97 
78 
84 
19 
3¹ 
Is 
64 
60 
31 
9 
35 
=_ 
9 
12 
24 
10 
12 
13 
13 
12 
14 
11 
4 
10 
5 
8 
6 
9 
10 


Hevelius's 
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Hevelius's Conſtellations made out of the unformed Stars. 


Hevelius, Flamſteed. 


Lynx The Lynx 19 44 
Leo minor The Little Lion 53 
Aſterion & Chara The Greyhounds — 23 25 
Cerberus Cerberus 4 
Vulpecula & Anſer The Fox and Gooſe 7 35 
Scutum Sobieſki | Sobieſki's Shield 7 

Lacerta | The Lizard 10 16 
Camelopardalus The Camelopard 32 58 
Monoceros | The Unicorn 3 
Sextans The Sextane 11 41 


Scholl. 1. Stars not included in any conſtellation are called unformed ſtars. Beſides 
the names of the conſtellations, the antient Greeks gave particular names to ſome ſingle 
ſtars, or ſmall collections of ſtars : thus, the cluſter of ſmall ſtars in the neck of the bull, 


was called the Pleiades; five ſtars in the bull's face, the Hyades ; a bright ſtar in the 


breaſt of Leo, the Lyon's Heart; and a large ſtar between the knees of Bootes, Arurus. 


ScHoL. 2. The conſtellations may be repreſented on two plane ſpheres projected on 

a great circle, or on the convex ſurface of a ſolid ſphere, as on the celeſtial globe, or moſt 
perfectly on the concave ſurface of a hollow ſphere. If the celeſtial globe be made uſe of, 
after rectifying it to the time of the night, the ſtars may be found, by conceiving a line 


drawn from the center of the globe through any ſtar in the heavens, and its repreſentation 


upon the globe. Greek letters have been added by Bayer to ſtars in the ſeveral con- 
ſtellations of his catalogue (a being affixed to the e Rar) by means of which any ſtar 
may be eaſily found. 


F CLXXIX. 


That munis part of the heavens, called the Milky Way, conſiſts 
of fixed ſtars too ſmall to be ſeen by the naked eye. 


This is found from obſervations made with teleſcopes. 


ScHoL. 1. There are ſpots in the heavens, called Nebulz, ſome of which conſiſt of 


cluſters of teleſcopic ſtars, others appear as luminous ſpots of different forms. The 


moſt conſiderable is one in the mid-way between the two ſtars on the blade of Orion 8 
ſword, marked 9 by Bayer. 


SCHOL. 2. New ſtars ſometimes appear, while others n Several ſtars, 


mentioned by antient aſtronomers, are not now to be found: ſeveral are now viſible to 
Uu 2 | the 
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the naked eye, which are not mentioned in the antient catalogues; and ſome ſtars have 


ſuddenly appeared, and again, after a conſiderable interval, vaniſhed : alſo, a change of 
place has been obſerved in ſome ſtars. 


SCHOL. 3. The number of the ſtars is unknown. The catalogue publiſhed by Bayer 
contains 1160; that by Flamſteed, which includes many teleſcopic ſtars, contains 3000; 


and farther improvements in teleſcopes are continually enabling aſtronomers to enlarge 
the catalogue, 


F R O FP. .CLXXX. 


The longitude of the fixed ſtars increaſes, while thats latitude 
remains the ſame. 


Becauſe the vernal equinoCtial point (by Prop. CLXXI.) moves weſtward, the diſ- 


_ tance between any given ſtar and that point, that is, its longitude, will increaſe. But 


ſince this change is produced by the preceſſion of the equinoxes, which is performed 


round the axis of the ecliptic, this motion will make no change in the diſtance of the 


fixed ſtar from the ecliptic, that is, in its latitude, 


Cor. Hence the conflellations of the zodiac are to. the eaſt of thoſe ſigns or arcs of 
the zodiac which are called by the ſame names. The firſt part ef the conſtellation Aries, 


| by the preceſſion of the equinoxes, has gone ſo far to the eaſt, ſince the names were 


firſt given to the ſigns, that it is now 30*. from the firſt degree of Aries in the line of the 
ecliptic. | 


Dey. LXVIII. The Annual Parallax of a heavenly body, is the 
change of its apparent place, as it is viewed from the earth in its. 
annual motion. | 


If ADBC be the orbit of the earth, S the ſun, and A, B, the earth in oppoſite parts 


of its orbit; the change in the apparent place of any body, as eee from A and from B, 
is its annual parallax. 


Pp R O P. CIXXXI. 


The annual parallax of any heavenly body is proportional to the 
angle which a diameter of the earth's orbit would ſubtend, if it was 
viewed from that body. „ 


= 
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If when the earth is at A, the fixed ſtar E appears at or near the pole, and when the 
earth has paſſed to the oppoſite point B, a different ſtar F appears at or near the ſame 
pole, the ſtar E will have changed its place in reſpect of the pole; for when the pole is 
at F, the ſtar E, which was at or near it before, is at the diſtance EF from it: the 
apparent length of this diſtance EF (by Def. LXVIII.) is the ſtar's annual parallax, 
Now if AB, a ſemidiameter of the earth's orbit, was to be viewed from the ſtar E, it 
would ſubtend the angle AEB; but, becauſe the axis of the earth is always parallel to 


itſelf, AE and BF, which coincide with the axis, are likewiſe parallel; whence (El. I. 29.) 


the angle EBF, ſubtended by EF, is equal to AEB, ſubtended by AB; and AEB is the 
parallactic angle. 


Cor. The annual parallax of any heavenly body is oy as its diſtance from the 


earth: for the angle AEB (by Book IV. Prop, LXIX. 1 is — as the diſtance of 
AB, the axis of the earth's orbit. | 


P R O P. CLXXXIL 
The fixed ſtars have no ſenfible annual parallax. 


When the place of the ſtar E is obſerved by the beſt inſtruments from oppoſite points 


of the earth's orbit, its apparent place in the heavens remains the ſame, which could not 


be the caſe if the angle of its parallax were ſo much as one ſecond. 


Cor. Hence it appears, that the fixed ſtars are ſo remote that a diameter of the earth's 


orbit bears no proportion to their diſtance, or (by Prop. CLXXXI.) that a diameter of the 


earth's orbit, if viewed from one of the fixed ſtars, would appear as a point. 


P R © P. CLXXXII.L 


The motion of the earth, and the progreſſive motion of light, 
will make a fixed ſtar, which has no ſenſible parallax, deviate from 


its true place in the direction in which the earth moves. 
3 


If a ſtar S paſſes through the zenith of any place when the earth is at B., it will (by 
laſt Prop.) paſs through the zenith of the ſame place when the earth is at A , the 


| oppoſite extremity of the earth's orbit. Conſequently, ſuch a ſtar might be ſeen through 


a vertical teleſcope in the ſame perpendicular at any point of the earth's orbit, if the 
motion of light from the ſtar were inſtantaneous. But the progreſſive motion of light 
will cauſe the ſtar to deviate from the perpendicular; for, let the earth be moving from 
B to A, and let the velocity of light be to the velocity of the earth, as CA to BA, and 
let CB be the diagonal. of the parallelogram formed from CA, BA. Then the direction 

of 
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of a teleſcope, in order to ſee the ſtar 5 when the earth is arrived at A, muſt be AH, 
parallel to BC. For, ſuppoſe BC to be a very long ſlender teleſcope, through which only 
one ray of light could paſs at a time, or to be the axis of a larger teleſcope. The ſtar S can- 
not be ſeen through this teleſcope, but through a teleſcope perpendicular to B, if the 
earth be ſtationary at B, and the progreſs of light inſtantaneous. But if the teleſcope 
in the poſition BC were to continue in this poſition, and to move along with the earth 
to A, ſo as to come into the ſituation AH, when the earth arrives at A, the ſtar S might 
then be ſeen through it. For, ſince the ſtraight courſe of the ray is the line CA, in 
which it muſt always be if it comes to the eye without interruption ; and ſince the ray 
cannot come directly along CB the axis of ihe teleſcope, and arrive at the eye in this 
axis, unleſs it is always in the axis; that is, ſince the ray, in order to come to the eye 


muſt be always in the line CA, and alſo in the line CB, it muſt be always in the 


common interſection of theſe two lines. Now C is the common interſection when the 
earth is at B; e is the common interſection when the earth is at E; f, when it is at F; 
g, when it is at G; and A, when at A; the teleſcope, at each ſtation, being ſucceſ- 
ſively in the ſituations CB, EE, FF, GG, HA. Thus the common interſection deſcends 
down the line CA, while the earth moves from B to A; and, fince the velocity of light 
is to that of the earth, as CA to BA, a ray of light will likewiſe have deſcended down CA, 
while the earth was moving from B to A. Therefore, in the whole motion of the 
teleſcope, the ray will have been in the common interſection of the line CA, and the 
axis of the teleſcope, and conſequently will have paſſed along the axis of the teleſcope, 
and will come without interruption to the eye at A. 

Thus it appears, that by the progreſſive motion of light, a ray which, coming from 8, 
enters, at C, a teleſcope in the ſituation CB, will arrive at the eye, when the teleſcope, 
carried along BA with a velocity which is to that of the ray of light, as BA to CA, is 
come into the ſituation HA; and conſequently (Book IV. Prop. II.) the eye will ſee 
the ſtar through the teleſcope in the direction AH the axis of the teleſcope; that is, 
ſome point in the line AH produced will be the apparent place of the ſtar. Thus the 
ſtar's apparent place has deviated from its true place S in the direction BA, in which the 
earth was moving, ſo that if the motion of the earth is from north to ſouth, the ſtar 
which appeared in the zenith of the place when the earth was at B, will appear to the 
ſouthward of the zenith when the earth is arrived at A, and the reverſe when the earth 
is moving from ſouth to north. h 

According to Bradley's obſervations, made on the ſtar y in the conſtellation Dra- 


gon, this ſtar deviated ſouthward from the zenith from December till March, when 
it had departed from the zenith 20”, From that time till June its ſouthern deviation 


_ decreaſed, after which it deviated northward, and in September appeared about 20“. 


towards the north of its ſtation in June, from which time till December, it con- 
tinued returning to its firſt fituation. Thus the deviation of the ſtar was always in 
the direction of the earth's motion, and contrary to that of any deviation which might 


be 


Book V. PART III. OF THE FIXED STARS. 


be ſuppoſed to ariſe from the annual parallax of the ſtar. But ſuch a deviation could 


not happen unleſs the earth moved, and the motion of light was progreſſive; for if 


the earth did not move, ſince the ſtar is fixed, no alteration could be made in the 
apparent place of the ſtar by the progreſſive motion of its rays in a vertical direction: 
and if the earth moves, and the propagation of light were inſtantaneous, the earth's 
velocity would be nothing in reſpect of the velocity of light, or BA with reſpect to 
CA would be nothing; whence the angle ACB, and its alternate angle CAH, would 
vaniſh, and AH would become coincident with AC, and conſequently, the ſtar would 
have no deviation from its true place. Hence we may conclude from the deviation of 


the ſtar above deſcribed, both that the carth moves, and that the motion of light is 
progreſhve, 


ScyoL. From theſe obſervations it is found, that the velocity of ſtar-light is ſuch as 
carries it through a ſpace equal to the ſun's diſtance from the earth in 8'. 13". 
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B O 8 


Or MAGNET IS M. 


PROPOSITION I. 


That mineral ſubſtance which is called the Loadſtone, or Magnet, 


has the property of attracting iron, and no other body whatever 
unleſs it has a mixture of iron. 


Ex. 1. Shew the action of che magnet on needles, and on ſteel filings ſtrewed lightly 


over any ſmooth. ſurface. 
2. Let a needle be ſuſpended from a loadſtone, and a ſtring paſling through its eye 


be faſtened to the beam of a balance placed under it; the degree of force with which 


it is attracted may be meaſured. 


P R OP. II. 


The magnetic power may be communicated from the loadſtone 


to iron, by the touch or gentle friction, and from one piece of iron 
to another, which then becomes an artificial magnet; and this 


communication of power is without apparent loſs of power in the 


loadſtone. 


Exp. Let the power be communicated to a needle from the loadſtone. 


PR. OP; mM. 


The action and re- action of the magnetic power are mutual and 
= 


Exe. Two equal needles, ſuſpended freely, will be attracted with equal force. 
XX PROP. 
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its poles. 


9 F 


* AAN n. 


Book VI. 


FNR O OY 


If a magnet has free motion, one of its extremities will be directed 
towards the north, the other towards the ſouth; theſe are called 


Exp. In the mariner's compaſs the needle points nearly north and ſouth. 
P P M 


PN O FP. V. n 
If the north pole of a magnet be drawn along from the middle 


of a needle towards either extremity, that part of the needle which 


is touched by the magnet will be directed to the ſouth : if the ſouth 
pole of a magnet be applied in the ſame manner, the part which is 
touched will be directed to the north. 


Exp. 1. Touch two needles according to the Paella, and obſerve their direQion 
when ſuſpended freely, | 


2. Exhibit the method of making artificial magnets. 


P R O P. VI 
There is a ſmall variation in the direction of the magnetic needle, 
called its declination, which differs in degree at different places and 


times. 


This is known by obſerving the different points of the compaſs at which the ſun riſes 


or ſets, and comparing them with the true points of the ſun's riſing or ſetting, vying 
to aſtronomical tables, 


Scnyor. The following table ſhews the mean declination of the needle at different 
times in Paris and London, 


Year. | Paris, 5 Year, 


London. 
1580 119. 30. E. 1576 119. 15'. E. 
1610 8. E. . 
1640 3. E. fo 0% ol. 
V | 1665 1% 20 W- 
1670 1 30% W. 1692 6. W. 
1700 8. 12“. W. 1730 10. 15. W. 
1728 14". o'. W. 1756 15. 15 W. 
1771 10.48% 1774 2189. 180 W. 
1776 219. % . 
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Near the equator, in long. 400. Eaſt, the higheſt variation from the year 1700 to 1756, 
was 179. 15. Weſt; and the leaft 16. 30“. W. In lat. 15. N. and long. 60. W. the 
variation was conſtantly 5. E. In lat. 10%. South, and long. 60“. E. the variation de- 
creaſed from 17. W. to 7. 15. W. In lat. 100%. S. and long. 5. W. it increaſed from 
20. 15“. to 129. 45. W. In lat. 15%. N. and long. 20%. W. it increaſed from 1%. W. 
to 9. W. In the Indian ſeas the itregularities were greater, for in 1700, the weſt varia- 
tions ſeem to have decreaſed regularly from long. 50%. E. to long. 100% E. but in 1756, 
the variation decreaſed ſo faſt, that there was eaſt variation in long. 80*. 85*. and 90“. E. 
and yet, in long. 95. and 100%. E. there was weft variation. TY 
In the year 1775, in lat. 589. 17'. S. and long. 3482. 16“. E. it was 0*. 16'. W. In 
lat 2%. 24. N. and long. 329. 12', W. it Was O“. 14'. 45". W. In lat. 50. 6', 30“. N. 
and long. 4. o“. W. it was 199. 28. W. 


f VAL 
A needle which, before it receives the magnetic power, reſts on 
its center parallel to the horizon, on becoming magnetical will incline 
towards the earth : this is called its inclination, or dipping. 


Exp. A needle turning in equilibrio on a pointed wire, after being touched by the 
magnet, will dip. 


Schol. The inclination or dip of the n needle at London in 1 576, was 


71%. 50'. In 1653, 72%. 45+ In 1676, 73%. 30“. In 1720, 75%. 100. In 1723, about 
759%. &. The mean dip of the needle at London 1 in 1775 and 1776, was 72. 30“. 
A daily variation is obſeryed both in the declination and linelination of the needle. 


3 vm. 


; Two 8 baving .a free motion, will os 2 F 
poles are directed towards each . and repel when the adjacent 
poles are of the ſame kind. 


Exp, A needle turning on its center will be attracted or repelled by e 8s 
different or the ſame poles are brought near to each other. 


ScHoL. If the magnetic powers are very unequal, or the two bodies are forcibly 
brought together, they will attract with the ſame poles. 


Exe. 1. Suſpend a magnet by a thread, and let a ſmall needle be brought near * at 
the ſame poles. geen Cl 


2. Bring two, needles into contact at the ſame poles, ſuſpended in the ſame manner, 
they will cohere, 
HOEST. | Y * | P R O P. 


-— OF MAGNETISM. Book VI. 


. 


The action of the magnetic power is not retarded or increaſed by 
the interpoſition of any body whatſoever which is' not magnetic, or 
capable of magnetiſm, 


ExP. 1. Move ſteel filings, placed on a braſs plate, in water, &c, by holding a magnet 
under the veſſel. | | 


2. Sprinkle ſtee] duſt on a ſheet of paper, under which is placed a magnet, or two 
magnets having their poles oppoſite to each other and at the diſtance of about an inch. 


3. A needle under an exhauſted receiver will be attracted at the ſame diſtance as in 
the open air. | | 


PER G F. N. 


If a magnet be cut through the middle, each piece will become 
a complete magnet, and the parts which were contiguous will become 


oppoſite poles. 


| | Exp. Cut a magnetic needle into two parts, and preſent the north pole of a magnet 
| to each end of the parts. 


P.R.O-P. XL 
A bar of iron acquires a magnetic power, by remaining long in 
a ſituation perpendicular to the ſurface of the earth, or by being 
hammered in the magnetic line. The power of a magnet will be 
diminiſhed if it be not kept in the magnetic line; if it commu- 
nicates virtue to a piece of iron much larger than itſelf or if 


a piece of iron be not kept in contact with, or near to one of its 


poles. This power may be wholly deſtroyed by fire. 


'This Propoſition is confirmed by experience, 


= BOOK 


0+ . 1 % RS TY; 


PROPOSITION I. 


There is in nature a ſubſtance, called the Riveriic FLUID, 
which, being excited, becomes perceptible to the ſenſes. 


Ex. 1. Let a long glaſs tube be rubbed with the hand, or with a leathern 1 
the electric fluid, being thus excited, will attract light ſubſtances, and give a lucid ſpark 
to the finger, or any metallic ſubſtance, brought near it. 


2. Let a large glaſs cylinder, turned on an axis by means of a wheel connected with it 


by a cord, and rubbing againſt a cuſhion, be put into motion; this inſtrument, called 
an Electrical Machine, increaſing the excitation, will exhibit the phenomena of the 
electric fluid more perfectly than a glaſs tube. 


P R Oo P. II. 


T he electric fluid paſſes eaſily along the ſurfaces of FIINg bodies ; 5 


whilſt other bodies do not convey it: the former are called Con- 
ductors, the latter, Non-conductors, or Electrics. 


Exp. A metallic cylinder being fixed upon glaſs ſupporters, and placed near the 
electric machine, will, by means of pointed wires, receive the electric fluid from the glaſs 
cylinder, and the fluid will be diffuſed over the whole ſurface of the metallic cylinder, 

from whence it cannot paſs through the glaſs ſupporters which are electrie, but may 
be conveyed away by any metallic or other conducting ſubſtances, brought near, or into 
contact with it. This metallic cylinder is called the Prime Conductor, or the Conductor. 


Y.y 2 PROP. 


1 
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F 
Some conductors are more perfect than others; and the electric 
fluid paſſes through that which is moſt perfect. 
Exp. The fluid will paſs through a wire held in the hand. 


Scholl. The following bodies are conductors and electrics, difpoſed in the order of 
their degrees of perfection: Cox pDucrons; gold, ſilver, copper, braſs, iron, tin, quick- 
ſilver, lead, the ſemi- metals, ores, charcoals, water, ice, ſnow; ſalts, ſoft ſtones, ſmoke, 
ſteam: Non-conDUCToRs, or ELECTRICS; glaſs, precious ſtones, reſins, gums, amber, 


| ſulphur, baked wood, bituminous ſubſtances, wax, filk, cotton, feathers, wool, hair, paper, 
air, oil, hard ſtones. Many electrics become conductors when heated, and all when 


moiſtened. 
PAN O P. N. 


Non- conductors retain the fluid on a ſmall part of their ſurface 


where the friction has ated ; conductors diffuſe it over all their 
ſurface, and therefore cannot confine it, unleſs they be ſurrounded 


entirely by non- conductors, or be 0G | 
Exy. Obſerve the partial diſtributiori of the fluid on the excited glaſs cylinder, and its 
univerſal diffuſion over the metallic conductor. 
The electric fluid may be excited by rubbing, by pouring a melted 
electric into another ſubſtance, and by heating and cooling. 


Exp. 1. In working the electrical machine, the fluid is excited by friction. 

2. Let ſulphur be melted in an earthen veſſel, and left to cool upon a conductor; 
when cold, it will be electrified, and attract light bodies. 

3. The tourmalin ſtone will be electrified by increaſing or dimmiſhing its heat. 


; P R O P. vl. 


The electric fluid may be lodged in electrics, or in inſulated con- 


ductors, in a greater quantity than nataratly Ee to them, or eg 


may be pœſitively electrified. i 
XP, 


— — — — 


OF ELECTRICITY; 


Exp. In working the machine, the cylinder acquires more than its natural quantity of 
fluid by excitation, the conductor, by communication: for, while there is a free con- 


Book VII. 


veyance of fluid from the earth to the rubber, by means of a conducting ſupporter, the 


conductor will be highly electrified ; but if an eleQric ſupporter be * under the 
rubber, the conductor ag be electrified only in a ſmall degree. | 


P R O P. II. 


T he electric fluid being cha on any body, will paſs to 
any conductor brought near to the body: if it paſs from, or be re- 
ceived by, pointed wires, it will be conveyed in a continued ſtream ; 


if it paſs from, or be received by, a ſurface which has no ſharp | 


points, it will be diſcharged with an inſtantaneous exploſion or 
ſpark. 5 


Exp. 1. Receive the fluid from the conductor upon a pointed wire, and upon a 


braſs ball. 


2. The fluid will be diffuſed through the atmoſphere, by wires placed 


upon the conductor. 


Cor. Hence ariſes the neceſſity of keeping the whole ſurface of the conductor free 


from points. 


Schorr. When a conductor is electrified by communication, its whole electrie power 
is diſcharged at once, on the near approach of a conductor communicating with the earth; 
whereas an excited electric, in the ſame circumſtances, loſes its electric power only in the 


parts near to the conductor. | 
r R O FP. mn. 
If conductors be inſulated, they will retain a greater or leſs 


quantity of the electric fluid (the power of the machine being given) 
proportional to the extent of ſurface in the conductor. 


Exp. Obſerve the difference in the magnitude and diſtance of ſparks taken from a 


ſmall conductor, and of thoſe taken Hom a large one. 


PR O P. N. 


A body may be deprived of part of its natural portion of electric 


fluid, or be zegatively electrified. 


Exe. 
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Exp, If the rubber which communicates the fluid to the glaſs cylinder, and from thence 
to the conductor be inſulated, becauſe by working the machine a quantity of its fluid is 


conveyed away, and it cannot receive a freſh ſupply through its ſupporter, it ng be in 
an exhauſted or negative ſtate, | 


X. 


When bodies are negatively electrified they receive the fluid from 
other bodies brought near them. 


Exe. 1. Let two inſulated conductors, one of which is connected with the glaſs 
cylinder, the other with the rubber, be electrified; whilſt they are in this ſtate let them be 


brought near each other; a ſpark will paſs from that which (by Prop. VI.) is n : 


to that which (by Prop. IX.) is negatively, electrified. 
2. Let two perſons ſtanding on glaſs feet be electrified, firſt both: lively: or both 


negatively, they will not, on contact, communicate the fluid to each other ; but let them 


be electriſied, the one poſitively and the other negatively by making a communication 


from one to the conductor, and from the other to the rubber, on contact, the former will 


give, and the latter receive a ſpark, 


0 | 
From a pointed body poſitively electrified the fluid will be ſeen to 


1 


ſtream out, towards any electrified body brought near it, in a conical 


pencil of rays; whereas in paſſing from the unelectrified body to a 
pointed body negatively electrified, it will form a globular flame, or 
ſtar, about its point, | 


Exr. 1. Obſerve, in a dark room, the different appearances of the electric fluid at the 
extremity of a pointed wire, when the point is preſented to an inſulated conductor 
poſitively, and when it is preſented to one negatively, electriſied; or when ſuch a wire is 
fixed upon a conductor poſitively or negatively electrified. 

2. Within a luminous conductor electrified poſitively, (viewed in a tie room) the fluid 


will be ſeen paſſing in the form of a pencil from one wire, and received in the form of a 


ſtar upon the other; and the reverſe if it be electrified negatively, 


PROP, 


Boox VII. OF BLECTRICTTY, 


P R O P. XII. 


If two bodies be electrified, both poſitively, or both negatively, 
they repel each other; but if one be electrified poſitively, and the 
other be negatively or not at all electrified, they attract each other. 


Ex. 1. Light feathers, or hair, connected with the conductor, appear repellent, but 
are attracted by bringing any non-electrified body near them. 

2. The hair of a perſon electrified becomes repellent. 

3. In the graduated electrometer the ball is repelled according to the degree in which 
the conductor is electrified. 

4. Downy feathers, paper figures, threads of flax, thiſtle down, gold leaf, braſs duſt, 
or other light bodies, brought near to the conductor, are alternately attracted and . 
This will not take place if the bodies be laid on a plate of glaſs. | 8 
5. Two bells being ſuſpended by wires from a braſs rod connected with the con- 
ductor, and a third by a ſilk cord, and two ſmall balls of braſs ſuſpended by a ſilken 


thread between the bells, the fluid will be communicated from the conductor to the outer 


bells, and by the balls to the middle bell, and from 'thence conveyed by a chain to the 


earth: the balls in receiving and communicating the fluid are attracted and repelled 


ſucceſſively, and produce ringing. 

6. Let water flow from a capillary tube, from which, before it is electrified, it paſſes in 
drops; upon being electrified, the particles of fluid will be ſeparated, and their motion 
accelerated. 


Theſe appearances will be preſented, whether the conductor be poſitively or negatively ; 


electrified. 


Cor. Since it is bu that rubbed glaſs electrifies 27 ü inſulated l poſitively, 
it may be determined whether any body is electrified poſitively or negatively, by bringing 
it near to a pith ball, or down- feather, poſitively eleArified, and obferving whether the 
ball or feather be attracted or repelled by the body. 

Exy. Bring a pith-ball or down-feather, ſuſpended by a filken thread and poſitively 
electrified by any rubbed glaſs ſurface, near to another pith-ball or feather ſuſpended by 
a flaxen thread from a conductor connected with the cylinder ; then bring the ſame near 
to a conductor connected with the rubber. 


PR O . 


The electric power will be conveyed through an inſulated con- 


ductor of any length. 


Exp. At the remote end of a long circuit of wire, ſuſpended by ſilk cords, hang 
2 braſs plate: light _ brought near it, will be attracted. 
PROP. 
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and negatively on the other; 
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FI 


From the ſharp points of electrified bodies there 3 a current 
of air. 


Exp. 1. A wire, with ſharp points bended in oppoſite directions, and ſuſpended on 
the point of a perpendicular wire inſerted in the conductor, will be carried round by the 
current proceeding from the points, 

2. Let ſeveral pieces of gilt paper be ſtuck like vanes into the fide of a cork, through 
the center of which a needle paſſes; ſuſpend the whole by a magnet, and preſent one of 
the vanes to the point of a wire inſerted in the conductor; they will be put into motion. 


F AF, 
Some bodies upon being rubbed, are electrified poſitively, and 


others negatively : and the ſame bodies are capable of being electrified 
poſitively, or negatively, as they are rubbed with different ſubſtances. 


Exp. 1. Smooth glaſs becomes poſitively electrified by being rubbed with any ſubſtance 
hitherto tried, except the back of a living cat; rough glaſs becomes poſitively electrified 
by being rubbed with dry oiled ſilk, ſulphur and metals; negatively, with woollen cloth, 
ſealing-wax, paper, the human hand. White filk becomes poſitively electrified by being 

rubbed with black filk, metals, black cloth; negatively, with paper, hairs, the hand. 
Black ſilk will be poſitively electrified with red ſealing-wax; negatively, with hare's ſkin, 


metals, the hand. Sealing-wax will be poſitively electrified with the hand, leather, 


woollen cloth, paper, hare's ſkin. Baked wood will be poſitively electrified with filk, 
negatively, with flannel. If theſe and other ſubſtances, being electrified, be brought 
near to a pith ball or down-feather, as deſcribed Prop. XII. Cor. Exp. it will appear 
whether they are electrified poſitively or negatively. 

2. The tourmalin, while it is heating or cooling, is eleQrified poſitively on one ſide 


it is electrified only on two oppoſite ſides, which may be 
called its poles, which lie in a right line with the center of the ſtone, and in the direQion 


of its ſtrata ; and either ſide will be electrified poſitively or negatively, as it is applied 


to different ſubſtances. Other hard precious ftones have been found to poſſeſs ſimilar 


Neperüss. 


PR OP. 


Been VIE: OF ELECTRICITY. 


F 


Bodies inſulated, if placed within the influence of an electrified 
body, will be electrified, at the part adjacent to that body, in the 
manner contrary to that of the electrified body. 


Exp. I. Bring a conductor in at princes odd near to the glaſs cylinder, whilft the 


machine is working ; if the conductor be not inſulated, it will be negatively electrified 
till it is brought ſo near as to receive ſparks from the cylinder: if the conductor be in- 
ſulated, it will, in the ſame ſituation, be electrified negatively, in the parts neareſt the 
cylinder, and poſitively in the parts more remote ; as may be ſeen by bringing an excited 
glaſs tube (which is poſitively electrified) near to a ball ſuſpended from the conductor. 
Compare Prop. XII. Cor. 

2. Let two pith- balls be fo ſuſpended by flaxen threads as to bo in contact when 
unelectriſied; on being brought near to a body electrified poſitively, they will repel each 
other, being electrified negatively : if the balls be ſuſpended in the ſame manner by ſilken 
threads, they will, in the ſame ſituation, be poſitively electrified. 

3. Let a circular plate compoſed of roſin and ſulphur, or of ſealing wax, be negatively 
electrified by rubbing it with flannel ; whilſt it is in this ſtate, let a metallic plate, of 
the ſame form and ſize, having a glaſs handle faſtened to its center, be placed, by means 
of the handle, on the electrified plate; then receive a ſpark from the metallic plate with 


the finger: after which the metallic plate, being removed by the glaſs handle, will be 


found to be poſitively electrified. This inſtrument rs called an electrophorus. 


4. Let one fide of a plate of glafs be electrified poſitively, the other fide will attract 
light bodies, being negatively electrified, 


5. Let a plate of glaſs be placed between two metallic plates about two inches in 


diameter ſmaller than the plate of glaſs, and let the plates be ſ upported by a conductor; 
upon poſitively electrifying the upper metallic plate, by means of a wire connected with 
the conductor, the fluid not being able to paſs along the glaſs, will be accumulated 
upon the part contiguous to the upper metallic plate; whilſt the lower metallic plate, 
being within the electric influence of the upper, will be h electriſied. 


P R © P. XVII. 


When any electric ſubſtance is eleftrified, it will continue in that 
ſtate till ſome conductor conveys away the accumulated or reſtores 
the deficient fluid ; which will be done more or leſs rapidly, ac- 


Z 2 | cording 
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. cording to the degree of conducting power in the conductor, and the 


number of points in which it touches the electric. 


Exp. 1. When the metallic plate in the electrophorus is electrified (as deſcribed 


Prop. XVI. Exp. 3.) by ſetting it upon the electric plate, touching it with the finger, 


and ſeparating it ſucceſſively, many ſparks may be obtained, without again Exciting the 
electric plate; for this plate being negatively electrified, the metallic plate, on being 
touched with the hand, becomes poſitively eleQrified (by Prop. XVI.) and the electric 


plate remains long in its negative ſtate, becauſe, not being a conductor, its deficiency 


will be lowly ſupplied from the air where its ſurface is not covered. 

2. If a glaſs veſſel, held in the hand, receive the electric fluid on the inſide from a wire 
fixed on the conductor, pith balls, — under the veſſel upon a conducting ſupporter, 
will continue long in motion. 

3. Let a plate of glaſs be electrified in the manner deſcribed in Prop. XVI. Exp. 5. 
Becauſe one fide of the plate is poſitively electrified, and the other negatively, if a com- 
munication is made from one metallic plate to the other by means of ſome conductor, 
part of the accumulated fluid will ſuddenly paſs to the fide which is deficient ; upon 
2 ſecond application of the plates of metal to the glaſs, there will be a ſecond. exploſion. 


P R O P. XVIII. 
If a glaſs plane, or cylindrical veſſel, coated on both fides with 


tinfoil or any other conducting ſubſtance, be charged, that is, 


poſitively electrified on one fide, and conſequently negatively electri- 
fied on the other; a communication being made from one fide to the 
other by ſome conductor, the plane, or veſſel, will be ſuddenly 


diſcharged, with an exploſion. 


Fhere is a ſtrong attraction (compare Prop. XII. and XVI.) between the fluids on oppoſite 
fides of the glaſs, or the fluid which is accumulated on one fide makes a powerful effort 
towards the other ſide where the fluid is deficient ; but, the ſubſtance of the glaſs itſelf 
being impervious to the electric fluid, the accumulated fluid cannot paſs to the deficient 
fide till a communication is made between them by ſome conducting ſubſtance, When 
ſuch. a communication is made, becauſe the metallic coating touches the whole ſurface 
of the electrified glaſs, the whole quantity of redundant fluid eaſily paſſes from the ſide 


which was poſitively eleQrified to the other, 


Exe. 1. Let a plate of glaſs, coated with tinfoil' (except about 14 inch from the edge) 


be charged, as deſcribed. Prop. XVI. Exp. 5. Upon making a communication from one 
| fide to the other by a metallic rod, terminated with bats there will. be a ſudden diſcharge. 


2, Let 
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Leyden Phaal. 
3- Charge a jar coated on the inſide with water, ſhot, or braſs duſt, and held on the 


outſide by the hand, then diſcharge it in a dark room, 
4. If two equal circular braſs plates, one of which is ſuſpended by a long metallic rod 


is placed parallel and oppoſite to the firſt, be electrified; the Plate of air between them 
will be charged by the braſs plates. 

5. Let one coated jar be ſuſpended by a wire under another; let the upper jar be 
charged by taking ſparks from the conductor; the lower uninſulated jar will be Wage 
with the fluid which paſſes from the ſide negatively electrified of the upper jar. 

6. Diſcharge, in a dark room, a jar imperfectly coated. 


P R O P. XX. 


A coated jar cannot be charged unleſs its outer ſurface be connected 
with ſome conductor. | 


For without ſuch a conductor the fluid cannot paſs from or to che outer ſurface, which 
is neceſſary in order to charge the jar. 


Exe, An inſulated Jar « cannot be charged. 


P R O P. XX. 


When a coated glaſs veſſel is charged, the charge of deere fluid 
is in the glaſs, and not in the coating. 

Exr. Lay a plate of glaſs between two metallic plates, as deſcribed Prop. XVI. Exp. 5. 
Having charged the plate of glaſs, remove the upper plate of metal by a glaſs handle; 


with ſome non- conducting ſubſtance, as ſilk, remove the electrified glaſs plate, and place 
it between two other plates of metal unelectriſied and inſulated ; b the plate of glaſs, thus 


coated afreſh, will all be charged: 


r R O P. XXI. 


If the conductor be electrified poſitively, that ſide of the jar e 
which it has a communication will be electrified . the 
other, negatively. 


2 2 2 | | Exp. 


2. Let the ſame be done with a coated phial, or Jar. —Such a phial is n the 


from the conductor parallel to the horizon, and the other, ſupported by a conductor, 
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Exe. 1. Charge one jar on the infide poſitively, and another negatively, and obſerve, in 
a dark room, the different appearances of the fluid, upon the point of a wire brought near 
to the ball which is connected with the inner fide of each jar: when the point is preſented 
to the jar poſitively electrified on the inner ſide, it will exhibit the e of a ſtar; 
when preſented to the other, that of a pencil. 

2. Obſerve the different appearances, in a dark room, when with the ſame charged jar 
the point is preſented towards the fide pofitively, and towards the fide negatively, electrified. 

3- Between two jars, charged one negatively and the other poſitively, ſuſpend by a 
ſilken ſtring a cork ball, from which ſhort threads hang freely; the ball will paſs with 
a rapid motion from one to the other, and, being firſt attracted towards the jar poſitively 
electrified, then towards the other, it will receive the fluid from the former, and com- 
municate it to the latter, till both are diſcharged. If both be charged i in thy ſame manner, 
the cork will remain at reſt. 

4. If after a jar is charged, the 3 part of the jar be moiſtened by the breath, 
or by ſteam, the jar placed upon a conductor will be gradually diſcharged, and the fluid 


will be ſeen, fn a dark room, to flaſh ſtrongly from one ſide to the other : if the jar be 


inſulated, the flaſhes will be greateſt on the ſide poſitively electrified. 5 
5. Let a diſcharging rod be applied without its balls to a charged jar, in ſuch manner 


as to diſcharge the jar gradually: the point which approaches towards the ſide poſitively 


electrified, will, in a dark room, exhibit a ſtar; the other point, a pencil, 
6. Within the receiver of an PREG, bot xo well poliſhed braſs balls, the lower 
ſupported on a braſs ſtem by the plate of the pump, the other fixed on a ſtem which is 


moveable in the neck of the receiver : let the balls be brought within the diſtance of 


four or five inches from one another; then let the upper ball be connected with the con- 
ductor, and electrified poſitively : a lucid atmoſphere will, in a dark room, appear on the 
lower ſurface of the upper ball: whereas if the upper ball be negatively A, the 


_ lucid atmoſphere will be ſeen on the lower ball. 


Scyor. The laſt experiment eſtabliſhes the theory of a ſingle electric fluid: for if 


there were two contrary fluids, there muſt in this experiment be an atmoſphere about 
each ball, attracting each other. | 


* oy 60 


P.R G E xx. 


The paſſing of the electric fluid from one ſide of a charged jar 
to the other, is apparently inſtantaneous, through whatever length of 
a metallic, or other good e it is conveyed. 


Exp. I. Let a lads wire, paſſing round a room, ſuſpended by ſilk cords, be a part of 


the circuit of communication from one ſide of a charged jar to the other, the diſcharge 


will 
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will be apparently at the ſame inftant in which the communication from one ſide to the 
other is completed. 

2. Let any number of perſons make a part of the circuit of communication ; 5 244 
will paſs inſtantaneouſly ER the whole circuit. | 


P R O P. XXIII. „ | | 


The ſudden diſcharge of a charged jar gives a painful ſenſation [1 
to any animal placed in the circuit of communication, called the 9 9 4 
electric ſhock. 5 1 


Exr. Let ſome one receive the electric ſhock. 


FRO mr „ 


where it paſſes, it will leave an impreſſion upon ny intermediate 
body. 


Exp. x. Let the fluid paſs through a chain, or through any metallie bodies placed at 
ſmall diſtances from each other; the fluid, in à dark room, will be viſible between the 
links of the chain, or between the metallic bodies. | 

2. If the circuit be interrupted by ſeveral folds of paper, a perforation will be made 
through it, and each of the leaves will be protruded by the ſtroke from the middle towards 
the outward leaves. 

3. Let a card be placed under wires which form the circuit, where the circuit is inter- 
rupted for the ſpace of an inch; the card will be diſcoloured. If one of the wires be 
placed under the card, and the other above it, the direction of the fluid may be ſeen. 

4. If ſpirits of wine, or gun- powder, be made part of the circuit, it will be fired. 

5. Inflammable air may be fired by an electric gun. 


If the circuit be interrupted, the fluid will become viſible, and | 
N 
| 
| 


P R O P. XXV. 


The force of hs electric ſhock mer be increaſed, by increaſing = 
the furface of coated glaſs. | | 
If ſeveral coated jars, in which wires, terminated at the top by braſs balls, are inſerted, 


be placed in a wooden box lined with lead or tin, with which A metallic rod is con- 
need x an electrical battery is conſtructed. | 


Exp. 
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Exr. r. A battery being charged, a ſine metallic wire brought into the circuit will 
be melted. 

2. If a plain piece of metal be placed upon one of the rods of the diſcharger, and upon 
the other a needle with the point oppoſite to the ſurface of the metal, upon diſcharging the 
battery, the ſurface of the piece of metal will be marked with coloured circles, occaſioned 
by thin laminæ of the metal raiſed in the exploſion. 

3. If a piece of leaf gold be put between two pieces of glaſs, al the whole faſt bound 
together, the metal will be melted, and a metallic ſtain will be ſeen in both the glaſſes. 

4. If a ſhock be ſent through a needle, it will give it magnetic polarity. 

'5. An animal may be killed by being placed in the circuit of a battery. 


P R O P. XXVI. 


The atmoſphere is electrified, n, politively, and ſome- 
times negatively. 


Exp. Let a kite be ſent up into the air with cord (conſiſting of copper thread twiſted 


with twine) ; let the lower end of the cord be inſulated by a ſilk line: a metallic con- 
ductor ſuſpended from the lower end of the cord will be poſitively or negatively electrified. 


d O F..  XavIL.- 
The electric fluid and lightning are the ſame ſubſtance. 
Their properties and effects are the ſame. Flaſhes of lightning are generally ſeen to 
form irregular lines in the air; the electric ſpark when ſtrong has the ſame appearance. 


Lightning ſtrikes the higheſt and moſt pointed objects; takes in its courſe the beſt con- 
ductor; ſets fire to bodies; ſometimes diſſolves metals; rends to pieces ſome bodies; 


deſtroys animal life; in all which it agrees (as has been ſhewn) with the phenomena of 


electric fluid. Laſtly, the lightning being brought from the clouds to an electrical appa- 
ratus, by a kite or wire, will exhibit all the PRO of the electric fluid. 


7 


P R O P. XXVIII. 


Buildings may be ſecured from the effects of lightning, by fixing 
a pointed iron rod higher than any part of the building, and con- 
tinuing it, without interruption, to the ground, or the neareſt water. 


The electric fluid will, by means of the pointed rod, be gradually conveyed from the 


cloud to the earth by a continued ſtream, and thus prevent the effects of a ſudden and 
violent exploſion. 


Exp. 


— — — 
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Exp. Let a board, ſhaped like the gable end of a houſe, be fixed perpendicularly upon 
an horizontal board : in the perpendicular board let a hole be made, about an inch ſquare 
and + inch deep; in this hole let a piece of wood nearly of the ſame dimenſions be ſo 
inſerted as to fall eaſily out of its place, and let a wire be faſtened diagonally to this ſquare 
piece of wood; let another wire, terminated by a braſs ball, be faſtened to the perpen- 
dicular board, with its ball above the board, and its lower end in contact with the diagonal 
wire in the ſquare piece of wood ; let the communication be continued by a wire to the 
bottom of the perpendicular board. If the wires in this ſtate be made part of a circuit 
of communication, on diſcharging the jar the ſquare piece of wood will not be difplaced ; 
but if the communication be interrupted by changing the direction of the diagonal wire, 
the ſquare piece of wood will, upon the diſcharge, be driven out of its place. 


If inſtead of the upper braſs ball, a pointed wire be placed above the perpendicular 
board, the diſcharge may be drawn off without an exploſion. 


'P R O P. XXIX. 
The electric fluid paſſes eaſily through a vacuum. 


The air being a non- conductor, in proportion as it is removed, the effort of the electrie 
fluid on the ſurface of the body poſitively electrified to paſs to the next conductor, 
meets with leſs W and therefore is diffuſed over a greater ſpace. 


Exp. 1. Let a jar be charged in vacuo. 


2. Let a luminous conductor be placed in the vireuit, * obſerve the fluid paſſing 
through it. 


3. Let a vacuum be made a part of the circuit in diſcharging a phial. 

4. Make a vacuum in a double barometer, and let the fluid paſs from one leg to the 
other by connecting one of the veſſels of mercury with the conductor. 

5. The electric fluid may be made to paſs through a large tube three feet in length, 
and four or five inches in diameter, if, being well exhauſted, one end of it be connected 
with a large conductor. — The preceding experiments are to be performed in a dark room. 


Schol. From the reſemblance between theſe electrical appearances, and the atmoſphe- 


rica] phenomena of the Aurora Borealis, meteors, &c. it is inferred, that theſe phenomena 
are produced by the electric fluid. 
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